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1. Introduction and preliminary results
At the beginning of '80, using the viscosity solutions theory, several ap-

proximation results for the Bellman equation in the deterministic case were
obtained (see [1],[2],[4],[5]). In [6] we proposed an Euler step approxima-
tion scheme (similar to those from [1],[3],[5]) for the viscosity solution of the
Bellman equation of a stochastic optimal control problem and we proved
its convergence. In the present paper we give a result concerning the rate
of convergence for the approximation scheme presented in [6] and also we
improve the convergence result there.

Let us consider the following stationary second order Bellman partial
differential equation

(1.1)  Au(x) + 21612 [—Vu(z) - b(z,a) — f(z,a)] — gAu(ac) =0, z € R",
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where u(-) is the unknown function, A C R™ is a compact set, b: R” x A —
R™ and f: R™ x A — R™ are two given functions, A > 0 and € > 0 are two
given constants, and “” stands for the inner product in (R", | - [|).

We suppose that the functions b and f satisfy the following hypotheses:
There exist the positive constants Ly € (0,\), La, and M such that

i) oz, a) —b(y,a)|| < Lillz —yll, z,y €R", a € A
(H) (11) |f(xa )_f(yaa)‘SLQHx_va x?Z/Ean CLEA
(iiii) |b(z,a)|] < M, |f(z,a)] < M,z € R", a € A.

Q

In [6] we have proved that equation (1.1) has a unique viscosity solution
which is the value functions of the following stochastic control problem with
infinite horizon.

Let (Q,F, P, (Ft)t>0) be a fixed complete stochastic basis which means
that (Q, F, P) is a complete probability space and (F;)¢>0 is an increasing
family of sub-g-algebras of F such that Fy contains every P—negligible
subset of 2. Also we consider a standard n—dimensional F;-adapted Wiener
process {w(t),t > 0} and

A= {a:[0,400) x Q@ — A; a(-,-) is measurable,

(1.2) and a(t,-) is F; — measurable, ¢ > 0} .

Remark 1.1. In the following we shall consider that the o—algebra F;
is generated by {w(s),0 < s <t} for t > 0.

Now we present the optimal control problem:
Minimize

(1.3) J(z,a) = E [ /0 T (), at)eMdt | |

where E stands for the average, a € A and (z(t),a(t)) satisfies the state
equation

(1.4) {dx(t) = b(z(t),a(t))dt + edw(t), € >0
z(0) =z € R™.

We define

(1.5) J(z) = inf J(z,a), v € R™

acA
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As we have mentioned before, the function given by (1.5) is the unique
viscosity solution of (1.1). For the reader’s convenience we shall give the
definition of the viscosity solution for (1.1).

Definition 1.1 ([7]). The function v € C(R") is called viscosity sub-
solution (supersolution) of (1.1) iff for every ¢ € C?(R") for which (u — )
has a (strict) local maximum (minimum) in zp we have

Nu(o) + Supl=Vip(o) - blao, @) = f(z0, )] ~ SAp(r0) SO (20).

A function u(-) which is at the same time a viscosity subsolution and a
viscosity supersolution is called viscosity solution.

In the next we present the approximation scheme ([6]).
Let h > 0 and t; = jh, j = 0,1,2,.... Corresponding to each h > 0 we
consider the set of discrete controls:

Ap, ={a € A; ais constant on [t;,tj11), j =0,1,2,...,ie.
(1.6) a(s) = aj(-) S LQ(Q,A), for s € [tj,t]url), j=0,1,2, }

Now we define recursively the sequence {z;};>0 (the approximation of

(1.4))

(1.7) {m" - ,
zjp1 = x5 + hb(xj,a5) + e(w(tjr1) —w(ty)),j €N

where a € Ay, (a; = a(s), s € [tj,tj11)). Also we consider the following
discretization of the functional (1.3)

(1.8) Jn(z,a) = hE > (1= ARY f(z;, ),

J=0

were a € Aj, and {x;};>0 verifies (1.7).
Now we define the approximate solution of (1.1) as

o0

(1.9) vp(z) = aierﬁh Jn(z,a) = aierﬁh Ej:O(l — ALY f (25, a5).
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For h € (0; %] we consider the following approximate equation of (1.1)

(1.10) wup(z) + SEBE[_(l — M)up(x + hb(z,a) + Vew(h)) + f(z,a)] =0,

r e R™

In the next we shall prove a dynamic programming principle for the
discrete optimal control problem (1.9), (1.7).

Theorem 1.1. For each x € R™ we have

(1.11) vp(z) = i(IllofE[hf(ac,ao) + (1 — Ah)vp(z1)],

where ag € L?(§), A) is Fo—measurable and x1 is given by (1.7) with x¢ = .

Proof. Using (1.9) and (1.8) we obtain that for each v > 0 there exists
a” € Ay, such that

(1.12) vp(z) +v > Jp(z,a”) = hEf(x,aq) + (1 — Ah)RE

> (L= AR f(afyy, a%y) > REf(x,a5) + (1 — Ah) Evy(a?),
j=0

where {z}jen and {a!}jen verify (1.7). Taking the infimum in (1.12) we

obtain

(1.13) vp(z) +v > aignjh EhEf(z,a0) + (1 — Ah)vp(x1)],

for every v > 0. For every v > 0 there exist a”,a” € Aj, such that

aigl}:‘fh E[hf(xz,a) + (1 = Ah)vp(z1)] + v

(1.14) > E[hf(z,ag) + (1= Ah)oa(77)]

>F [hf(x,ag) + (1 = Ah)h iu — MY f(@aY) | — v,
j=0

where {7} jen, {a7}jen satisfy (1.7) with 2§ = 2, and {27/ }jen, {@}jen
satisfy (1.7) with g = 7.
Let a” = {@}}jen and 7" = {7} }jen defined by

(1.15) ag = ag, Ty =T =,
* — ~ . Y — o~ .
a]”- = aJ’Ll, j>1 :L';’ = :nj’ﬁl, j>1
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Taking into account (1.13), (1.14), (1.15) and (1.8) it results

(1.16) aiénjh E[hf(z,a0) + (1 — Ah)vp(z1)] + 2v > Jp(@”, ) > vp(x).
Because v > 0 is arbitrarily chosen, the relations (1.14) and (1.16) imply
(1.11).

In the next, for the reader’s convenience, we shall present some results
(see also [6]) which we need in evaluation of the rate of convergence of our
scheme.

Theorem 1.2 ([6]). In the hypotheses (H) the vy, given by (1.9) is the
unique bounded solution of (1.10).

Sketch of the proof. Using Theorem 1.1 we get that v, verifies
(1.17) vp(z) + sup E[—(1 — Ah)vp(x + hb(z, ap))
ao
+VEw(h) = hf(z,a0)] = 0, = € R",

where ag € L?(Q, A) and ag is Fo—measurable (see the definitions (1.2) and
(1.6)).

Taking into account the fact that Fy and F, are independent (see Re-
mark 1.1) we may write the average in (1.14) as a double integral and so
we obtain

(1.18) vp(z) +  sup /Q {/Q[—(l — Ah)vp(x + bz, ag(wr))

ap€L?(Q1,A)
+vew(h)(w)) = hf(z,ao(wr))]dP(w)} dP(wi) =0,

where €21 is €2 but we put subscript 1 to be more clear. Using boundness of
vy, (which is evident from (1.8)), from the relation (1.18) we obtain that vy,
is a solution of (1.10).

To prove the uniqueness, we suppose that there exist two solutions wu;
and ug of (1.10) and subtracting the two relations (1.10) which they verify,
using their boundness and some calculus, it results

ur(z) —ua(2)] < (1 —Ah) sup ur(y) — ua(y)], = € R,

>l

relation which proves the uniqueness because 0 < h <
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Theorem 1.3 ([6]). In the hypotheses (H) the function vy(-) converges
to J(-) locally uniformly on R™ as h tends to O.

Sketch of the proof. Using (1.9) and the hypotheses on b, f, and A, it
results

M

(1.19)  sup |op(z)| < —
reR” A

<

Ly
A—1q

1
|z — 2'||, for z,2" € R™ and h € (0, X]

lon () — v (')

From the Ascoli-Arzela theorem we obtain that there exists a bounded
Lipschitz continuous function u(-) such that vy (-) converges to u(-) locally
uniformly on R™ as h tends to 0.

In the following we shall prove that u(-) is a viscosity subsolution of (1.1)
(in the same manner one can prove that it is also a viscosity supersolution).
We shall present this proof in more details because we consider that it is
interesting and useful for the reader.

Let » € CZ(R") (a bounded function of class C?), zo a strict local
maximum point of (u — ¢), B(xg,r) = {x € R" | ||z — xo| < r} and 2}
a global maximum point of (v, — ¢) on B(zg,r). The sequence {zf}1=0
converges to xg as h tends to 0 (see [3]) and so we can choose h; > 0 such
that for every h € (0, h1) we have

(1.20) lzh — 2ol < =, hM < L.
3 3
Let
,
: r= ; <30
(1.21) Q= {we® uh)w)l < 3}

It is well-known (see [2]) that

Elw®)|* _ »?
— oS¢

(1.22) P\ Q) <
81

where ¢ > 0 is a constant independent of A and r.
Using now (1.10), (1.19), (1.20) and the fact that 2} is a maximum point
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of (v, — @) on B(xg,7) we obtain

0 =wvp(2d) +sup{ [ [—(1 — An)vp(xh + hb(zh, a) + Vew(h))

acA JQ,
— hf(zh a))dP + / [—(1 = ARy (2 + hb(zl, a) + Vew(h))
O\Q,

(1.23) = hf(zg,a)ldP > sup{ [ [p(af) — (zf + hb(xg, a)
a€A JQ,

+ Vew(h)) + My (xh + hb(2f, a) + ew(h))]dP
+ / [on (zh) — (1 — AR)p (xh + hb(zh, @)
O\Q,-

+Vew(h))|dP — hf(ag, a)}.

Taking into account (1.21) and the boundness of ¢ and vy, the relation
(1.22) implies

(1.24) 0 > sup Elp(ag) — (g + hb(zg, a) + Vew(h))
acA
h2
+ Ahwp (xh + hb(ah, a) + Vew(h)) — hf (2}, a)] — g
where ¢; > 0 is a constant independent of h.
Because ¢ € C?(R"), using It6 formula, the relation (1.23) gives
h

0> sup B{— | [Volali + sb(at a) + vEw(s)) - blal,a)
a€A 0

c h
(1.25) - §Ag0(x6‘ + sb(zl, a) + ew(s)))ds — /0 Vo(zh + sb(zl, a)

+ Vew(s))dw(s) + Moy (zl + hb(zh, a) + Vew(h))
2
— hf(zl a)} — cl%.

Dividing (1.24) by h and using the fact that ¢ € C%(R"), v, — u (locally
uniformly as h — 0), and x(})‘ — xg as h — 0, it results

Au(zo) + sgg[—ch(xo) b(zo,a) — f(xg,a)] — gAcp(to) <0,

i.e. u(-) is a viscosity subsolution of (1.1) (see Definition (1.1)).
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In a similar way one can prove that u(-) is also a viscosity supersolution
of (1.1). In our hypotheses on A, b, f the equation (1.1) has an unique
viscosity solution given by J(-) (see [7]). So u(-) = J(-) and Theorem 1.3 is
proved.

2. The rate of convergence of the approximation scheme

In this section we shall prove a result with respect to the rate of con-
vergence of the approximate solutions vy (+) to the viscosity solution J(-) of
equation (1.1) and also we shall improve the result in Theorem 1.3. Such
results for the deterministic case were given in [1], [3], [5].

Theorem 2.1. In the hypotheses (H) we have

1
sup |J(z) —op(x)] <ch, 0 <h < —,
zeR" A
where ¢ > 0 is a constant independent of h.

Proof. Let 6,p € (0,1) be fixed. We define the auxiliary function

Oz -yl
2

> =

(2.1) o(z,y) = vp(x) — J(y) , (z,y) e R" xR0 < h <

Using the fact that vy and J are bounded (see (1.19) and (1.3)) it results
that for each v € (0,1) there exists (z1,y1) € R™ x R™ such that

(2.2) e(r1,y1) > sup  @(x,y) — 7.
(z,y)ER™ xR™

Let’s consider a smooth function £ € C§°(R"™ x R™) which satisfies

Define
(2.4) Y(z,y) = p(z,y) +v€(z,y), (z,y) € R" x R™.

From (2.2) and (2.4) we obtain that there exists (zo,y0) € R™ x R™ such
that

(2.5) P(wo,40) = ¥(2,y), (2,y) € R* x R™.
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So, the function —(zo,y) = J(y) — (vn(z0) — 5”%’0;21/”2 + v€(zo,y)) has a
global minimum point in yp. Using the fact that J(-) is a viscosity super-
solution of (1.1) it results (see Definition 1.1)

A (40) + Slelg[—ig(xo ~ 40) - by, @) — 1(Vy&(z0,90)) - (g0, )

0
(26)  — Jlya)] + e — 5700, 10) 2 0.

The set A being compact it results that there exists ag € A such that (see

(2.6))

AT (y0) ig(fﬁo ~ o) - by 60) — (V£ (0, 40)) - by ao)

1) €
(2.7) — f(yo,a0) + 5} - §Vﬁyf($o, yo) > 0.

The function vy(+) verifies the relation (1.17) and so we have
(2.8) wp(xo) — (1 — Ah)Evp(x0 + hb(xo, ap) + ﬁw(h)) — hf(zo,ap) <O0.
Using (2.5) we obtain

Ol|lxg — 2
vp(xo) — J(yo) — Hop2yoH +v&(z0,%0)

> Elvp(xo + hb(z0, ap) + Vew(h))
_ dllwo + hb(wo, a0) + VeEw(h) — yoll®
2
+7€(xo + hb(x0, ao) + Ve(h), y0)] — J(yo),

l.e.

Evp(xo + hb(xg, ag) + vew(h))
Ol — woll?
P
0 2
+ ;EH»”UD —yo + hb(wo, ag) + vew(h)||

— vEE(z0 + hb(zo, ao) + vew(h), yo).

(2.9) < vp(zo) + v€(%0, Yo)
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The relations (2.8) and (2.9) imply

1—MAh)o
o) = (1= Moo o) + S g — o
1—MAh)d
2100~ L2 By — g+ Ao, a0) + Va0

+ (1 = AR)SEE(xg + hb(zo, ag) + vVew(h),yo) — hf(xo,ag) < 0.
Dividing (2.10) by h we obtain

1— )k (1= AR)S
N v¢(70,%0) + T

)\’Uh($0) — on _y0||2

1—Ah)o
— (hp2)E‘w0 — Yo + hb(xo, ao) + \/EW(h)Hg

1 —Ah)d
+ L2 ey 4 i, a0) + VEw(h), o) — Flxo, ) <0.
Using the hypotheses (H) and also the properties of £ and w(h) (Ew(h) = 0,

E|lw(h)||? = h), the inequality (2.11) implies

(2.11)

v (1= Ah)ShM?

Avp(x0) — — —
h( 0) h p2
2—Ah)S 20
(2.12) — (pz)s - ﬁ(xo — ¥0) - b(wo, ao)
_ 2)\hd hé

A(wn(x0) — J(90)) + (V& (20.90))b(yo, ao) — ~

h
(1— Ah) (3—AW)S  2\h6
(213) — T(shMQ — p2 &g — p2 Mon — yOH
ho

€
- E + §WAy§(fU0>y0) <0.

Making z = y = z in relation (2.5) and using the properties of v, and &
(see (1.19) and (2.3)) it results

2.14 ) — < .
(214) oo =l < (74 522 ) o
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Taking again into account hypotheses (H) and (2.3), the relations (2.13)
and (2.14) imply
v hd 0
(2.15) vh(l’o)—J(yQ)SC<’}/+h+p2+p2+h>,
where ¢ > 0 is a constant independent of A, p,~, and §.
Now taking v = h%,§ = h3, p = h, the relation (2.15) gives

> =

(2.16) vp(z0) — J(yo) < ch for 0 < h <

Putting in the relation (2.5) y = =z, it results

Sllzo — yol|?
onla) = T(0) +9€(,2) < o) = Tao) — T2 g, o)
from where, using (2.16), we obtain
1
(2.17) vp(z) — J(x) <ch, e R",0<h < v

where ¢ > 0 is a constant independent of h.
To prove the opposite inequality we consider the auxiliary function

~ Sz — y|?
) = I — (o) + L2
which is bounded from below.

Using, this time, the fact that J(-) is a viscosity subsolution of (1.1) and

making a similar calculus as before we obtain the desired result.

Remark 2.1. Theorem 2.1 established that the approximate solution
vp(+) converges globally uniformly on R™ to the viscosity solution J(-) and
so we have obtained an improvement of the result in Theorem 1.3 (see [6]).
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