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1. Introduction

The origin of residuated lattices is in Mathematical Logic without con-
traction. They have been investigated by KrRULL ([18]), DiLworTH ([10]),
WARD and DILWORTH ([24]), WARD ([23]), BALBES and DWINGER ([1])
and PAVELKA ([21]).

In [15], IDZIAK prove that the class of residuated lattices is equational.
These lattices have been known under many names: BCK-latices in [14],
full BCK-algebras in [18], FLey-algebras in [19], and integral, residuated,
commutative l-monoids in [4].

Apart from their logical interest, residuated lattices have interesting
algebraic properties (see [3], [7], [9], [10], [17], [20], [23], [24]); for rules of
calculus in residuated lattices see [7] and [9)].

The paper is organized as follows.
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In Section 2 we review some basic definitions and results of residuated
lattices, with more details and more examples; also, this section contains
some results relative to the lattice of deductive systems of a residuated
lattice.

Section 3 contains new characterizations for prime deductive systems
of a residuated lattice (Proposition 25, Corollary 26, Corollary 27, Theo-
rem 28) and completely meet-irreducible deductive systems (Theorem 33,
Theorem 34, Corollary 35).

In Section 4 we introduce the notions of archimedean and hyperarchi-
medean residuated lattices (Lemma 46), and we have proved a theorem of
Nachbin type for residuated lattices (see Theorem 50), which give charac-
terizations for archimedean and hyperarchimedean residuated lattices.

2. Definitions and preliminaries

In this section we review the basic definitions of residuated lattices, with
more details and examples.

Definition 1. A residuated lattice ([3], [22]) is an algebra (A, A,V,®,
—,0,1) of type (2,2,2,2,0,0) equipped with an order < satisfying the
following;:

(LR1) (A, A,V,0,1) is a bounded lattice;
(LR2) (A,®,1) is a commutative ordered monoid,;

(LR3) ® and — form an adjoint pair, i.e. ¢ < a — biff a ® ¢ < b for all
a,b,c e A.

The relations between the pair of operations ©® and — expressed by
(LR3), is a particular case of the law of residuation ([3]). Namely, let A
and B two posets, and f : A — B a map. Then f is called residuated if
there is a map g : B — A, such that for any a € A and b € B, we have
f(a) < biff b < g(a) (this is, also expressed by saying that the pair (f,g) is
a residuated pair).

Now setting A a residuated lattice, B = A, and defining, for any a € A,
two maps fu, 94 : A = A, fo(z) =2 ® a and g4(x) = a — z, for any x € A,
we see that x ©®a = fu(z) <y iff z < g,(y) = a — y for every x,y € A, that
is, for every a € A, (f4,94) is a pair of residuation.

The symbols = and < are used for logical implication and logical equi-
valence, respectively.
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Proposition 1 ([15]). The class RL of residuated lattices is equational.

Example 1. Let p be a fixed natural number and I = [0, 1] the real unit
interval. If for z,y € I, we define z @y = 1 —min{1, [(1—z)? + (1 —y)?]'/?}
and x — y =sup{z € [0,1] : ¢ ® z < y}, then (I, max, min,®,—, 0,1) is a
residuated lattice.

Example 2. If we preserve the notation from Example 1, and we define
for z,y € I, t®y = (max{0,2” +y? — 1})V/? and z — y = min{1, (1 — 2P +
yP)1/P}, then (I, max, min, ®,—,0,1) becomes a residuated lattice called
generalized Lukasiewicz structure. For p = 1 we obtain the notion of
Lukasiewicz structure (r®y = max{0,z+y—1},2 — y = min{l,1—z+y}).

Example 3. If on I = [0,1], for 2,y € I we define z ©® y = min{x, y}
and x — y = 1 if < y and y otherwise, then (I, max, min, ®, —,0,1) is a
residuated lattice (called Gadel structure).

Example 4. If we consider on I = [0, 1], ® the usual multiplication of
real numbers and for x,y € I, — y = 1 if z < y and y/z otherwise, then
(I, max, min, ®, —, 0, 1) is a residuated lattice (called Products structure or
Gaines structure).

Example 5. If (A,V,A,,0,1) is a Boolean algebra, then if we define
for every z,y € A,x®Oy = xAy and x — y = 2/Vy, then (A, V,A\,®,—,0,1)
becomes a residuated lattice.

Definition 2 ([22]). A residuated lattice (4, A,V,®,—,0,1) is called
BL-algebra, if the following two identities hold in A :

(BL1) 2O (x —y) =z Ay;
(BLy) (x = y)V(y—z)=1.

If 2** = x for every x € A (where 2* = x — 0), then we obtain the
notion of MV -algebra (see [22], p.46).

Remark 1. 1. Lukasiewicz structure, Godel structure and Product
structure are B L-algebras;

2. Not every residuated lattice, however, is a BL-algebra. Consider,
for example (see [22], p.16) a residuated lattice defined on the unit interval
I, for all z,y € I, such that t ©y =0 if x +y < % and x A y elsewhere,
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z—=y=1 if:rgyandmax{% —x,y} elsewhere. Let 0 <y < z, x4y < %

Theny<%—a:and07éy:a:/\y, butx@(w%y)zx@(%—x) = 0.
Therefore (BL;) does not hold.

3. ([22]) A residuated lattice (A, A,V,®,—,0,1) is an MV-algebra iff
it satisfies the additional condition: (x — y) — y = (y — z) — x, for any
x,y € A.

Example 6 ([16]). We give an another example of a finite residuated
lattice, which is not a BL-algebra. Let A = {0,a,b,c,1} with 0 < a,b <
¢ < 1, but a, b are incomparable. A becomes a residuated lattice relative to
the following operations:

=10 a b ¢ 1 ®©l0 a b ¢ 1
01 1 111 00 0 0 0O
alb 1 b 11 al0 a 0 a a
bla a 1 1 1° b|0 0 b b b
c|0 a b 11 c|0 a b ¢ c
110 a b ¢ 1 110 a b ¢ 1

The condition xVy = [(z = y) = y|A[(y = z) — z], for all z,y € A is not
verified, since c =a Vb # [(a > b) = JA[(b—a) = a]=(b— D) A (a —
a) =1, hence A is not a BL-algebra.

Example 7 ([17]). We consider the residuate lattice A with the universe
{0,a,b,c,d,e, f,1}. Lattice ordering is such that 0 < d < ¢ < b < a < 1,
0 <d<e< f<a<1andelements {b, f} and {c,e} are pairwise
incomparable. The operations of implication and multiplication are given
by the tables below :

=10 a b ¢cde f1 ©|0abcde [ 1
o0f(1 1111111 0[00O0OO00DO0O0DO0OTO0OD0O
ald 1 aa f f f1 a|0 c ¢c c 0 d d a
ble 1 1 a f f f 1 b0 c c ¢c 00 d b
clf 111 f f f1,c|0c cc 000 c
dla 1 1 1 1 1 1 1 dj0 0 0O0O0O0 0 d
elb 1 aa a 1l 1 1 e|0dO0OO0O0 dde
fle 1 a a a a 1 1 f]|0dd 0 0 dd f
1/1 a b c de f 1 1|0a b c de f 1

Clearly, A contains {a,b,c,d,e, f} as a sublattice, and that is a copy of the
so-called benzene ring, which shows that A is not distributive, and even not
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modular. But it is easy to see that a* = d,b* = e,c* = f,d" =a, e* = b
and f* =c.

Example 8 ([17]). Let A be the residuate lattice with the universe
{0,a,b,¢,d,1} such that 0 <b<a<1,0<d<c<a<1andcandd are
incomparable with . The operations of implication and multiplication are
given by the tables below :

—10 a b ¢ d 1 ®|0 a b ¢ d 1
0o/1 11111 00 0 0O OO
a0 1 b ¢ ¢ 1 a|l0 a b d d a
blc a1l ¢ ¢ 1, blc b b 0 0 b
clb a b 1 a1 clb d 0 d d c
d|b a b a 1 1 d|b d 0 d d d
110 a b ¢ d 1 110 a b ¢ d 1

Then A is obtained from the nonmodular lattice N5, called the pentagon, by
adding the new greatest element 1. Then A is another example of nondis-
tributive residuated lattice.

Example 9 ([16]). We give an example of a finite residuate lattice which
is an non-linearly MV-algebra. Let A = {0,a,b,c,d, 1}, with 0 < a,b < ¢ <
1,0 < b<d< 1, but a,b and, respective ¢, d are incomparable. We define

=10 a b ¢ d 1 ®©l0 a b ¢ d 1

111111 0|0 0 00O OO
ald 1 d 1 d 1 al0 a 0 a 0 a
blc ¢ 1 1 1 1, b0 0O 0 O b b
c|lb ¢ d 1 d1 c|0 a 0 a b c
dla a ¢c ¢ 1 1 dl{0 0 b b d d
110 a b ¢ d 1 110 a b ¢ d 1

and so A become a BL-algebra. We have in A the following operations:

dl0 a b ¢ d 1
00 a b ¢ d 1
ala a c ¢ 1 1
blb cd1ld1, *?Zbgdé
clec ¢ 1 1 1 1 ‘ ¢ ¢
dld 1 d 1 d 1
11 1 11 11
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It is easy to see that 0" =1, a* =d, b* =¢, ¢* = b, d* = a, 1* = 0 and
x** = x, for all x € A, hence A is an MV — algebra which is not chain.

Example 10 ([16]). We give another example of a finite residuate lattice
A={0,a,b,c,d,e, f,qg,1}, which is non-linearly MV-algebra, with 0 < a <
b<e<l,0<c< f<g<l,a<d<g, c<d<e, but{a,c}, {bd},
{d, f}, {b, f} and, respective {e, g} are incomparable. We define

—10 a b ¢c d e f g1 ®©|0 a b c de f g 1
0/1 11 111111 0/0 OOOOO0OO0OO0O 0
alg 1 1 g 1 1 g 11 a|l0 0 a 0 0 a 0 0 a
b|f g1 f g1 f g1 b0 a b 0 a b 0 a b
cle e e 1 1 1 1 11 c|0 000 O0O0 ¢ ¢ c
d|ld e e g 1 1 g 1 1° d/0 0 a 00 a c ¢ d
elc de f g1l f g1 el0 a b 0 a b c d e
flb b b e e e 1 11 f10 0 0 ¢ ¢ ¢ f f f
gla b b d e e g 11 g|l0 0 a ¢c ¢ d f f g
110 a b ¢c d e f g1 110 a b ¢ d e f g 1

and so A becomes a residuated lattice. We have 0* = 1, a* = ¢, b* = f,
cF=e d" =d e*=c, ff*=0b,9" =a.

In what follows we denote by A a residuated lattice; for x € A and

a natural number n, we define z* = x — 0, (z*)* = 2*, 2 = 1 and

2" =" 1o forn > 1.

Theorem 2 ([9], [17], [22]). Let x,y,z € A. Then we have the following
rules of calculus:

aq:loz=xr—=zx=1L,y<{zrz—=y,z—=>1=1,0—=2a=1;
ca:xOy <z, hencex Oy <x Ay and x 0 =0;
cs:xvyiffvr —y=1;

carzo@—y)<yz<(z—=y) 2y (—2y) —y) 2y=z—y;
cs: x<yimpliesz—>x<z—yy—>z2z<z—zandy <zx*
:r—>yY—=z2)=@0y) 2z=y—(xr—2).

cr:xzOr*=0andxz o0y =0 iff r < y*
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cg: x<ax™<zx*—
c: 1*=0,0"=1;
*kk

cro: T = (roy) =z -y =y > = -y~

If A is a complete residuated lattice, © € A and (y;)ier a family of
elements of A, then:

cr: 2O Vier¥) = Vier(@ © yi);
c12: (Vier %)™ = Nier ¥

Corollary 3 ([7]). If x,2/,y,y', 2z € A then:
c13: xVy=11impliesx Oy =1z Avy;
cu:rz—(y—2)>(@—y) = (r—z2);

c15: cV(y©z) > (xVy) ©(xVz), hence zVy™ > (xVy) and 2™V y" >
(z Vy)™, for any m,n natural numbers;

cio: (=Y O —y)<(@va) = (yVy);

ar: =y o@ —=y)< (@A) = yry).
If B ={ay,as,...,a,} is a finite subset of A we denote IIB = a1®...®ay,.
Proposition 4 ([2], [5]). Let A1, ..., A, finite subsets of A.

cig: If ar V... Va, =1, for all a; € A;,i € {1,...,n}, then (IIA;) V ...V
(I1A4,) = 1.

Corollary 5. Let aq,...,a, € A.

clo: IfaiV..Va, =1, then ak Vv ...V ak =1, for every natural number k.
Lemma 6. For every a,b € A, we have:

co 2 O < (a® b)**.
Proof. By cig, (a® b)* =a — b*, so (a® b)* ©®a < b*. By ¢5 we deduce

that o™ < [(a® b)* ©® a]* = (a® b)* — a*, so b*™* ® (a® b)* < a*. Then
a* <[ © (a©b)** =b™* — (a ®b)*™, that is, a™* O V* < (e ®b)*. O
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Corollary 7. For every a € A and n > 1 we have:
Coq (a**)n S (an)** .

Let (L,V,A,0,1) be a bounded lattice. Recall (see [13]) that an element
a € L is called complemented if there is an element b € L such that avVb =1
and a A b = 0; if such element b exists it is called a complement of a. We
will denote b = a’ and the set of all complemented elements in L by B(L).
Complements are generally not unique, unless the lattice is distributive.

In residuated lattices however, although the underlying lattices need not
be distributive, the complements are unique.

Lemma 8 ([17]). Suppose that a € A has a complement b € A. Then,
the following hold:

(i) If ¢ is another complement of a in A, then c =1 ;
(17) ' =b and V' = q;
(iii) a® = a.

Let B(A) be the set of all complemented elements of the lattice L(A) =
(4,A,V,0,1).

Lemma 9 ([7]). If e € B(A), then ¢’ = e* and e** =e.

Remark 2 ([17]). If e, f € B(A), then e A f,eV f € B(A). Moreover,
(evf)y=€eNfand (eANf) =€V [f.So,e— f=¢€V[feB(A).

Lemma 10 ([17]). Ife € B(A), then
Coa: e@x=eAx, for every x € A.

Corollary 11 ([17]). The set B(A) is the universe of a Boolean sub-
algebra of A (called the Boolean center of A).

Proposition 12 ([7]). Fore € A the following conditions are equivalent:
(1) e € B(A);
(17) eve* =1.

Proposition 13. For a € A and n > 1, the following conditions are
equivalent:
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(i) a" € B(A);
(13) aV (a")* = 1.
Proof. (i) = (ii). Since a™ € B(A), by Proposition 12 we deduce that
a"Vv(a")* =1.Buta” <a,sol=a"V(a")* <aV(a™)* hence aV(a")* = 1.
(ii) = (i). Since a V (a”)* = 1 & a™ Vv [(a™)*]" = 1. Since [(a™)*]" <
(a™)*, we obtain 1 = a™ V [(a")*]" < a™ V (a™)*, so a" V (a™)* = 1. By
Proposition 12 we deduce that a™ € B(A). O

Lemma 14. Ifa € A and n > 1 then the following hold: o™ € B(A)
and a™ > a*, implies a = 1.

Proof. By Proposition 13, a” € B(A) < aV (a™)* = 1. By hypothesis,
a™ > a*. By ¢5 we obtain (a")* < a**,s01=aV(a")* < aVa* = a**, hence
a** =1, that is, a* = 0. Then (e¢®a) > 0=a— (a = 0)=a > 0=a" =0,
so we deduce that (a?)* = 0. Recursively we obtain that (a™)* = 0. Then
aV(a")*=aV0=1, hence a =1. O

Definition 3. A totally ordered (linearly ordered) residuated lattice
will be called chain.

Remark 3. If A is a chain, then B(A) = {0, 1}.

Definition 4 ([17], [22]). A nonempty subset D C A is called an im-
plicative filter (or congruence filter) of A if for all z,y € A :

(Dy) If 2,y € D, then z ©®y € D,
(Dy) If x e D,ye A,x <y, then y € D.

Remark 4 ([17], [22]). A non empty subset D C A is an implicative
filter of A iff the following conditions are satisfied:

(D}) 1€ D;
(D}) If x,2 — y € D, theny € D,
that is, the notions of implicative filters and deductive systems are the same.

Clearly {1} and A are deductive systems ; a deductive system D of A
is called proper if D # A.
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Remark 5. To avoid confusion we reserve, however in this paper, the
name filter to lattice filters and deductive system for implicative (congru-
ence) filters. From ¢y and Remark 4 we deduce that every deductive system
of A is a filter for L(A), but filters of L(A) are not, in general, deductive
systems for A (see [22]).

We denote by Ds(A) the set of all deductive systems of A.

With any deductive systems D of A we can (see [17], [22]) associate a
congruence fp on A by defining : (a,b) € 0p iff a — b0 — a € D iff
(a = b)® (b — a) € D. Conversely, for § € Con(A), the subset Dy of A
defined by a € Dy iff (a,1) € 0 is a deductive system of A. Moreover the
natural maps associated with the above are mutually inverse and establish
a bijection between the lattices Ds(A) and Con(A). For a € A, let a/D be
the equivalence class of @ modulo 0p. If we denote by A/D the quotient set

A/0p, then A/D becomes a residuated lattice with the natural operations
induced from those of A. Clearly, in A/D, 0=0/D and 1 =1/D.

Proposition 15 ([9]). Let D € Ds(A), and a,b € A, then
(i) a/D =1/D iff a € D, hence a/D # 1 iff a ¢ D;

)

(#i) a/D =0/D iff a* € D;

(292) If D is proper and a/D = 0/D, then a ¢ D;
v)

(iv) a/D <b/D iffa —be D.

For a nonempty subset S C A, the smallest deductive system of A which
contains S, i.e. N{D € Ds(A) : S C D}, is said to be the deductive system
of A generated by S and will be denoted by < S > . If S = {a}, with
a € A, we denote by < a > the deductive system generated by {a} (< a >
is called principal); we recall that the lattice principal filter generated by a
isfa) ={r e A:a <z}

For D € Ds(A) and a € A, we denote by D(a) =< D U{a} > (clearly,
if a € D, then D(a) = D).

Proposition 16 ([17], [22]). Let S C A a nonempty subset of A, a € A,
D, D;, Dy € Ds(A). Then

(1) <S>={re€eA:510..0s, <z, for somen >1 and sy, ..., s, € S}.
In particular, < a >={x € A: x> a", for some n > 1};
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(17) D(a) ={z € A:x>d®a", withde D andn > 1};
(iii) < D1 UDgy>={x € A:x>d) ©dy for some dy € Dy and dy € Dy}.

Definition 5. We recall ([13], p.93) that a lattice (L,V,A) is called
Brouwerian if it satisfies the identity a A (\/; b;) = \/,;(a A b;) (whenever the
arbitrary unions exists).

Proposition 17 ([9]). The lattice (Ds(A), C ) is a complete Brouwerian
lattice (hence distributive), the compact elements being exactly the princi-
pal deductive systems of A. For a family (D;)icr of deductive systems,
/\{Dz‘ RS I} = mieIDi and \/{Di RS I} =< Uie]Di > .

For Dy, Dy € Ds(A) we put Dy — Dy ={a € A: DiN < a>C Dy}.
Lemma 18 ([9]). If D1, Dy € Ds(A) then
(Z) Dy — Dy € DS(A);

(i) If D € Ds(A), then Dy N D C Dy iff D C Dy — Do, that is,
Dy — Dy =sup{D € Ds(A): DN D C Ds}.

Corollary 19 ([9]). (Ds(A),V, A, —,{1}, A) is a Heyting algebra, where
for D1, Dy, D € DS(A), DiANDy = DiN Dy, DIV Dy =< Dy UDy >,
D*=D -0=D - {1} ={x € A:xzVy =1, for every y € D},
hence for every x € D and y € D*,x Vy = 1. In particular, for every
acA<a>={recA:zVa=1}

3. The spectrum of a residuated lattice

This section contains new characterizations for meet-irreducible and com-
pletely meet-irreducible deductive systems of a residuated lattice A.
For a lattice L we denote by Ir(L) (Irc(L)) the set of all meet-irreducible
(completely meet-irreducible) elements of L.

Proposition 20. Let D € Ds(A) and a,b € A such that a Vb € D.
Then D(a) N D(b) = D.

Proof. Clearly, D C D(a) N D(b). To prove the converse inclusion,
let € D(a) N D(b). Then there are di,ds € D and m,n > 1 such that
x >d;®a™ and x > dy ©®b". Then, by ¢15, x > (d1 ©a™)V (d2 ®b™) > (d1 V
d2) ®(d1 V™) ®(daVa™)® (aVh)™ hence x € D, that is, D(a)ND(b) C D,
so we obtain the desired equality. O
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Corollary 21. For D € Ds(A) the following conditions are equivalent:
(i) If D = Dy N Dy with D1, Dy € Ds(A), then D = Dy or D = Da;
(13) Fora,be A, ifaVvbe D, thena€ D orbe D.

Proof. (i) = (ii). If a,b € A such that a Vb € D, then, by Proposition
20, D(a) N D(b) = D, hence D = D(a) or D = D(b),soa € Dorbe D.

(79) = (7). Let D1, D2 € Ds(A) such that D = D; N Dy. If by contrary
D # Dy and D # Dy then there are a € D;\D and b € D2\ D.

If denote ¢ = aV b, then ¢c € DyNDy = D,soa € Dorbe D, a
contradiction. O

Definition 6. We say that P € Ds(A) is prime if P # A and P is a
prime element in the lattice (Ds(A), C).

Remark 6. Since the lattice (Ds(A), Q) is distributive, P € Ds(A),
P # A is prime iff P is a meet-irreducible deductive system in the lattice
(Ds(A), C), so we have for prime deductive systems in a residuated lattice
the characterization given by Corollary 21.

We denote by Spec(A) the set of all prime deductive systems of A and by
Irc(A) the set of all completely meet-irreducible elements of Ds(A) (clearly,
Irc(A) C Spec(A)).

Example 11. Consider the residuated lattice I = [0,1] from Remark
1, (2), which is not a BL-algebra. If x € [0, 1],z > %, then x +z > %, hence
rOr=zAx=x,50 < x >=[z,1].Ifa,b € I and aVb €< z >= [z, 1], then
aVb=max{a,b} > x, hence a >z orb>z. So,a €<z >orbe<z>,
that is, < z >€ Spec([).

Example 12. Consider the residuated lattice A = {0,a,b,c,1} from
Example 6. It is immediate that Ds(A) = {{1},{1,¢},{1,a,c},{1,b,c}, A}
and Spec(A) = {{1},{1,a,c}, {1,b,c}}. Since {1,c} = {1,a,c} N {1,b,c},
then {1,c} ¢ Spec(A). Since ® coincides with A, the deductive systems of
A coincide with the filters of the associated lattice L(A).

Proposition 22. For a proper deductive system P of A we consider the
following assertions:

(1) P € Spec(A);
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(2) Ifa,be A, andaVb=1, thena € P orb e P,
(3) Foralla,be A,a—be P orb—ac P,
(4) A/P is a chain.

Then
() (1) = (2) but (2) » (1);
(i) (3) = (1) but (1) # (3);
(i3) (4) = (1) but (1) % (4).

Proof. (i).(1) = (2) is clear by Corollary 21, (since 1 € P).

(2) # (1) Consider A from Example 6. Then D = {1,c} ¢ Spec(A).
Clearly, if z,y € Aand x Vy = 1, then x = 1 or y = 1, hence x € D or
y € D, but D ¢ Spec(A).

(73). To prove (3) = (1), let a,b € A such that aVb € P. By ¢ we obtain
aVb<[(a—b)—=bA[b— a)— a], hence (a = b) = b, (b —a) —a € P.
Ifa—be Pthenbe P;if b— a € P, then a € P, that is, P € Spec(A).

(1) # (3) Consider A from Example 6. Then P = {1} € Spec(A). We
havea -b=b#1landb—a=a# 1, hencea —band b — a ¢ P.

(7i1). To prove (4) = (1) let a,b € A. Since A/P is supposed chain,
a/P <b/Porb/P < a/P < (by Proposition 15) a =b& Porb—a € P
and we apply (ii).

(1) # (4) Consider A from Example 6 and P = {1} € Spec(A). Then
A/P = A is not a chain. O

Remark 7 ([6]). If A is a BL-algebra, then all assertions from the
above proposition are equivalent.

Remark 8. 1. In general, in a residuated lattice A, if P is a prime
deductive system and @ is a proper deductive system such that P C @,
then @ is not a prime deductive system. For example, if we consider A =
{0,a,b,¢c,1} from Example 6, we have P = {1},Q = {1,c¢} € Ds(A), P C
Q,P = {1} € Spec(A) but @ is not a prime deductive system (see Example
12);

2. If the residuated lattice A is a BL-algebra and P is a prime deductive
system, () is a proper deductive system such that P C @, then @) is a prime
deductive system (see [6]).
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Remark 9. If P is a prime deductive system of A, then A\P is an ideal
in the lattice L(A) = (4, A, V,0,1).

Proof. Since P is proper, 0 ¢ P, hence we have 0 € A\P. If a < b and
b € A\P, then a € A\P, since P is a deductive system of A. If a,b € A\P
(that is, a ¢ P and b ¢ P), then a Vb € A\P, since P is a prime deductive
system. [l

Theorem 23. (Prime deductive system theorem) If D € Ds(A) and I
is an ideal of the lattice L(A) such that D NI = (), then there is a prime
deductive system P of A such that D C P and PN 1 = {.

Proof. Let Fp = {D' € Ds(A) : D C D" and D' NI = (}. A routine
application of Zorn’s lemma shows that Fp has a maximal element P. Sup-
pose by contrary that P is not a prime deductive system, that is, there are
a,b € Asuch that aVbe P, but a ¢ P,b ¢ P (see Corollary 21).

By the maximality of P we deduce that P(a), P(b) ¢ Fp, hence P(a) N
I # 0 and P(b) NI # 0, that is, there are p; € P(a) NI and py € P(b) N I.
By Proposition 16, p; > f ©® a™ and p2 > g ® b", with f,g € P and m,n
natural numbers. o

Then py Vpe > (f@a™)V(g@b") > (fVg)O(gVa™) O (fVE) 60"V
a™) Cés (fVg)©(gva™) o (fVvb")®(aVb)™ ™. Since fVg,gVa™, fVb"* € P
we deduce that p; Vps € P; but p1Vps € I, hence PNI # (), a contradiction.
Hence P is a prime deductive system. O

Remark 10. If A is a nontrivial residuated lattice, then any proper
deductive system of A can be extended to a prime deductive system.

Remark 11. In general, if A is a residuated lattice, the set of proper
deductive systems including a prime deductive system P of A is not a chain,
but if the residuated lattice is a BL-algebra, then the set of proper deductive
systems including a prime deductive system P of A is a chain, (see [6]).
Indeed, we consider the residuated lattice from Example 6 and the prime
deductive system P = {1}. The set of proper deductive systems including
a prime deductive system P = {1} of A is {{1,c},{1,a,c},{1,b,c}}, but
{L,a,c¢} € {1,b,c} and {1,b,c} € {1,a,c}, so {{1,c},{1,a,c},{1,b,c}} is

not a chain.
Corollary 24. Let D € Ds (A) and a € A\D. Then:
(i) There is P € Spec(A) such that D C P and a ¢ P;
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(ii) D is the intersection of those prime deductive systems which contain
D;

(7i1) NSpec(A) = {1}.

Proposition 25. For a proper deductive system P € Ds(A) the follow-
ing conditions are equivalent:

(1) P € Spec(A);
(13) For every x,y € A\P there is z € A\P such that x < z and y < z.

Proof. (i) = (ii). Let P € Spec(A) and =,y € A\P. If by contrary, for
every a € A with z < a and y < a then a € P, since z,y < x V y we deduce
that z Vy € P, hence, z € P or y € P, a contradiction.

(49) = (7). Suppose by contrary that there exist Di, Dy € Ds(A) such
that D1 N Dy = P and P # Dy, P # Ds. So, we have z € D;\P and
y € D5\ P. By hypothesis there is z € A\ P such that < z and y < z. We
deduce z € D1 N Dy = P, a contradiction. O

Corollary 26. For a proper deductive system P € Ds(A) the following
conditions are equivalent:

(i) P € Spec(A);
(1) Ifz,ye Aand <x>N<y>C P, thenx € P oryec P.

Proof. (i) = (ii). Let z,y € A such that < z > N <y >C P
and suppose by contrary that z, y ¢ P. Then by Proposition 25 there is
z € A\P such that z < z and y < z. Hence z €<z > N <y >C P, so
z € P, a contradiction.

(7) = (7). Let z,y € A such that zVy € P. Then < xVy >C P . Since,
using [9], < zVy > =<z >N<y>wededuce that <z >N <y >C P,
hence, by hypothesis, x € P or y € P, that is, P € Spec(A). O

Corollary 27. For a proper deductive system P € Ds(A) the following
conditions are equivalent:

(1) P € Spec(A);

(1i) For every o, € A/P,a # 1,8 # 1 there isy € A/P,~y # 1 such that
a<y, B<y.
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Proof. (i) = (ii). Clearly, by Proposition 25 and Proposition 15, since
if « = a/P, with a € A, then the condition o # 1 is equivalent with a ¢ P.

(73) = (i). Let o, € A/P. Then in A/P, a« =a/P # 1 and f =b/P #
1. By hypothesis there is v = ¢/P # 1 (that is, ¢ ¢ P) such that o, 5 < ~
equivalent with a — ¢,b — ¢ € P. If we consider d = (b — ¢) — ((a — ¢) —
¢), then by ¢4, we deduce that a < (a - ¢) 2 c<(b—¢) = ((a = ¢) —
¢)=dand b<d (sinceb<(b—¢c)—=((a—=>c)—=c)ebob-—oc <
(a — ¢) — ¢, which is true because b® (b — ¢) < ¢ < (a — ¢) — ¢ ). Hence
a,b < d. Since ¢ ¢ P we deduce that d ¢ P, hence by Proposition 25, we
deduce that P € Spec(A). O

Theorem 28. For a proper deductive system P € Ds(A) the following
conditions are equivalent:

(1) P € Spec(A);
(13) For every D € Ds(A), D — P =P or D C P.

Proof. (i) = (ii). Let P € Spec(A). Since Ds(A) is a Heyting algebra
(by Corollary 19) for D € Ds(A) we have P = (D — P)N((D — P) — P),
soP=D—wPorP=(D—P)—-PIfP=(D—P)— Pthen D CP.

(73) = (i). Let D1, Dy € Ds(A) such that D; N Dy = P. Then D; C
Dy — P (see Lemma 18, (ii)) and so, if Dy C P, then P = Dy and if
Dy — P = P, then P = Dy, hence P € Spec(A). O

We recall that if (L,V,A,*,0,1) is a pseudocomplemented distributive
lattice, then two subsets associated with L ([1], p.153, [13]) are Rg(L) =
{reL:2=xz}and D(L) ={x € L:x* =0}. The elements of Rg(L) are
called regular and those of D(L) dense. Note that {0,1} C Rg(L),1 € D(L),
D(L) is a filter in L and Rg(L) is a Boolean algebra under the operations
induced by the ordering on L ([1], p.157).

Corollary 29. For a residuated lattice A, Spec(A) C D(Ds(A)) U
Rg(Ds(A)).

Proof. Let P € Spec(A) and D = P* € Ds(A); then by Theorem 28,
D C Por D — P = P equivalent with P* C P or P* — P = P. Since
Ds(A) is a Heyting algebra then P* — P = P** so P** = A or P** = P
equivalent with P* = {1} or P** = P, that is P € D(Ds(A))URg(Ds(A)).0

Relative to the uniqueness of deductive systems as intersection of primes
we have:
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Theorem 30. If every D € Ds(A) has a unique representation as an in-
tersection of elements of Spec(A), then (Ds(A),V,N\,* ,{1}, A) is a Boolean
algebra.

Proof. Let D € Ds(A) and D' = N{M € Spec(A) : D ¢ M} € Ds(A).
By Corollary 24, (ii), DND" = N{M € Spec(A)} = {1};if DV D’ # A, then
by Corollary 24, (i), there exists D" € Spec(A) such that DV D' C D" and
D" # A. Consequently, D' has two representations D' = N{M € Spec(A) :
D ¢ M} = D"n(N{M € Spec(A) : D ¢ M}), which is contradictory.
Therefore DV D' = A and so Ds(A) is a Boolean algebra. O

Lemma 31. If D € Ds(A), D # A and a ¢ D, then there exists
D, € Ds(A) mazimal with the property that D C D, and a ¢ D,.

Proof. Let Fp, = {D' € Ds(A) : D C D' and a ¢ D'}; clearly
Fp,a # 0, because D € Fp,. If C is a chain in Fp, then UC € Fp,. By
Zorn’s lemma there exists a deductive system D, which is maximal subject
to containing D and a ¢ D,,. O

Definition 7. D € Ds(A), D # A is called mazimal relative to a if
a ¢ D and if D' € Ds(A) is proper such that a ¢ D', and D C D’, then
D=D".

If in Lemma 31 we consider D = {1} we obtain

Corollary 32. For any a € A,a # 1, there is a deductive system D,
mazimal relative to a.

Theorem 33. For D € Ds(A), D # A the following are equivalent:
(1) D e Irc(A);
(i3) There is a € A such that D is maximal relative to a.

Proof. (i) = (ii). See ([12], p.248) (because by Proposition 17, Ds(A)
is an algebraic lattice).

(i) = (i). Let D € Ds(A) maximal relative to a and suppose D =
Nicr Di with D; € Ds(A) for every i € I. Since a ¢ D there is j € I such
that a ¢ D;. So, a ¢ D; and D C D;. By the maximality of D we deduce
that D = Dy, that is, D € Irc(A). O

Theorem 34. Let D € Ds(A) be a deductive system, D # A and a €
A\D. Then the following conditions are equivalent:
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(2) D is mazimal relative to a;
(13) For every x € A\D there is n > 1 such that 2™ — a € D.

Proof. (i) = (ii). Let v € A\D. If a ¢ D(z) = DV < x >, since
D C D(z) then D(x) = A (by the maximality of D) hence a € D(x), a
contradiction. We deduce that a € D(x), hence a > d©® ", with d € D and
n > 1. Then d < 2™ — a, hence 2™ — a € D.

(i4) = (7). We suppose by contrary that there is D' € Ds(A),D" # A
such that @ ¢ D' and D C D’. Then there is g € D’ such that zo ¢ D,
hence by hypothesis there is n > 1 such that 2 — a € D C D’. Thus from
xzy — a € D" and zf € D', we deduce that a € D', a contradiction. O

Corollary 35. For D € Ds(A),D # A the following conditions are
equivalent:

(i) D € Irc(A);

(13) In the set A/D\{1} we have an element p # 1 with the property that
for every a € A/D\{1} there is n > 1 such that o™ < p.

Proof. (i) = (i7). By Theorem 33, D is maximal relative to an element
a ¢ D; then, if denote p =a/D € A/D, p# 1 (since a ¢ D ) and for every
a=>b/D, a# 1 (that is b ¢ D ) by Theorem 34 there is n > 1 such that
b — a € D, that is, o < p.

(17) = (i). Let p=a/D € A/D\{1}, (that is, a ¢ D ) and a = b/D €
A/D\{1}, (that is, b ¢ D). By hypothesis there is n > 1 such that o” <p
equivalent with b — a € D. Then, by Theorem 34, we deduce that D €
Irc(A). O

Definition 8. A deductive system P of A is a minimal prime if P €

Spec(A) and, whenever @) € Spec(A) and @ C P, we have P = Q.

Proposition 36. If P is a minimal prime deductive system, then for
any a € P there is b € A\P such that a Vb= 1.

Proof. As in the case of BL-algebras (see [6]). O

4. Archimedean and hyperarchimedean residuated lattices

In this section we introduce the notions of archimedean and hyperar-
chimedean residuated lattice and will prove two theorems of Nachbin type
for residuated lattices.
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Definition 9. ([17]) A deductive system M of A is mazimal if M # A
and M is a maximal element in the lattice (Ds(A),C) (that is, it is proper
and it is not contained in any other proper deductive system).

The following result is an immediate consequence of Zorn’s lemma:

Proposition 37. In a nontrivial residuated lattice A, every proper de-
ductive system can be extended to a mazrimal deductive system.

We shall denote by Max(A) the set of all maximal deductive systems
of A; clearly, Max(A) C Spec(A).
We have:

Theorem 38. If D is a proper deductive system of A, then the following
conditions are equivalent:

(1) D € Max(A);
(73) For any x ¢ D there exist d € D,n > 1 such that d ® 2™ = 0.

Proof. (i) = (i). If © ¢ D, then < DU {z} >= A, hence 0 €
< DU {x} > . By Proposition 16, (iii), there exist n > 1 and d € D such
that d ® 2" < 0. Thus d ® z™ = 0.

(1) = (7). Assume there is a proper deductive system D’ such that
D C D'. Then there exists © € D’ such that ¢ D. By hypothesis there
exist d € D and n > 1 such that d ® 2™ = 0. But z,d € D’ hence we obtain
0 € D', a contradiction. O

Corollary 39. If M is a proper deductive system of A, then the follow-
ing conditions are equivalent:

(i) M € Max(A);
(ii) For any x € A,x ¢ M iff (z™)* € M, for somen > 1.

Theorem 40. If M is a proper deductive system of A, then the following
conditions are equivalent:

(1) M € Max(A);

(1) A/M is locally finite.
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Proof. It follows by observing that the condition (ii) can be reformu-
lated in the following way: for any = € A,xz/M # 1/M (that is, x ¢ M),
(x/M)" =0/M, for some n > 1< 2"/M =0/M < (z™)* ¢ M. O

Definition 10 ([17]). The intersection of the maximal deductive sys-
tems of A is called the radical of A and will be denoted by Rad(A); clearly,
Rad(A) € Ds(A).

Example 13. Let A be the 5—element residuated lattice from Example

6. It is easy to see that A has two maximal deductive systems: {1, a,c} and
{1,b,c}, hence Rad(A) = {1,c}.

For any n > 1 and a € A we denote na = [(a*)"]*.

Theorem 41 ([11],[17]). (i) Rad(A) = {x € A : for any n > 1 there
exists m > 1 such that m(z") =1} = {x € A : for anyn > 1 there is ky, > 1
such that [(z™)*]* = 0} ;

(1) D(A) € Ds(A) and D(A) C Rad(A).

For a residuated lattice A we make the following notation:
Radpr(A) ={a € A: (a")" <a, for every n > 1}.
Proposition 42. For a residuated lattice A, Radpr,(A) C Rad(A).

Proof. Let a ¢ Rad(A), hence there is a maximal deductive system M
with a ¢ M. Then there is n such that (a™)* € M, (by Corollary 39). If we
suppose a € Radpr,(A) then in particular for this n we have (a™)* < a, hence
a € M, by (D,), a contradiction. Hence (a™)* £ a, i.e. a ¢ Radpr(A), that
is, Radpr(A) C Rad(A). O

Remark 12. If A is a BL-algebra, then Rad(A) = Radpr(A).
Proposition 43. If A is a residuated lattice, then B(A)NRad(A) = {1}.

Proof. Obviously, 1 € B(A) N Rad(A). Let e € B(A) N Rad(A),e # 1.
By Theorem 23, there is a prime deductive system P of A such that e ¢ P.
By Proposition 12, (ii), we have e Ve* =1 € P, so ¢* € P (since P is prime
and e ¢ P). By Proposition 37, there is a maximal deductive system M
such that P C M. It follows that e* € M, so e ¢ M. Thus, e ¢ Rad(A). O

Definition 11. An element a of a residuated lattice A is called infinites-
imal if @ # 1 and a™ > a* for any n > 1.
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We denote by Inf(A) the set of all infinitesimals of A.

Example 14. If A = {0,a,b,c,1} is the 5—element residuated lattice
from Example 6, then a is not infinitesimal (since a* = b and a # b);
analogously, we deduce that b is not infinitesimal. Since ¢* = 0, then

" =c¢ > 0 = c* for every natural number n, hence ¢ is an infinitesimal
element of A. So, Inf(A) = {c}.

Proposition 44. For every element a € A,a # 1, a is infinitesimal
implies a € Rad(A).

Proof. Let a # 1 be an infinitesimal and suppose a ¢ Rad(A). Thus,
there is a maximal deductive system M of A such that a ¢ M. By Corollary
39, there is n > 1 such that (a™)* € M. By hypothesis a” > a* hence
(@™)* < a*, so a* € M. By co1 we deduce that (a**)" < (a™)**, hence
(a™)** € M. If we denote b = (a™)* we conclude that b,b* € M, hence
0=0"®be M, that is, M = A, a contradiction. O

Corollary 45. Inf(A) C Rad(A).

Remark 13. 1. If A is the residuated lattice from Example 6, then
Inf(A) C Rad(A), since Inf(A) = {c} and Rad(A) = {1, c} (see Examples
13 and 14).

2. In general, Rad(A)\{1} € Inf(A). Indeed, let A be the residu-
ated lattice from Example 7. Then the deductive systems of A are {1},
{1,a,b,c} and A. It is easy to see that A has two prime deductive systems:
{1}, {1,a,b,¢} and a unique maximal deductive system {1,a,b,c}; hence
Rad(A) = {1,a,b,c}. Obviously, a is an infinitesimal element of A (a" = c,
for every n > 1, a* = d and ¢ > d). But (b> = ¢,b* = e and c,e are
incomparable), (¢> = ¢,c¢* = f and ¢, f are incomparable), (d*> = 0,d* = a
and a > 0), (2 =d,e* =band d < b),(f?=d,f* =cand d < ¢),(0? =
0,0* =1 and 0 < 1), so we conclude that b,c,d,e, f,0 ¢ Inf(A). It follows
that Inf(A) = {a}. Thus Inf(A) C Rad(A) and Rad(A)\{1} € Inf(A).

Remark 14 ([6]). If A is a BL algebra, then Rad(A)\{1} = Inf(A).
Lemma 46. In any residuated lattice A the following are equivalent:
(1) For every a € A,a™ > a* for any n > 1 implies a = 1;

(ii) For every a,b € A,a™ > b* for any n > 1 implies aV b =1,
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(tit) For every a,b € A,a"™ > b* for any n > 1 implies a — b = b and
b—a=a.

Proof. (i) = (ii). Let a,b € A such that a™ > b* for any n > 1. We get
(aVb)* E a* Ab* < b* <a” < (aVDb)™, hence (aVb)™ > (aVb)*, for any
n > 1. Then, aVb=1.

(79) = (i4i). Since 1 =a Vb < [(b = a) = a] A [(a — b) — b] we deduce
that (b - a) »a=(a—b) >b=1, thatis,a > b=band b - a = a.

(7i7) = (i). Let a € A such that a™ > a* for any n > 1. If we consider
b = a we obtain a — a = a, hence a = 1. O

Definition 12. A residuated lattice A is called archimedean if the equiv-
alent conditions from Lemma 46 are satisfied.

One can easily remark that a residuated lattice is archimedean iff it has
no infinitesimals.

Example 15. 1. Consider A = {0,a,b,c,d, 1} the residuated lattice
from Example 9. We have a™ = a for every n > 1 and a* = d hence a" % a*
for every n > 1;b" = 0 for every n > 1 and b* = ¢ hence b" # b* for every
n > 1;02:a;fc*:b,d”:dforeveryn2landd*:a,henced”
# d* = a, for every n > 1. Hence if z € A and 2" > z*, for every n > 1,
then z = 1, that is, A is archimedean;

2. Consider A = {0,a,b,¢,d, e, f, 1} the residuated lattice from Example
7. We have a* = d,b" = e,c* = f,d* = a,e® = b and f* = c. Since
a>d=a*and a" = c for every n > 2 and ¢ > d = a* we deduce that
a™ > a*, for every n > 1, hence A is not archimedean;

3. Consider A = {0,a,b,c,1} the residuated lattice from Example 6.
Since ¢" = ¢ for every natural number n, and ¢* = 0 we deduce that ¢" > ¢*
for every n > 1 but ¢ # 1, hence A is not archimedean.

Definition 13. Let A be a residuated lattice. An element a € A is
called archimedean if it satisfy the condition: there is n > 1 such that
a™ € B(A), (equivalent by Proposition 13 with aV (a™)* = 1). A residuated
lattice A is called hyperarchimedean if all its elements are archimedean.

Example 16. 1. Consider A = {0,a,b,c,d, 1} the residuated lattice
from Example 9; by Example 15 we deduce that A is archimedean. We have
B(A) = {0,a,d,1}. Since a®> = a € B(A), b*> =0 € B(A),c? = a € B(A)
and d? = d € B(A) we deduce that A is even hyperarchimedean.
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2. Consider A = {0,a,b,c,d,e, f,g,1} the residuated lattice from
Example 10; we have B(A) = {0,b, f,1}. Since a®> = 0 € B(A),* =
be B(A),c?=0¢c B(A),d> =0¢€ B(A),e? =be B(A),f?> = f € B(A)
and g2 = f € B(A) we deduce that A is hyperarchimedean.

3. If consider A = {0, a,b,c,d, 1} the residuated lattice from Example 8
we deduce that B(A) = {0,1}. Since a" = a ¢ B(A), for every n > 1, we
deduce that A is not hyperarchimedean; since a* = 0, then a” = a > 0 = a*,
for every m > 1, but a # 1, so A is not even archimedean.

From Lemma 14 we deduce:
Corollary 47. Every hyperarchimedean residuated lattice is archimedean.

Remark 15. For an example of archimedeean lattice that is not hyper-
archimedean see [8], Example 3.42.

Theorem 48. For a residuated lattice A, if A is hyperarchimedean,
then for any deductive system D, the quotient residuated lattice A/D is
archimedean.

Proof. To prove A/D is archimedean, let x = a/D € A/D such that
™ > x* for any n > 1. By hypothesis, there is m > 1 such that aV(a™)* = 1,
ie. a™ € B(A). It follows that x VV (z™)* =1 (in A/D), i.e. 2™ € B(A/D).
In particular we have " > x*, so by Lemma 14 we deduce that x = 1, that
is, A/D is archimedean. O

The following result (suggested by the referee) is immediate:

Lemma 49. If (S,<) is a partially ordered set and B C S then the
following are equivalent:

(1) Every b € B is mazimal in B;
(i3) Every b € B is minimal in B;

(7i1) (B, <) is unordered (or, maybe better said, the relation < restricted
to B is trivial).

Theorem 50. For a residuated lattice A the following conditions are
equivalent:

(1) A is hyperarchimedean;
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(13) Spec(A) = Max(A);
(1it) (Spec(A), Q) is unordered;
(1v) Any prime deductive system is minimal prime.

Proof. (i) = (i7). Since Max(A) C Spec(A), we only have to prove
that any prime deductive system of A is maximal. Let P € Spec(A). To
prove P € Max(A), let x ¢ P. Since A is hyperarchimedean there is n > 1
such that ™ € B(A), hence x V (z™)* = 1, (by Proposition 13). Since 1 € P
we deduce that x V (2™)* € P. Since x ¢ P, by Corollary 21 we deduce that
(z™)* € P, that is, P € Max(A) (see Corollary 39).

The equivalence (i7) < (4i7) is an immediate consequence of Lemma 49
(with (S, <) = (Ds(A),C) and B = Spec(A)).

(ii) = (iv). Let P,Q prime deductive systems such that P C Q. By
hypothesis, P is maximal, so P = . Thus @ is minimal prime.

(iv) = (7). Let a € A,a # 1. We shall prove that a is an archimedean
element. If we denote D =< a >*={z € A:aVz =1} (by Corollary 19),
then D € Ds(A). Since a # 1, then a ¢ D and we consider D' = D(a) =
{x € A: 2 >doa" for some d € D and n > 1}. If we suppose that D’
is a proper deductive system of A, then by Corollary 23, there is a prime
deductive system P such that D’ C P. By hypothesis, P is a minimal prime.
Since a € P, using Proposition 36 , we infer that there is z € A\P such
that a V x = 1. It follows that z € D C D’ C P, hence z € P, so we get a
contradiction.

Thus D’ is not proper, so 0 € D’, hence there are n > 1 and d € D such
that d ®a™ = 0. Thus d < (a")* . Weget aVd <aV (a")*.ButaVvd=1
(since d € D ), so we obtain that aV (a™)* = 1, that is, a is an archimedean
element. O

Remark 16. 1. For the case of lattices we have the following result of
Nachbin (see [1], p.73): A distributive lattice is relatively complemented iff
every prime ideal is maximal,

2. For the case of BL-algebras we have ([6]) the following result: If A
is a BL algebra, the following conditions are equivalent:

(i) A is hyperarchimedean;

(ii) For any deductive system D, the quotient BL algebra A/D is an
archimedean BL algebra;
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(iii) Spec(A) = Max(A);
(iv) Any prime deductive system is minimal prime.

3. For the case of lattices we have the following result of Nachbin (see
[13], p. 76): If L is a distributive lattice with 0 and 1, then L is a Boolean
lattice iff P(L) is unordered (where P(L) is the set of all prime ideals of L).
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