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DETERMINING THE GEOMETRICAL PARAMETERS OF EXPLOITED RAIL 
TRACK USING APPROXIMATING SPLINE FUNCTIONS

G. LENDA1

The process of railway track adjustment is a task which includes bringing, in geometrical terms, 
the actual track axis to the position ensuring safe and effi cient traffi c of rail vehicles. The initial 
calculation stage of this process is to determine approximately the limits of sections of different 
geometry, i.e. straight lines, arcs and transition curves. This allows to draw up a draft alignment 
design, which is subject to control the position relative to the current state. In practice, this type 
of a project rarely meets the requirements associated with the values of corrective alignments. 
Therefore, it becomes necessary to apply iterated correction of a solution in order to determine the 
fi nal project, allowing to introduce minor corrections while maintaining the assumed parameters 
of the route. The degree of complexity of this process is defi ned by the quality of determining 
a preliminary draft alignment design. Delimitation of the sections for creation of creating such 
a design, is usually done by using the curvature diagram (InRail v8.7 Reference Guide [1], Jamka 
et al [2], Strach [3]), which is, however, sensitive to the misalignment of the track and measurement 
errors. In their paper Lenda and Strach [4] proposed a new method for creating curvature diagram, 
based on approximating spline function, theoretically allowing, inter alia, to reduce vulnerability to 
interference factors. In this study, the method to determine a preliminary draft alignment design for 
the track with severe overexploitation was used, and thus in the conditions adversely affecting the 
accuracy of the conducted readings. The results were compared to the ones obtained using classical 
curvature diagram. The obtained results indicate that the method allows to increase the readability 
of a curvature graph, which at considerable deregulation of a track takes an irregular shape, diffi cult 
to interpret. The method also favourably affects the accuracy of determining the initial parameters 
of the project, reducing the entire process of calculation.
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1. INTRODUCTION

The process of railway track adjustment is a task which includes bringing, in geomet-
rical terms, the actual track axis to the position ensuring safe and effi cient traffi c of rail 
vehicles. The calculation part of the process is related to determining the alignment 
project, which defi nes a new track axis, as well-suited as possible to a discrete set of 
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observations of the real axis. This axis should meet the geometrical requirements re-
lated to the permissible speed of train traffi c on a specifi c route. At the same time, it 
should require the introduction of the smallest possible physical modifi cations of the 
real axis.

The initial stage of the computation process of rail track alignment is an approx-
imate determination of the limits of sections of different geometry, i.e. straight lines, 
circular arcs, and transition curves. It allows a proper selection of the measured points 
representing the axis of the track, and on that basis, determining the initial parameters 
of the rail route (the radius length of the circular arc, the length of transition curves, 
the  location of straight sections). The alignment design determined on that basis is 
then subject to position control relatively to the existing points. If the displacements, 
which ought to be introduced on the points to receive the design shape of the track, are 
at a low level, usually of several centimetres, the design is accepted as the fi nal project. 
Description of the rail track alignment process can be found, inter alia, in the studies: 
InRail v8.7 Reference Guide [1], Koc [5], Strach [3]. 

In practice, the design determined on the basis of the pre-selection of the points 
rarely fulfi lls the requirements. It is dependent upon numerous factors, among which 
the most important are: the type of a method used to determine the limits of the sections 
with different geometry, the degree of track misalignment, error values for determin-
ing the coordinates, the density of conducted observations, the complexity of the track 
geometry (e.g. occurrence of basket arches). As a result, a preliminary draft alignment 
design is regarded as the starting model and the fi nal, optimal result is achieved in the 
process of iterated solution correction. It involves the changing of the selected, pre-set 
route parameters, which takes place in conjunction with controlling the location of the 
design, not only with reference to the measured points of the track axis, but also to the 
external technical devices. This is often a complex process, requiring the operator to 
simultaneously coordinate many factors. For that reason, it is important to determine 
correctly the initial parameters of the route, which allow to simplify the iterated process 
of reaching an optimal design. 

Assigning measured points to the relevant sections is usually made based on two 
types of diagrams: curvatures and angles (InRail v8.7 Reference Guide [1], Lenda 
[6], Strach [3]. The study by Lenda and Strach [4] proposed an algorithm involving 
a curvature diagram based on the continuous model of the track axis, constructed us-
ing approximating spline functions. It theoretically allows for a clearer delimitation 
between the sections in the case of a complex geometry of the track, as well as in the 
case of a greater misalignment of the track and greater values of measurement errors. 
As a result, the algorithm is to enable an easier and more accurate determination of the 
initial parameters of the project, which speeds up the operator’s work and also allows to 
determine the fi nal project using a lower number of iterations and shortening the entire 
process.

This study presents an application of the proposed algorithm to determine the geom-
etry of a rail track with a high degree of overexploitation (misalignment and technical 
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wear), so in the case for which all the methods of determining the limits of the track 
sections may produce worse results. The effectiveness of the algorithm was compared 
to the results obtained by means of the classical curvature diagram. The advantages of 
the proposed method were evaluated in terms of accuracy of determining a preliminary 
regulation project and unambiguous reading of section limits.

2. THEORETICAL ASSUMPTIONS OF RAIL TRACK GEOMETRY RECOGNITION METHODS

The most common method of rail track geometry recognition is a curvature diagram 
(InRail v8.7 Reference Guide [1], Strach [7]). The curvature at straight sections is close 
to zero, on the transition curves it rises, to achieve a maximum, approximately constant 
level at the circular arcs (Figure 1.a). In order to determine the curvature, it is necessary 
to replace a set of point observations with a continuous model. For this purpose, it is 
the easiest to use circles created on the basis of successive triples of points. Since the 
constant curvature of a single circle is calculated on the basis of three points, a problem 
of proper allocation of the circles to the observed points arises. It is solved through 
a combined use of double-created diagram, with the curvature being assigned to the fi rst 
and last of the three points of the circle, respectively Lenda [6] (Figure1.b, color black 
and red, respectively). Such a solution was used during the investigations, conducted for 
the purpose of this study. Based on information from the combined use of the diagrams, 
it is also possible to make one diagram, with appropriately extended limits of the sec-
tions with constant curvature (straights and circular arcs).

 

 

 

 

 

    a       b 

Fig. 1. a) diagram of rail track curvatures, b) diagram of the curvatures obtained from two 
partial diagrams (black – the curvature assigned to the fi rst of the three points of the circle, red 
– to the last one). curvature k-curvature, d-mileage, s-straight, l-transition curve, c-circular arc

Source: author’s data

As a theoretical advantage of the curvature diagram are clear limits between sec-
tions of different geometry. A disadvantage is the relatively high sensitivity to misalign-
ment of the track and the measurement errors, which adversely affects the readability of 
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the diagram, from which the readings are made on the basis of visual assessment. This 
is especially noticeable when considering the sections measured with high density.

In order to reduce vulnerability to the above mentioned factors, in Lenda and Strach 
[4] a new algorithm of recognizing the geometry of rail track based on the curvature 
diagram was proposed. The essential change with respect to the classical curvature dia-
gram, is a replacement of a point set of observations with approximating spline function 
(Diercx [8], Kiciak [9]), parameterized with a distance between the points. Its determi-
nation is achieved by minimizing the expression (2.1):
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where: pi – point (selected coordinate x, y or z), S(ti) – value of spline function at ti, σpi 
– error of determining the position of a point, r-approximation coeffi cient, t-independ-
ent variable of function in a parametric form

Approximation spline functions allow for the damping of curve distortions, and 
thus of the curvature graph formed on its basis, by changing the local (σpi), or the global 
(r) coeffi cient of approximation. Assuming the same level of measurement errors σpi, 
smoothing the graph is best carried out using the r  [0,1] coeffi cient. Experimental-
ly determined, the most advantageous values of this parameter are within the range 
r  [0.50,0.99], with the smaller values resulting in a greater smoothing of the graph.

A selected parameterization of the spline function (i.e. the selection of its argu-
ments) results from the research conducted by various authors (Floater and Surazhsky 
[10], Haron et al [11]). They prove that in order to describe the shapes of a slowly 
variable curvature, and a railway track is to be considered as such, it is preferable to 
determine the arguments proportional to the distance between the observed points.

In order to additionally reduce the distortions in the vicinity of straight sections and 
arcs, a variable exponent of the curvature was used. On the curvature graph, instead of 
the curvature, the following value is presented:

(2.2) 
e

e

xf
xfK 2/32'

"

]))((1[
)(  

where: K – curvature, e – exponent 
The exponents e smaller than 1 damp distortions in the vicinity of the arcs, and 

greater than 1 damp distortions in the vicinity of the straight sections. It is preferable, 
therefore, to separately determine the limits of the straight sections and of the arcs, for 
different values of the exponent e.
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The algorithm, in addition to increasing the resistance of the diagram to interference 
factors, also allows to better to distinguish between basket arches, though it does not 
constitute the subject of this study.

3. COMPARISON OF CURVATURE DIAGRAM PROPERTIES ON THE EXAMPLE 
OF OVEREXPLOITED SECTION OF RAIL TRACK

In this comparison, two types of curvature diagrams were analyzed, as described in 
the previous section: classical (based on circles) and spline (based on approximating 
spline functions). Attention was drawn to the readability, and thus uniqueness of the 
conducted delimitation of the sections. Above all, however, the accuracy of determining 
the preliminary draft alignment design was estimated. The accuracy was compared with 
the fi nal, optimal alignment design developed in the process of iterated improving of 
the initial solution.

The tests were carried out on the track section with considerable technical wear 
and misalignment. It consists of two circular arcs with associated sections of transition 
curves and straights (Figure 2). The track measurements were carried out for testing 
purposes related to the study Strach [3]. The observations were made at 5-meter inter-
vals and thus with a considerable density, having an adverse effect on the readability 
of the curvature diagrams. Therefore, the relevant section has characteristics that make 
it potentially diffi cult to analyze using a curvature diagram. As a result, a preliminary 
draft alignment, drawn up by using it, can differ quite signifi cantly from the optimal 
design.

Fig.2. Analyzed track with approximate division into sections: s-straight line, l- transition curve, c-circular arc. 
Source: author’s data 

First, the classical curvature diagram was drawn (Figure 3). It reveals signifi cant in-
terferences, impeding unequivocal determination of limits. For the sections of constant 
curvature, a distinct fl uctuation band of the diagram is visible, but it is much wider for 
circular arcs than straight lines. 
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Fig.3. Classical curvature diagram (resulting from the submission of two graphs) with marked points 
identifi ed as limit points of sections of different geometry. Sinuous line separates points lying signifi cantly 

above the coherent diagram. Source: author’s data

The end of the fi rst section of the straight was determined in point 8, which is 
located at the lowest level. Further points were also located in the fl uctuation band 
for the straight line, but they were characterized by a steady growth of the curvature, 
characteristic for the points on the transition curves. Limits of the central straight based 
on similar observations have been fi xed at points 99 and 110. The location of the third 
straight was set between points 200 and 202. The fi rst circular arc having a much wider 
fl uctuation band than the sections of the straights was determined at the widest range 
possible, which lies in the upper levels of the fl uctuation band, setting it between points 
38 and 79. Delimitation of the second arc is more questionable. A few points lying 
above the sinuous line had such a big curvature that its values were reduced to fi t the 
diagram. These points were rejected from further considerations. The highest level of 
diagram, associated with a broader observation group was represented by points be-
tween 136 and 170. 
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The curvature diagram created that was based on approximating spline functions 
has been presented in two Figures: 4.a and b. This is associated with the use of different 
values of spline smoothing coeffi cient  and scalable curvature exponent, changed to 
recognize the section limits of straights and circular arcs. It should be noted that the 
classical curvature diagram shows modules of curvature on the vertical axis, and there-
fore the two circular arcs have been determined above the abscissa. “Spline” curvature 
diagram depending on the value of the curvature exponent can be either negative or 
positive (Figures 4.a and 4.b).

Fig.4a.  “Spline” curvature diagram developed to recognize the limits of straight sections. Approximation 
parameter r = 0.8, curvature exponent e = 1

Source: author’s data

The location of the straights was determined with insignifi cant smoothing (approx-
imation coeffi cient, r = 0.8, where r = 0 – maximum smoothing, r = 1 – no smooth-
ing). Curvature exponent was left at a standard level e = 1. With these parameters good 
readability of the diagrams was obtained, enough to make the readings. The end of the 
fi rst straight was determined in point 15, after which curvature change begins to be 
associated with a transition curve. The central section was set between points 100 and 
105, which are located approximately at the same level. The last straight was located 
between points 198 and 200, which determined the lowest level. Each straight line was 
determined in the limits which are different from the ones determined with the classical 
curvature diagram.
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Fig.4b. “Spline” curvature diagram developed to recognize the limits of circular arcs. Approximation 
parameter r = 0.5, curvature exponent e = 0.1

Source: author’s data

The location of the circular arcs was determined with greater smoothing (approxi-
mation coeffi cient r = 0.5), due to a wider curvature fl uctuation band observed for the 
classical diagram. The curvature exponent was decreased to the value e = 0.1. As a re-
sult, a good suppression of the distortions around the circular arcs was obtained.

The fi rst circular arc was established between the utmost local extremes (points 40 
and 78), beyond which a systematic decrease of the curvature value begins, characteris-
tic for the points on the transition curve. In the same way the endpoint of the second arc 
was determined (172). The determined starting point (127) is not in the local extreme, 
however it begins fl attening of the course, specifi c to the circular arc. As for the straight 
sections, circular arcs limits were determined in other points than by classical curvature 
diagram.

In general, the clarity of the “spline” diagram is better than of a classical one, how-
ever it is necessary to check whether this is combined with a more accurate determi-
nation of the preliminary draft alignment design. For this purpose, on the basis of the 
identifi ed limit points of individual sections, geometric position of the straights, radii 
values of the circular arcs, and the length of transition curves were determined. These 
data were used directly to determine the alignment designs. The model more suited to 
the measured points representing the existing track, thus requiring the introduction of 



DETERMINING THE GEOMETRICAL PARAMETERS OF EXPLOITED RAIL TRACK USING APPROXIMATING SPLINE... 303

smaller displacement values during alignment, should be regarded as a better one. The 
comparative diagram (Figure 5) presents the results for the preliminary draft alignment 
designs, which were based on the readings from the curvature diagrams. Diagram in-
cludes also the results for the optimal design, which was determined in the process 
of iterated correction of the solution. This will allows to indicate a better method of 
identifying section limits, as well as to evaluate its effects in relation to the desired 
design. 
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Fig.5. Displacement diagrams prepared for alignment designs created based on the data read from 
the curvature diagrams: classical, spline and for the optimal alignment design. The upper part of the 
diagram contains an approximate division into sections: s-straight line l- transition curve, c-circular arc. 

Source: author’s data

All the projects (both draft projects and the fi nal one) have met the minimum re-
quirements for the values of geometrical parameters, ensuring the same classifi cation of 
the route in terms of speed. As a result, the comparison of the projects regarded only the 
values of the alignments, determining the fi tting accuracy of the preliminary regulation 
projects to the existing track axis. 

The “spline” curvature diagram allowed for a better determination of the prelimi-
nary draft alignment design than the classical diagram. The worst results for both of the 
designs were obtained in the places of transition curves and circular arc connections 
(arc No.1) and for the entire length of the transition curves and the arc (curve No. 2), 
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where they stand in a strong contrast compared to the optimal alignment design. For 
part of the route associated with the fi rst circular arc (arc, transition curves, straights), 
the average displacement for the optimal model was 25 mm, for the spline – 47 mm and 
for the classical – 108 mm. “Spline” diagram of the curvatures allowed for a more than 
twice better determination of the design, as compared with the classical diagram. How-
ever, it is also almost twice as inaccurate as the optimal design. For a part of the route 
associated with the second circular arc, the average displacement for the optimal model 
was 21 mm, 154 mm for the spline one, and for the classical – 319 mm. Therefore, 
a proportional distance between the initial designs created on the basis of curvature dia-
grams was retained, but their distance from the optimal solution increased signifi cantly. 
The second circular arc showed greater misalignment and technical wear (bevel-cut 
rail head) as compared to the fi rst arc, which had an adverse effect on the readings 
conducted using curvature diagrams. Generally, the “Spline” curvature diagram brings 
an overall improvement in the accuracy of the initial determination of the design, which 
is the basis for further modifi cations to obtain the optimal design.

4. CONCLUSIONS

The curvature diagram, formed on the basis of a track model represented by approxi-
mating spline functions, is an alternative to the classical curvature diagram, used in rail 
axis alignment. It demonstrates its advantages during delimitation of track sections with 
a high degree of overexploitation, taking into account misalignment and technical wear. 
It allows both to increase readability of the curvature diagram, which with a substan-
tial misalignment of the track takes an irregular shape, and to increase the accuracy of 
determining a preliminary draft alignment (in the analyzed case about two times). This 
makes it easier and faster to determine the optimal design, which is set in the process of 
iterated correction of the initial solution.
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