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Abstract. In this paper, we present a class of continuous hybrid linear multistep
methods (CHLMM) for stiff initial value problems (IVPs) in ordinary differential equa-
tions (ODESs). The constuction of these methods are based on the approach of collocation
and interpolation. The interval of absolute stability of the method is investigated, using
the root locus method. Numerical results of the methods solving stiff IVPs in ODEs are
compared with that from the state-of-the-art Odel5s Matlab ODEs code.
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1. Introduction

Consider the numerical solution of stiff IVPs

(1) y' = f(z,y), ylzo)=yo, a<a<b
by a class of continuous hybrid LMM (CHLMM)

ke
(2) y($n+(t + 1)h): Qi (t)yn+j+av (t)ynJrv‘i'hﬁv (t)f($n+va ynJrv)a

—_
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where y,; is the numerical approximation to the exact solution y(zy4;),
fn+j = f(xn+j7yn+j)v {aj(t)aj = 0(1)k — 1}7 ay(t), {Oé;(t*),j = O(l)k}7
Bu(t), and B;(t), are continuous coefficients in ¢ presumed to be real and
satisfying the normalization condition ag(t) = 1, a(t*) = 1, © = xpy1 + th,
t € [a,b] and h = xp41 — x4, is a fixed mesh size.

The problem of stiffness in most ordinary differential equations (ODEs)
has posed a lot of computational difficulties in many practical application
modeled by ODEs. Stiffness affects the efficiency of numerical methods.
Here, we present a class of continuous Hybrid linear multistep methods for
stiff IVPs in ODEs. Hybrid LMM was first proposed by [11]. Other authors
are, [1, 2,3, 4, 6, 9, 10, 12, 13, 14, 16, 19, 20, 21, 22]. In fact, the numerical
solution of (1) by (2) through collocation and interpolation methods have
been well studied in the literature, see for example [23], [25], [5], 7, 8], [26],
[16], [24], and [17, 18]. The interval of absolute stability of the CHLMM
is investigated using the root locus method discussed in [20, 21| and [3],
whose application can be found in [16] and [24] instead of the equivalent
boundary locus plot in [7] and [9]. The local truncation error for (2) and
(3) are nicely given as

(4) LT.E = [y(z,+ (t+1)h Z o (1)y(xn + jh) — au(t)y(n+oh)
— hBy(t)y (zn + Uh)] and

(5) L.T.E = [y(z, + vh) Z ol (t)y(zn + jh) — hBE ()Y (zn + kD).

The order for (2) and the expression for y,,, in the function f, 1, in (2) are
p = k+1 and p = k+1 respectively. Effective implementation of (2 ) demand

the use of the Newton iterative scheme y[ :kl} = ylﬂrk F’(yy[ﬂrk) (yv[ik)

s=0,1,2,..., where, F’(yiﬂ_,ﬁ)_l is the Jacobian matrix of the vector sys-
tems of the method. In particular, for & — step the nonlinear equation
F( ’I[f-]i-k?) = 0. The parameter v is incorporated to provide off step colloca-
tion point 4, in an open interval (z,4x—1, Tn4x) and v = k— 5 , where k is
the step number of the scheme. Formula (2) is zero stable for ﬁxed step size,
h case for k < 7. For k > 8, no stable process appear to exist. See the root
locus plots of the methods in section 4. The motivation to derive the hybrid

method (2) is the fact that, it offers the means to by pass the Dahlquist
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order barrier for A-stable conventional LMM and the fact that continuous
solution of the IVPs in ODEs can be obtained. The proposed continuous hy-
brid LMM in (2) consists of the addition of terms o, (¢)yn1 to the left hand
side of the One-leg hybrid LMM in [9] Z?:o aYnti = hBuf(Zntv, Ynto)-
Implementation of (2) required us to compute first y, 4+, in (3) so that the
terms Yp4o and fp4y in (2) could be evaluated. Considerations as to how
this might be done appear in section 5 in this paper.

The Outline of this paper is as follows. We start with the construction
of the continuous hybrid LMM in (2) of k£ + 1 in section 2. Section 3 deals
with the derivations of the continuous hybrid predictor ¢+, in the function
fr+v of the method in (3). In section 4, we determined the stiff stability of
the methods, using the root locus. Finally, in section 5, result of numerical
experiments on some stiff test systems are presented and compared with
Odel5s code from MATLAB ODE suite in [15].

2. Derivation of the continuous hybrid linear multistep me-
thods

The solution of the IVPs in (1) is assumed to be the polynomial

k+1

(6) y(z) = a0l
=0

where {aj}?ié are the real parameter constants to be determined. From

(8) we have

k+1

(7) y'(@) = flay) = jajal™!
j=1

Collocating (7) at & = 2,4, and interpolating (9) at ¢ = 2,4, j = 0(1)k—1
and x = x,4,, we obtain the linear system of equations

2 k+1
1 Ln Tn, T J;n+ ap Yn
2 k+1
1z Tpyq e T al Yn+1
(®) 1 =z x? zhtl a N
n+k—1 nérkil v n;gi_-ilfl_l k—1 Yn+k—1
1 Zpto Tpay  co- Tyt ag Yntv
0 1 2Tpty .. (K+ Dk /) \ars Jnto
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Solving equation (8) for a;»s and substituting the resulting values into
(6) with ¢t = (z — xp41)/h and setting x = x¢4; on the left hand side of
(6) yield the values of the continuous coefficients {ozj};?;é(t), ay(t), By(t)
respectively. Fixing t = k — 1 into the continuous coefficients {«; ;‘f’;é (1),
ay(t), By(t) for a fixed k, give the values of the discrete coefficients of the
method in (2) for £ < 7. For example, see Table 1 in appendix A for the
continuous coefficients for method (2) for £ < 7. Table 2. in appendix A
shows explicitly the discrete coefficients for method (2) for k < 7.

3. The derivation of the continuous hybrid predictor

Similarly, the corresponding hybrid predictor

e

(9) y(@n+vh) = ai(Oynsj + () forh, v=1t+1, t=k—3/2
5=0

for y(zn4v), and f(zp4y) in (2) are obtained from the polynomial inter-
polant

k+1

(10) Y(Tntov) = ijxj'
=0

where {b fié are the real parameter constants to be determined. Follow-
ing the same procedure in section 2, the unknown continuous coefficients of
the hybrid predictors in (2) are obtained. After some simplifications, we ob-
tained a class of continuous hybrid predictors from (2). Table 3 in appendix
B below shows the continuous coefficients of the predictor (3) for k£ < 7.
Table 4. in appendix B gives the discrete coefficients for the predictor (3)
for kK < 7.

4. Stability of the methods by plotting the root locus

In this section, we investigate the stability properties of the family of
the continuous hybrid linear multistep method (CHLMM) in (2) using the
root locus plot discussed in [20, 21]. On substituting the hybrid solution
(3) Yntv at point x4, into the continuous hybrid LMM for a fixed k and
t, and applying the resultant method on the scalar test problem 3’ = My,
Re(\) < 0, we obtain the continuous hybrid LMM stability polynomials to
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be

k—1 k k
w(r,z) =rF — Z ard — av(z oz;-‘rj + 2B5rk) — zﬂv(z a;frj + 285rh),

=0
(11) =z = Ah.

Plotting |r;(z)| against z reveals the interval of absolute stability for the
methods. The general form of the stability plot is given below in figure
1. Method (2) is said to be stable respectively, if 0 < |rj(z)| < 1 where,
ri(z), 7 = 0(1)k are roots of the polynomial in (11) with root |r;(z)| = 1
been simple. Plotting the root locus of 7(r, z) = 0, it is observed that the
methods in (2) are stiffly stable for £ < 7. The graphs in figures 2-9 below
show the loci and thus the interval of absolute/stiff stability of each method
for a fixed value of k£ < 7. The case of k > 8 are stiffly unstable, see figure
9 and Table 4.3 respectively.

Region of Absolute Instability 1 Region of Absolute Instability

Region of Absolute Instability 0 Region of Absolute Instability

I:I Region of Absolute Instability

. Region of Absolute stability

Figure 1: The root locus form of the region of absolute stability/stiff sta-
bility. See [20]
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Root Locus Plots for the Continuous Hybrid
Multistep Methods in (2)
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5. Numerical experiments

In this section the implementation of the CHLMM in (2) discussed in
sections 2 and 3 of this paper on the stiff initial value problems will be
considered.

Problem 1: Linear problem in [7]

—-0.1 0 0 0 1 e 01z
;o 0 -10 0 0 |1 N
0 0 0 —1000 1 e 1000z

Problem 2: Nonlinear chemical problem in [7] and [15]

Yy = —0.0dy; + 10*yays,
yh = —400y; + 10%yoy3 — 3 x 107y3,
ys =3 x 107y3,
1

with x being the range [0,10] for problem [1] and A = 0.0001 for problem
[2], € 0(0.0001)3. In solving the initial value problems above, set up the

continuous form of the methods from the continuous coefficients table of
interest, CHLMM in (2) for k =1 is

(12) y(@n+(t+1)h) = (L+4t+48%)yn+ (4t =42y, 1 +h(1+3t4+26%) f, 1

from table (1) in Appendix A. The local truncation error and the order for
(14) is

(14 )(1 4 2t)2h3yB) (z)

(13) Cs(t) = o 7

p=2.

Setting t = 0 in (14) gives the equivalent discrete form of the CHLMM in
(2) to be

(14) Ynt1 =Yn T hfpi1, p=2
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Similarly, from table (3) in Appendix B, we obtained the equivalent
discrete form of the continuous hybrid predictor in (3) for k = 1 and t = —3
respectively to be

3

1 h
(15) yn+§ = Zyn + ZynJrl - anﬂa p=2

It has been noted by [7], [9], [12, 13], and [20], that linear multistep methods
suitable for stiff ODEs must be implicit and must therefore require a scheme
to resolve the implicitness of the methods. Applying discrete methods (2)
and (3) respectively to the initial value problem above leads to solving im-
plicit set of equations which demands the use of Newton Raphson iterative
scheme,

(16) gt =yl P TR ) s =0,1,2,.

where F’ (yflk)_l is the Jacobian matrix of the vector systems of the
[s]

method. In particular, for £ = 1 the nonlinear equation F(yn+k) = 0,
where

(17) F(ynhy) = ynty — Yo — hf(fcn+%,y£f]+%) =0
s 1 3 S h S
(18) yu% =g 13/(957%1) - Zf@n—i—ly%[z-]i-l)-
In this regard yg)il is given from the trapezoidal rule
0] h
(19> yn+1 :yn+§(f'fl+1+fn)7 8:071727"'

as an initial guess for y,41 in (19). Let L be the Lispschitz constant of
f(x,y) with respect to y. For non-stiff problems, where L is small, the
step size is usually determined by accuracy conditions. However, for stiff
problems where L is large, the step size is severely restricted by stability
constraint. Terminations of the iteration (16) occur whenever we observe

that ]yf_tll] - yiﬂrl < TOL, where TOL is the order of the unit round off
error of the computer, which may be assumed by the user. However figure
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Numerical Soluion of Prob 1 Numerical Soluion of Prob (1)
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[b]
Figure 10: The plot of numerical solutions of Problem 1 and Odelbs in

[15].

CHLMM

2 % Odel5s
3
25

1 2 3

Figure 11: The plot of numerical solutions of y,(z) of Problem 2.

10 and figure 11 below show the plot of the numerical results of the methods
when applied to the linear problem 1 and nonlinear problem 2.

Finally, in this paper, we have derived a class of continuous hybrid linear
multistep methods (2) which is of order p = k+1, and stiffly stable for k£ < 7
using collocation and interpolation process. The root locus plot in figure
9 revealed that the instability of the methods in (2) set in when k > 8.
The numerical solution graphs in figure 10 and figure 11, of the methods in
(14) and (15) coincide and show that the methods in (2) is compared with
the state-of the-art of MATLAB odel5s code in [15], on Problem 1 and
Problem 2 respectively.
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Appendix A

Table 1 : The Continuous Coefficients for the CHLMM in (2) fork < 7.

kit|3 oy (t) B5 (t)
0f0 1+4t+4¢t? 0
1 -4t -4¢? 1+3t+2¢t?
2
1 1 0
t 4c? 4¢3
B .
2|10 9 9 9 0
1 1-3t+4t? 0
% 28t 4t?  32¢° _2t 28 4¢d
B 3 ) 3 3 3
9t 21 t2 8t? 2t
- +
31210 50 50 25 25 0
1 4t 5 2 4¢? 4t 0
l-—= - +— - —
3 9 3 9
9t 3t?
2 - T3 - 4 t3 + 2 t4 0
El _224¢ 368 t? 224 ¢3 368 t* 4t 8e?  4f 8¢t
2 75 225 75 225 5 15 5 15
3 1 0
25t 115 ¢ 31¢* 16t 2t°
41310 [-—= - - 0
147 294 9 147 147
Ll _ase_me2 e1v st 20 0
10 25 50 25 25
25t 5t? 37¢2 4t 2¢°
_ _ + _ 2
2 6 18 3 9 0
3 |_28t , 10e2 7tr  d0et | 2t 0
6 2 ’ > . 16t  24t? | 64t®  24t? | 16tS
6304 t 9008 t2 25888t 9008 t* 5632t5 | T 51 -
7 _ _ _ 21 35 105 35 105
S| 2205 3675 11025 3675 11025 0
4 1
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Continuation of Table 1

kKlel 3 a; (t) B; (t)
49t 707 £2 313 2 29 t? 13 t° [
51410 - —_—_— - Y - + - 0
324 1944 972 216 486 486
1 1 59t _ 27t? 365t _ 209¢! 8 s 2tf (0]
42 98 294 294 49 147
147 ¢ 119t 33 ¢ 11¢t° te
-2t —=—— - — = 0
2 50 100 20 25 25
49t 133 t2 43 t? 20¢t° 2¢° (0]
3 18 18 27 27
49 t 35¢? 31¢° 101 ¢4 3¢c° £®
4 |—=-==-—=—+—= - — 0
12 8 12 24 2 6
38912t 897152 t2 20032 ¢ 19136 €4 32t _ 752t?  80¢t? 16ttt 272¢° 32 ¢6
9 14175 297675 11907 6615 a5 945 189 21 945 945
2 316352 t°  36032t°
297675 297675 0
0
5
81 t 819 t? 1577 £2 227 581 t°
6150 ~ 605 2420 4840 1452 14520 0
19 t° t
+ J—
3630 3630
612 2461t* 563 t* 505 t° 0
1 648 1944 648 1944
162t _ 171t? _ 403 ¢ 313 €% _ 437¢°
49 98 196 147 588 0
17 £° e’
+ _
2 147 147
333¢2 197 £2 187 &4 377 ¢
100 100 60 300
3 B 7 0
75
43 t2 319 ¢? 119 t¢ 325 ¢5
3t - -V - =
12 216 36 216
Lot w7
4 18 54
0
81t 207 £2 673 _ 113 ¢f 281 t*
20 40 40 24 120
7 t® =
5 - — 0
15 30
3529216t _ 41074048t?  37896896¢t>
1334025 12006225 36018675
503 4 56 5¢ 5 5 6
7450304 L1 56558912 ¢ 1274176t 3529216t 41074048 ¢t 37896896 t3 7450304 t*
11 2401245 26018675 4002075 1334025 12006225 36018675 2401245
2 —% _ 56558912 ¢t° 12741765 _ 833024 ¢7
36018675 4002075 36018675
1
(0]
6
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Continuation of Table 1

k J o5 (t) By (t)
7 0 _ 121t 19217 £ _ 39761 ¢t3 1637 €4 1291 &5 )
1014 60840 121680 9360 24336
L 1121 t© t7 + t8
121680 1170 30420
q _ tos7e | 1327¢2 14 €3 2471 ¢4 889 t°
1 660 14520 11 2420 2420
339 t° 5¢t7 t® o
4840 726 3630
605 t 4697 t2 26893 1157 4 1471 £5
162 1944 1296 432 1296
s 7 s
2 + 307 t _ 2t t
1296 81 972 o
_ 605t 8327 t2 125 €3 _ 535 &4 131 5
147 1764 63 126 63
3 17 t° 23 7 t8
36 441 441 [0}
121t _ 3179 t? _ 559 ¢t3 1867 4 _ 41 t°
30 600 400 400 16
a 4 251 t© 11 t”? t®
400 150 300 )
_ 121t 5071 t2 13 €3 _ 731 ¢4 29 t5
36 1080 1s 180 12
5 227 S 7 t7 t® )
360 20 270
121 ¢ 2101 €2 115 €3 + 3581 £4 2249 £°
30 360 144 720 720
617 t° 7 + t®
6 720 B 180
[0}
94375936 t 22689584128 t? 12495872 t3
36891855 6087 156 075 26351325
23531264 t* 23314432 t° 23094784 t°
7 432425 11594583 41409225 512t _ 123776t  64t> 128 £
11420672 t7 22545664 t° 819 135135 585 165
11 156 080925 6087156075 640t® | 896tS  6at’ | 128¢t7
1287 6435 3465 135135
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Appendix B

Table 3 :
The Continuous Coefficients of the Hybrid Predictor in (3) fork =
7 -
k| &t |3 oy (t) B5 ()
1
11-51|o €2 (o]
é 1 o
1 1 - t2 t + t?
1 t 2 2
2 2 o T a 2 a4 o
1 1-t-t?+¢t3 o
3 1 °
2 5t £? _ 3¢3 . 2
4 2 4 2 2
3 2t 4t? 5¢3 t
2 2t L4 5t |t
3 2 o 9 9 18 18 o
2 a
1 1-t-25 4635 o
2 a a
3¢? €4
2t - 2& £
3 - : 0
1 o
7t , 11 2 73 11 t4 © 2 3
3 36 5 36 3% "5
a| 2 0 -2t EER 29¢3 ER £ 0
2 16 32 96 32 96
1 1 7t 5t2 10 €3 4t €5 o
6 9 9 18
2 o}
9t 3€? 13 €3 + 7 €4 €5
3 4 8 8 8 8 o
7 3¢ 2, 4c? 4, £
> 2t te + 3 t® + S
1 o
4 29 t 137 €2 149 t3 137 t4 25 t5 _t , 5¢2 5¢€2 _ 5ef €2
a8 288 288 288 288 4 24 24 24 24
7 4t 28 £2 19 3 7 €5 t©
5 2 01 -5 75 60 ~ 300 600 o
1 4t 17 €2 115 3 61 t* 13 €5 €S o
1 3 a8 96 96 96 96 o
8 t 8 t? 11 €3 49 £4 £° + €°
3 9 6 36 3 36 [o]
5¢t2 37 €2 13 €4 11 €5 t°
2 [-2 + - (o]
€ 3 24 8 24 24
3 4t at? 11 €3 31 t4 5€° , £°
a 3 3 12 24 12 24
1
2 [o]
2 38 t 1931 €2 157 €2 149 €4
75 3600 480 288
5 4 431 €5 _ 137 ¢S t 13 t2 5t 3 €% t©
2400 7200 5 60 8 24 40 120
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Continuation of Table 3

k|t 3 o5 (t) Bs ()
El ) _5¢t , 149 €2 _ 1399 ¢3 65 t4 €5 t© t7 )
2 36 432 4320 432 27 216 4320
1 _ 83¢t 91 ¢2 749 €2 _ 49 ¢t 7t5 _ 19¢€S 7 o
1 60 600 600 60 30 600 600 o
25 ¢t 145 €2 127 £2 23t? _ 61t° 3t° t7
2 8 96 64 12 96 32 192 (o]
3 _ 25t 295 £2 193 €3 _ 139 t? 53 €5 _ 17t° 1)
9 108 108 54 54 108 108
4 25t _ 115¢2 _ 107¢3 107 €% _ 23 €5 7 (o]
5 12 48 96 48 24 96 )
11 5 , 37 €2 23 €3 17 €4 2 €5 7
iy 4 24 40 12 3 8 120
1
53t _ 4033t?  2701¢? 23 €% _ 361t5 353 £° € 77 €2 49 3 7 4
6 120 7200 14400 45 1440 7200 ~%6 * 360 720 36
_ 49 ¢€” *_7‘:5_7?_6 7
14 400 72 360 720
712 o 6t , 157 t2 137 €2 431 t4 )
2 49 490 420 2520
17 5 43 t° 3¢7 8
336 5040 3920 35280
1 _ 27t 17 £2 2737 €2 _ 4249 ¢!
60 360 2160 4320
1 L 372 €5 137 £° 13 t7 t® o)
1080 2160 2160 4320
ist _ 111 _ 4a1t? 1507 £4
s 50 20 600
_247¢° 83 €° 7 €®
2 240 400 a8 1200 (o]
15t 67 t£2 23 €2 2185 t*
4 16 12 576
4 43 €5 113 €° 7 €8
3 24 288 24 576 o
10t 77 €2 137 €2 821 t4
3 18 108 216
_ 869> 205 t° 23 £7 t®
432 432 432 432
4 _st 123 €2 53 €2 1289 t4 o
4 40 80 480
378 31 t° 11¢e7 _ _e®
24 80 240 480 o
5 6 t 17 €2 17 €2 527 t4
5 10 60 360
_71t° 169 t° 77 t®
80 720 240 720
6 1
1159 t 100133 2 103 t3 48901 t4
2940 176 400 1260 100800 o
> 4 261t 4133 £° 37 ¢£7 121 t°
> - -
2520 50400 3528 235200 . 20 2 s 127 £4
7 140 36 720
7 £° 11 t° t? t®
9 360 252 5040
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