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Abstract. PROCESI and ROTA introduced and studied in brief the prime hyperideals
of multiplicative hyperrings. Here we intend to investigate extensively the prime and pri-
mary hyperideals of multiplicative hyperrings with absorbing zero. Defining the radical
of a hyperideal I of a multiplicative hyperring with absorbing zero, as the intersection
of all prime ideals containing I, we obtain a generalized version of Krull’s theorem re-
garding the structure of the radical of a particular class of hyperideals, called C-ideals
of a multiplicative hyperring . In the last section of this paper, we describe the prime
hyperideals, primary hyperideals and C-ideals of a multiplicative hyperring Z4 over the
ring of integers Z, induced by any A € P*(Z).
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1. Introduction

Krasner’s hyperring [5] , introduced and studied by KRASNER is a hy-
percompositional structure (S, +, ) where (S, +) is a canonical hypergroup
[3], (S,-) is a semigroup in which the zero element is absorbing and the
operation - is a two-sided distributive one over the hypercomposition +.
CHAOPRAKNOI and KEMPRASIT introduced in 2005, the notion of semihy-
perring (S, +,-) ([2]), where ( S, +) is a semihypergroup (i.e., a hypercom-
positional structure with single associative hyperoperation), (.5, ) is a semi-
group and the operation - is both left and right distributive across the hy-
peroperation +. Interchanging the modes of the operations involved in the
hyperstructure semihyperring, we define in [12] another class of hyperstruc-
ture called hypersemiring which is an (additive) commutative semigroup
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(S, +) endowed with a hyperoperation o : S x S — P(S) such that for all
z,y,2 €5, (1) zo(yoz) = (woy)oz; (ii) (x+y)oz = woztyoz,zo(y+z) =
xoy+xoz (where for any A, B € P(S),A+B={a+b:ac A be B}). In
contrary to Krasner’s hyperring, another kind of hyper-ring is introduced in
[12]. This hyper-ring is a hypersemiring (S, +, o), where (S, +) is a commu-
tative group whose identity element Og is absorbing in the hypersemiring
(S,+,0) (in the sense that 0g € 0g 0oz =z 00g,Vx € 5).

A generalized hyper-ring or simply a G, -ring [13] is an additive commu-
tative group (R, +) endowed with a hyperoperation o such that (i) (R,o)
is semihypergroup, (ii) (x +y)oz C xoz+yoz, and xzo (y + 2) C
xoy+xozVr,y,z € R and (ili) Og oz = x o0 = {Or} (absorbing
property of Or). A Gpg-ring (R,+,0) is called commutative if x oy =
youx,Vr,y € R. We proved in [13] that in case of a G, -ring(R, +, o),
(—x)oyN(—(xoy)) # ¢ and xo (—y)N(—(zoy)) # ¢, for any x,y in R,
where for any A € P*(R),—A = {—a : a € A}. Unlike a ring, the equality
of the set-expressions (—z)oy, zo(—y) and —(xoy) does not hold in general,
on a G,,-ring(R, +, o), for any z,y € R. We thus considered and studied
in [13] a particular class of G ,-ring, called the G ,-rings with condition (R)
(i.e.,(—x)oy=z0(—y) = —(zoy)Vz,y € R).

In 1982, ROTA initiated the study of multiplicative hyperring [11] which
was subsequently investigated by RoTa [10], PROCESI and Rota [8, 9],
OLSON and WARD [7], NAMNAK, TripHOP and KEMPRASIT [6] and many
others. A multiplicative hyperring is an additive commutative group (R, +)
endowed with a hyperoperation o which satisfies the first two axioms of G ,-
ring along with the condition (R). It is thus clear from the definitions that
the class of G,-rings with condition (R) is precisely that of multiplicative
hyperrings with absorbing zero.

If (R,+,-) is a ring, then corresponding to every subset A € P*(R) =
P(R)\ {¢} (JA| > 2), there exists a multiplicative hypering with absorbing
zero (R4, +,0), where R4 = R and for any z,y € Ry, zoy={z-a-y:a €
A}. In the last section we study the multiplicative hypering Z4 over the
ring of integers Z.

For the definitions of subhyperring, (left, right) hyperideal of a multi-
plicative hyperring and also that of (left, right) hyperideal (resp. (A));, (4);)
(A) generated by a subset A of a multiplicative hyperring, we refer to Chap-
ter 4 of the book [4] by DAvvAaz and LEOREANU-FOTEA. A hyperideal
I(# R) of a multiplicative hyperring R is maximal in R if for any hyper-
ideal Jof R, I CJC R= J =R.
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2. Prime hyperideals in multiplicative hyperrings

We begin this section with the definition of a typical hyperideal in mul-
tiplicative hyperring, called C-ideal which will have a pivotal role in our
study of prime and primary hyperideals of multiplicative hyperrings with
absorbing zero.

Definition 2.1. Let C be the class of all finite products of elements
of a multiplicative hyperring (R, +, o) i.e. C ={rjorgo...or, : 1; € R,
n € N} C P*(R). A hyperideal I of R is said to be a C-ideal of R if, for any
AeC,ANT#4#¢=ACI.

Example 2.2. (a) Let I be an ideal of a ring (R, +,-). Then (R, +, o)
[9], where for any a,b € R,aob=a-b+ I, is a multiplicative hyperring in
which I is itself a C-ideal.

(b) Let (M, +) and (T, +) be respectively the commutative group of 2x 3
matrices and that of 3 x 2 matrices over the ring of integers Z. Then, M is a
I-ring [1] with respect to usual matrix multiplication aab for any a,b € M
and a € I". Corresponding to any A € P*(I') with |A] > 2, (M,+,0) is a
multiplicative hyperring with absorbing zero, where a o b = {aab : o € A},
for any a,b € M. Let this multiplicative hyperring be denoted by Mjy.

Then the set I = { [0 00

0 q ()] ta € Z} is a C-ideal of the multiplicative

hyperring My, where

-
I
—

:er\{oM}}.

o O O
o K8 O

(c) Let A be the set of all positive odd integers. Then the set E of all
even integers is a C-ideal of the multiplicative hyperring (Z4, +, o) over the
ring (Z,+,-) of all integers, induced by A.

(d) The set 12Z = {12n : n € Z} is a hyperideal, but not a C-ideal of
the multiplicative hyperring of integers Z4 when A = {2,4}.

Remark 2.3. Since the intersection of C-ideals of a multiplicative hy-
perring R is also a C-ideal of R and R is itself a C-ideal, so the smallest
C-ideal containing a hyperideal I of R, being called as the C-closure of I
and denoted by C(I), exists and is the intersection of all C-ideals containing
I. Clearly, C(C(1)) =C(I).
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Example 2.4. For the hyperideal 127 of the multiplicative hyper-
ring Z4 (A ={2,4}), C(12 Z) = 3Z.

Definition 2.5. A non-empty finite subset & (resp. &,)={e1,e2,...,¢en}
of a multiplicative hyperring (R, +, o) is called a left (resp. right) identity
set (or i- set, in short) [13] of R if (i) e; # Og for at least one i = 1,2,...,n,
and (ii) for any a € R, a € )" ; e;0a (vesp. a € Y ;| aoe;). A non-empty
finite subset & of a multiplicative hyperring (R, +, o) is called an i-set of R
if it is both a left i-set and a right -set of R.

Example 2.6. The multiplicative hyperring Z 4 over the ring of integers
Z has an i-set & = {5, -3}, when A = {2,3}. Z4 does not have any i-set
when A = {6,9}.

Definition 2.7. A non-empty subset A of a multiplicative hyper-
ring (R, +, o) is said to be a multiplicative set if a,b € A = aobN A # ¢.

Example 2.8. Let J(# ¢) be the collection of all i-sets of a commuta-
tive multiplicative hyperring (R, +, o). Then, E = [ Jgq € is a multiplica-
tive set in R. In fact, let a,b € E. Then, there exist £ and £ in J such
that a € £ and b € &'. Let € = {e1,ea,...,e,} and & = {e},¢éh,... ¢l }.
Then for some k,I(1 < k <n,1 <1 <m),a = e, and b = ¢;. Now, for
any i(= 1,2,...,n),e; € Z;n:l e; o e;. So, for each i(= 1,2,...,n) there
is ej; € e 0 e;- such that e; = Z;n:l e;j. Thus, for any z € R and for
any i, zoe; = xo (37 e;5) C 30 woe;. Hence, v € Y1 jwoe C
iy woey. So, F=dey i =1,2,...,nj =12,...,m} € 3
Thus, ey € E and ey € e 0e) =aob. Hence, aobNE # ¢.

PrOCESI and ROTA conceptualized in [9] the notion of primeness of
hyperideal in a multiplicative hyperring, which is formally defined as follows:

Definition 2.9. A hyperideal I(# R) of a multiplicative hyperring
(R, +, o) is called a prime hyperideal of R if, for any a,b € R,aob C I =
aclorbeR.

Proposition 2.10. A hyperideal I(# R) of a multiplicative hyper-
ring (R, +, o) is prime if and only if R\ I is a multiplicative set.

Proof. Let I be a hyperideal of the multiplicative hyperring (R, +, o)
such that R\ I be a multiplicative set. Suppose that a ob C I. Then



) ON PRIME AND PRIMARY HYPERIDEALS 23

(aob)N(R\I) = ¢. Hence a ¢ R\ I or b ¢ R\ I (since R\ I is a

multiplicative set), i.e., a € [ or b € I. Thus [ is a prime hyperideal of R.
Conversely, let I be a prime hyperideal and a,b € R\ I. Then, aob & I,

whence (aob) N (R\ I) # ¢, i.e.,, R\ I is a multiplicative set. O

Lemma 2.11. For two hyperideals A and B of a multiplicative hyper-
ring (R, +,0) , AB=U{}_"" ja;job;:a; € A,b; € B and n € N} is also a
hyperideal of R.

Proof. Straightforward. (]

Proposition 2.12. If I is a prime hyperideal of a multiplicative hyper-
ring (R, +, o), then for any hyperideals A,B of R, AB C I = AC I or
BCI.

Proof. Straightforward. U

Proposition 2.13. Let (R,+,0) be a multiplicative hyperring. For
any A € P*(R), suppose that LCx = {> ;" jxioa; : x; € R,a; € A and
ne N}, RCa={> " a,0x; : x; € Roaj € A andn € N} and Cqo =
{Z?zl lEiOCLH-Z;n:l bjoyj"'z:gczl TROCKOSK * T, Yj, Tk, Sk € R, ai,bj,ck €A
and n,m,l € N}. Then,

(A); = (A) +ULCA, (A)r = (A) + URC4 and (A) = (A) + UCa,
where (A) is the subgroup of the group (R,+), generated by the set A.

Proof. For any a,b € ULC4, we havea € Y ;" | z;0a; and b e > " | yjo
bj for some z;,y; € R and a;,b; € A. Then,a—be€ 377 v;0a;—3 7" yj0
bj = > zioa; + >0 (~y;) ob; = a—b € ULCs. Again, for any
reRroaCro(Ylmoa)C Y ro(@oa)C YL, (row)oa.
Hence, for any x € r o a there exist r; € rox;(i = 1,2,...,n) such that
r € Y rioa; C ULCs. Thus, roa C ULC4, for any r € R and
a € ULCy, i.e., ULC4 is a left hyperideal of R. Moreover, for any r € R
and a =Y 1 ;(m;a;) € (A) (for some m; € Z and a; € A), ro)  ;(ma;) C
Yo mi(roa;)) CULCA, Le., 7o (A) CULCA.

Hence, (A)+ULC 4 is a left hyperideal of R. Since A C (A) and 0 € LC 4,
so A C (A) + ULC4. So clearly (A) +ULC 4 is the smallest left hyperideal
of R containing A i.e., (A); = (A) + ULC 4. The cases for (A), and (A) can
be proved similarly. O
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Remark 2.14. (i) Let (R, +, o) be a multiplicative hyperring. For any
a € R, if we write Cg,y simply as Cq, then the principal hyperideal of R
generated by a is given by

n m l
<a>:(a)—i—UCa:{pa:pEZ}—i—{in—l—Zyj—i-sz:Vz’,j,k,
k=1

i=1 j=1
3ri, 85, tk, up € R such that x; € r,0a,y; € aosj, 2z, €1 oaouk}

(ii) If the multiplicative hyperring (R, +, o) has an i-set £ = {ej, e, ...,
eq} (for some ¢ € N), then for any a € R

n m l
(@)= UCa = { D mi+ Dy + >z i Visjok,
i=1 k=1

J=1

dr;, sj,tk, ur, € R such that @; € r;oa,y; €aosj,z, €t 0 aouk}.

Indeed, a € Y7, e,0a € UC, = (a) C UC,.
(iii) This is stated in [4] that, in a multiplicative hyperring (R, +, o),

(0) = {Z i + Zyj + sz : each sum is finite and for each 1, j, k,
i j k
there exist 7y, s;, ¢, up € R such that

xiEn-oO,yjEOosj,zketkoOouk}.

This is here only to point out that the above form of (0) follows straight
from (i), since (0) = {0} C UCo.

(iv) Let (R, +, o) be a multiplicative hyperring. Then, for any A €
P*(R) and for any positive integer n, we write nA = A+ A+ ...+ A and

TV
n times

(—n)A = n(—A). With this notational convenience, we have for any a,b,r
in R, and for any ki, ko € Z, (k1a) o (kob) C k1ka(aob), (kra)or C ki(aor)
and r o (kab) C ko(rob) .

Proposition 2.15. Let (R, +, o) be a commutative multiplicative hy-
perring. Then, for any a,b € R, (a){b) C (aob).

Proof. By proposition 2.13, for any a,b € R we have that (a) =
(a)+UCq, (by = (b)+UCp and (aob) = (aob)+UCgop. Since R is commutative,
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Ca=LCA=TRCy for any A € P*(R). Then, d € {(a)o (b) = d € (kya+7)o
(kab+5s) C kika(aob) +ki(aos)+ky(bor)+ros (for some r € UC,, s € UCy
and ki, ke € Z) = d € kika(aob) + ki(ao (3271, boy;)) +ka(bo (321, a0
i) + (Ximyacwi) o (3 boy;) € kika(aob) + k(37 (aeb) oy;)) +
ka(3 i i(aob) oxy)) + 30 75 (2 0 yj) o (a o b) (for some z;,y; € R)
=d € k1ka(aob) + k; Z;’;l a;j o yj + ko Z?:l b; ox; + Z?:l Zznzl Zij © Cjj
(for some aj,b;,c;j € aoband zj; € x;0y;) = d € (aob) + Cqop = (a0 b).
Thus, (a) o (b) C (aob). Consequently, (a)(b) C (aob). O

Proposition 2.16. Let (R, +, o) be a commutative multiplicative hy-
perring. If I(# R) is a hyperideal of R such that for any hyperideals A, B
of R, ABCI=ACI or BCI, then I is a prime hyperideal of R.

Proof. Let a,b € R be such that aob C I. Then, (aob) C I. Hence,
by proposition 2.15, (a)(b) C I (since R is commutative), whence (a) C I
or (b) CTie,aeclorbel. Hence, I is a prime hyperideal of R. O

Proposition 2.17. Let S be a multiplicative subset of a commutative
multiplicative hyperring (R, +, o) and I be a hyperideal of R disjoint from
S. Then there exists a hyperideal P which is mazimal in the set of all
hyperideals of R disjoint from S, containing I. Any such hyperideal P is a
prime hyperideal of R.

Proof. Let S be the set of all hyperideals of R disjoint from S, con-
taining I. Then § # ¢, since I € S. So S is a partially ordered set with
respect to set inclusion relation. By Zorn’s lemma, there is a hyperideal
P which is maximal in §. Let A and B be two hyperideals of R such
that AB C P. If A€ P and B € P, then each of the two hyperide-
als P+ A and P + B properly contain P. So, by maximality of P in S,
we have that (P 4+ A)NS # ¢ and (P + B) NS # ¢. Then, there ex-
ist p1,po € P,a € A and b € B such that py +a € S and po +b € S.
Then (p1 +a) o (p2 +b) NS # ¢ (since S is a multiplicative set). Now
(p1+a)o(p2+0b) Cpioppt+aopr+pobt+aocbC P+ AB C P
(since AB C P). Thus, PN S # ¢ which is contradictory to the fact that
P € S. Hence, by proposition 2.16, P is a prime hyperideal (since R is
commutative). O

Proposition 2.18. Fvery mazimal hyperideal of a commutative multi-
plicative hyperring with an i-set, is a prime hyperideal.
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Proof. Let P be a maximal hyperideal of a commutative multiplicative
hyperring (R, +, o) with an i-set &€ = {ej,e2,...,e,}. Suppose, A and B
are two hyperideals of R such that AB C P, but A € P. Then P+ A
is a hyperideal of R properly containing P. Hence by maximality of P,
P+ A=R. So, £ C P+ A. Thus for each ¢; € &, there exist p; € P and
a; € A such that e; = p; + a;. Then, for each i(=1,2,...,n), and for any
be B,ejobC (pi+a;)obCpiob+a;0bC P. Hence,be > " ;e;0bC P,
i.e., B C P. So, by proposition 2.16, P is a prime hyperideal of R (since R
is a commutative multiplicative hyperring). O

Proposition 2.19. Let K be a subhyperring of a multiplicative hyper-
ring (R, +, o). If Py, P, ..., P, are prime C-ideals of R such that K C
Ui, Bi, then K C P; for some i.

Proof. If n = 1, then there is nothing left to be proved. So, suppose
that n > 1. If possible let K € P; for any ¢. If K N P, = ¢ for some
i, then, K C UT:1 Qj € UL, P;, where Q; = Py, for some k;(1 < k; <
n,j = 1,2,...m) such that K N Py, # ¢ for any j. Then, for each j,
K¢ Ul# Qq; but KN (Ul# Q1) # ¢, as otherwise, since K C U;n:l Q; we
arrive at a contradiction that K C @Q; for some j. So for each j, we choose
aj € K\ (Ugy; @k). Since K C |JjL; Qj, so each a; € Q;. We consider
the set {a1} + ag oago...oap. Clearly, {a1} +agoazo...0a, C K
(since K is a subhyperring of the multiplicative hyperring R) and hence
{a1} +azoazo...0oa, C U;nlej. Thus for each a € as0azo ... o am,
there exists one @); such that a1 +a € @Q;. If j > 1, thena € agoazo...o0
ajo...oan C Qj (since Q; is a hyperideal), whence a; € @Q)j, which is a
contradiction. If 7 = 1, then a1 + a € @1 and thus a € Q1 (since a1 € Q).
So, (agoazo...o0ay)NQ1 # ¢ and thus agoago...oa, C Q; (since @1
is a C-ideal of R). Hence, ap € Q1 for some k = 2,3,...,m (since Q1 is a
prime hyperideal), which is also a contradiction. Thus K C P; for some i.[]

3. Prime radicals of hyperideals

At the on-set of the study of the prime radical of a hyperideal of a mul-
tiplicative hyperring, we fix up for any element r of a multiplicative hyper-
ring R the notation that (for any positive integer n > 1) v =roro...or

—_—————

n times

and r! = {r}.
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Definition 3.1. Let I be a hyperideal of a multiplicative hyperring
(R, +, o). The intersection of all prime hyperideals of R containing I is
called the prime radical of I, being denoted by Rad(I). If the multiplicative
hyperring R does not have any prime hyperideal containing I, we define
Rad(I) = R.

Proposition 3.2. Let I be a hyperideal of a commutative multiplicative
hyperring (R, 4+, o). Then, D C Rad(I) where D = {r €R: ™ C I for
some n € N}. The equality holds when I is a C-ideal of R.

Proof. If Rad(I) = R, then D C Rad(I). Assume that Rad(I) # R.
Let r € D. Then ™ C I for some n € N. Hence, for any prime hyperideal
P of R, containing I, v C P and hence r € P. So, r € Rad(I), i.e.,
D C Rad(I).

Now suppose that I is a C-ideal. Let r ¢ D. Then, for any n € N,
™ ¢ I. Thus ™™ N1 = ¢ for all n € N (since, [ is a C-ideal). Let S =
U{r™ + I : n € N}. Then, for any a,b € S, aob C S. Hence, S is a
multiplicative set. Here, S NI = ¢, as otherwise, if p € SN I, then there
exist z € I and y € r" for some n € N, such that p = = + y, implying
that y € I which is contradictory to the fact that »™ N1 = ¢ for all n € N.
Hence, by the proposition 2.17, there is a prime hyperideal P containing I,
disjoint from S. Hence r" NP = ¢ for any n € N. So, r ¢ Pie. r ¢ Rad(I).
Hence, Rad(I) C D. O

Proposition 3.3. Let I, 11, 1o,..., I, are some C-ideals of a commuta-
tive multiplicative hyperring (R, +, o). Then,

(i) Rad(RadI) = Rad(I),
(M) Rad([lfz .. In) == Rad(ﬂ?zl Ij) - ﬂ?:l Rad(IJ)

Proof. (i) Let » € Rad(RadI). Then there exists n € N such that
r™ C RadlI. So, for any x € r" there exists n, € N such that 2" C [I.
Again, z € ™ = 2" C (™)™ = r™=. Hence, " NI # ¢. Thus,
r™= C [ (since, I is a C-ideal), whence Rad(RadI) C Rad(I). Clearly,
Rad(I) C Rad(RadI). Thus, Rad(RadI) = Rad(I).

(11) Here 11[2 .. In g m?:l Ij. SO, Rad(]llg .. In) g Rad(ﬂ?zl I])
Now since each I; is a C-ideal, so is ﬂ;‘:l I;. Thus, by proposition 3.2,
for any = € Rad((j_, I;), we have 2™ C (7_, I; (for some m € N) =
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g™ C I for all j(= 1,2,...,n) = z € Rad(l;) = x € (\;_; Rad(I)).
So, Rad((j_, 1;) € ;= Rad(I;). Finally, let x € (\;_; Rad(I;). Then,

for each j(= 1,2,...,n) there exists m; € N such that 2" C I; =
wxi=") C I I, = x € Rad(I\Iy...1,). Hence, (/_; Rad(I;) C
Rad(L1y...1,). O

Definition 3.4. A hyperideal Q(# R) in a commutative multiplicative
hyperring (R, +, o) is called a primary hyperideal of R if for any a,b € R;
aobC @Qanda¢ Q= b"CQ, for somen € N.

Example 3.5. Every prime hyperideal of a commutative multiplicative
hyperring is a primary hyperideal. The set E of all even integers, is not a
prime hyperideal, but is a primary hyperideal of the multiplicative hyper-
ring of integers Z 4 over the ring of integers Z, induced by the set A of all
positive even integers.

Proposition 3.6. If Q is a primary C-ideal of a commutative multi-
plicative hyperring (R, +, o), then Rad(Q) is a prime hyperideal.

Proof. Let, aob C Rad(Q) and a ¢ Rad(Q). Then, by proposition
3.2, for any x € a o b there exists n, € N such that z"* C @Q. Again,
2" C (aob)"™ = a" ob™ (since R is commutative). So, (a" ob™)NQ # ¢
and thus, "= ob™ C @) (since, @ is a C-ideal). Now a ¢ Rad(Q) = a™ € Q
(by proposition 3.2)= a™* N Q = ¢. Thus, for any p € a™ and ¢ € b"*, we
have that p ¢ Q and pog C a™ ob™ C Q. Thus, ¢"* C @ for some n, € N
(since @ is a primary hyperideal). Again g € b= = ¢ C (b"=)" = p"="q,
Hence, b™ ™1 NQ # ¢ and thus, b+ C @, whence b € Rad(Q). So, Rad(Q)
is a prime hyperideal. U

For a C-ideal @ of a commutative multiplicative hyperring R , we refer
to the prime hyperideal P = Rad(Q) as the associated prime hyperideal of
(@ and on the other hand @ is referred to as a P-primary C-ideal of R.

Proposition 3.7. Let () be a C-ideal and P be a hyperideal of a commu-
tative multiplicative hyperring (R, +, o). Then, Q is a P-primary C-ideal
of R if and only if

(i) Q € P C Rad(Q);
(i) aobC Q anda ¢ Q = b e P.
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Proof. Suppose (i) and (ii) hold. Let aob C @ and a ¢ Q. Then,
b € P C Rad(Q), whence, b™ C @ for some n € N. So, @ is a primary
C-ideal of R. Now let ¢ € Rad(Q). Suppose n be the least positive integer
such that ¢ C Q. If n=1,thenc€ {c} =c! CQCP. Ifn>1,c"1¢ZQ
by the minimality of n and thus, "1 NQ = ¢ (since, Q is a C-ideal). Then,
for any # € L woc C " loc=¢c"C Q. Thus by (ii), ¢ € P (since
x ¢ Q). So, Rad(Q) C P whence P = Rad(Q) (by (i)). Hence, Q is a
P-primary C-ideal of R. The converse part is immediate. O

Proposition 3.8. If Q1,Qs,...,Qy are primary C-ideals of a commu-
tative multiplicative hyperring R, all of which are P-primary for a prime
hyperideal P, then (;_, Q; is also a P-primary C-ideal of the multiplicative
hyperring R.

Proof. Straightforward. (]

Definition 3.9. A (C-ideal I of a commutative multiplicative hyper-
ring R, is said to have a C-primary decomposition if I = Q1 NQ2N...NEQy
for some primary C-ideals @); of R. If no @); contains Q1 NQ2N...NEQ;—1 N
Qi+1N...NQ, and the radicals of the Q); are all distinct, then the C-primary
decomposition is said to be reduced. A hyperideal I of R is said to have
a C-primary decomposition (resp. reduced C-primary decomposition) if the
C-closure C(I) of I has a C-primary decomposition (resp. reduced C-primary
decomposition).

Proposition 3.10. If a hyperideal I of a commutative multiplicative
hyperring R has a C-primary decomposition, then I has a reduced C-primary
decomposition.

Proof. Straightforward. O

4. Prime, primary hyperideals and C-ideals in Z 4

Let (Z,+,-) be the ring of integers. Corresponding to every subset
A € P*(Z) = P(R) \ {¢} (|A|] > 2), there exists a multiplicative hyper-
ring (Za,+,0), where Z4 = Z and for any x,y € Z4,zoy = {z-a-y : a € A}.
For the sake of brevity, the product a-b of any two elements a, b in the ring
of integers (Z, +, -), will be written simply as ab.
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This is immediate to observe that the principal hyperideal (a) of the
multiplicative hyperring Z4 over the ring of integers Z, induced by any
A € P*(Z) is identical with the principal ideal generated by a in the ring
of integers Z. Moreover, every hyperideal of a Z 4 is a principal hyperideal.
But, unlike in the ring of integers Z, a principal hyperideal in a multiplica-
tive hyperring of integers Z 4, generated by a prime integer may not be a
prime hyperideal of Z 4, as is shown in the following example.

Example 4.1. In the multiplicative hyperring of integers Z, with
A = {14,21}, the principal hyperideal (7) = {7n : n € Z} is not a prime
hyperideal. In fact, 1o 1 = {14,21} C (7), but 1 ¢ (7).

Example 4.2. In the multiplicative hyperring of integers Z 4 with A =
{2, 3}, every principal hyperideal generated by prime integer is a prime
hyperideal.

Proposition 4.3. In a multiplicative hyperring of integers Z 4, a prin-
cipal hyperideal (p) generated by a positive integer p, is a prime hyperideal
of Za if and only if p is a prime integer and A  (p).

Proof. Let p be a prime integer and A Z (p). Then, there exists
a € A\ (p). Now suppose that aob C (p) and a ¢ (p). Then, aab € (p) and
hence b € (p) (since (p) is a prime ideal of Z, o ¢ (p) and a ¢ (p)). Thus
(p) is a prime hyperideal of the multiplicative hyperring Z 4.

Conversely let p be a positive integer and the hyperideal (p) be a prime
hyperideal of Z 4. Suppose that a,b € Z such that p | ab and p {f a. Then,
a ¢ (p). But ab € (p) and so, for any @ € A,aab = aba € (p). Hence
aob C (p) and thus b € (p) (since (p) is a prime hyperideal of multiplicative
hyperring Z 4). Hence p | b and thus p is a prime integer. If A C (p) then,
for any a ¢ (p),b ¢ (p) and for any o € A, aab € (p), i.e., aob C (p) which
is a contradiction. O

Proposition 4.4. In a multiplicative hyperring of integers Z 4, a prin-
cipal hyperideal (p) generated by a positive integer p, is a prime C-ideal of
Z A if and only if p is a prime integer and AN (p) = ¢.

Proof. Let p be a prime integer and AN (p) = ¢. Then, by proposition
4.3, (p) is a prime hyperideal of Z4. Now let r;, € Z(i = 1,2,...,n) be
such that 71 orgo...0r, N (p) # ¢. Then, there are some «; € A such
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that raireqs ... ap_1my € (p), i€, (rire... ) (12 ... an—1) € (p). So,
pl|(rire...m)(a1ag...ap—1) and pt (1. ..ap—1) (since AN (p) = ).
Hence p | (rira...r,) and thus p | r; for some i. So, riorgo...or, C (p).
Consequently, (p) is a C-ideal of Z 4.

Conversely let, for a positive integer p, (p) be a prime C-ideal of Z4.
Then, by proposition 4.3, p is a prime integer (and A € (p)). If AN (p) # ¢,
there is an o € A such that a € (p). Moreover, @ = lal € 101. Thus,
(Lol)N(p) # ¢, but 1ol Z (p) (since, (p) is a prime hyperideal of
multiplicative hyperring Z4 and 1 ¢ (p)). This is a contradiction (since (p)
is a C-ideal of Z4). So, AN (p) = ¢. O

Proposition 4.5. For a positive integer a, if the principal hyperideal
(a) of a multiplicative hyperring of integers Z is a C-ideal of Z4, then
either A C (a) or else AN (a) = ¢.

Proof. For a positive integer a, let the principal hyperideal (a) of a
multiplicative hyperring of integers Z 4 is such that A  (a) and AN (a) #
¢. Then there are o, € A such that a € (a) and 8 € Z\ (a). So,
a=1lal € 1oln{a), ie,, LolN(a) # ¢, whereas 1 o1 ¢ (a), since
B=181€1lo1l and B ¢ (a). Hence, (a) is not a C-ideal of Z 4. O

Proposition 4.6. In a multiplicative hyperring of integers Z 4 if A C
(a)(# Z) for some positive integer a, then the principal hyperideal (a) is a
non-prime primary C-ideal of the multiplicative hyperring Z 4.

Proof. since A C (a), so for any r; € Z(i = 1,2,...,n;n € N), rj o
roo...or, = {riaqreag...an_1m, o € Aji = 1,2,...,n;n € N} C (a).
Hence, vacuously, (a) is a C-ideal of the multiplicative hyperring Z 4. By the
same argument, since for any r € Z,72 = r or C (a), we can say that (a) is
a primary hyperideal of Z 4. Again, for 1 ¢ (a) (since (a) # Z), 101 C (a).
Thus (a) is not a prime hyperideal of the multiplicative hyperring Z4. O

For any A € P*(Z) and any positive integer a, the condition that A N
(a) = ¢ is not a sufficient one for the principal hyperideal (a) to be a C-ideal
of the multiplicative hyperring Z 4.

Example 4.7. Let a = 12 and A = {2,3}. Then, 12=1-2-1-2-1-3-1 €
lololol,ie,lolololn{(a)# ¢, whereas lololol € (a), since
16=1-2-1-2-1-2-1-2-1€1ololol and 16 ¢ {(a). Hence, for
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A = {2,3}, though AN (12) = ¢, the hyperideal (12) is not a C-ideal of the
multiplicative hyperring of integers Z 4.

Corollary 4.8. A principal hyperideal (p) of a multiplicative hyper-
ring of integers Za, generated by a prime integer p, is a C-ideal of Z 4 if
and only if either A C (p) or else AN (p) = ¢.

Proof. If A C (p), then by proposition 4.6, (p) is a C-ideal of the
multiplicative hyperring Z 4. If AN (p) = ¢, then by proposition 4.4, (p) is
a C-ideal of a multiplicative hyperring Z 4. The converse part follows from
proposition 4.5. O

Corollary 4.9. In a multiplicative hyperring of integers Z 4, if a prin-
cipal hyperideal (p), generated by a prime integer p, is a C-ideal, then (p) is
a primary hyperideal of Z 4.

Proof. It follows from corollary 4.8, proposition 4.4 and proposition 4.6.]

Following is an example of a primary hyperideal, generated by a prime
integer, which is not a C-ideal of a multiplicative hyperring Z 4.

Example 4.10. In the multiplicative hyperring of integers Z4 with
A = {2,3}, the hyperideal (2) is a prime hyperideal (by proposition 4.3,
since A Z (2)) and thus a primary hyperideal; but it is not a C-ideal (by
proposition 4.4, since AN (2) # ¢).

Proposition 4.11. Let a be a positive integer and the principal hyper-
ideal {(a)(# 7Z) be a C-ideal of a multiplicative hyperring of integers Zs(|A| >
1). Then for each prime factor p of a, the principal hyperideal (p) is a C-
ideal of Z 4.

Proof. Since (a) # Z, a > 1. If a is a prime integer then there
is nothing to prove. Thus we suppose that p is a prime factor of a and
a=pmp"py? ... p."*, where p;’s are distinct prime integers, different from
p ; m and m; are some positive integers. If possible let A € (p) and
AN (p) # ¢. Then there exist a, § € A such that o € (p) and g € Z\ (p).

We claim that « € (a). In fact, if & ¢ (a) then a = ;t?lpl1111)l22 . .pifb,
where b is a positive integer such that p 1 b, p; 1 b (for any i) and [, [;
(I > 1 and [; > 0) are integers such that either [ < m or [; < m; for
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some ¢. Now we choose some integers n,n; in such a way that n = 0 or
m — | according as [ > m or [ < m and also n; = 0 or m; — [; according

. . s
as l; > m; or l; < m;. We consider now the integer ¢ = p”,p?lpg’z DRk
/ /
Then, ac = bpl“‘"plll+"1pl22+"2 . .pgc“'"’“ = bp™ p " py .. .pzlk, where m’ =

l+n >mand m;, = l; + n; > m,; for all i (due to the choice of n and
n;). So, pm,pgnlpgn2 . .p;n’“ = ad for some d € 7Z whence ac = abd € (a).
Also, ac = lac € 1o ¢ (since, a € A). Thus (1 o¢) N {(a) # ¢ and hence
loc C (a) (since (a) is a C-ideal of Z4). So, for f € A, 1fc € 1oc C (a).

n,11 n M 1101 T2

Hence, Sp™p'py?...pp*F = pmp"'py? ... p*s (for some s € Z) = 3 =
P T My T L p s, Now we see that m — n is either m(> 1)
or [(> 1) (and that m; — n; is either m;(> 1) or [;(> 0)). Thus p | § which
is a contradiction (since 8 ¢ (p)). Thus, « € (a).

Now since 8 ¢ (p), so f ¢ (a). But f =161 € 1o1l. So, 101 Z (a),
whereas a = 1lal € (101)N(a) which is again a contradiction (since (a) is a
C-ideal of Z 4). Thus, our initial assumptions that A Z (p) and AN (p) # ¢
are not simultaneously ture. So, either A C (p) or else AN (p) = ¢. Hence,
by corollary 4.8, (p) is a C-ideal of Z 4. So, the hyperideals of Z 4, generated

by the prime factors of a, are C-ideals of Z 4. O

Example 4.12. Let a = 5400 and A = {6,216}. The only prime fac-
tors of a are 2,3,5 and we see that A C (2), A C (3) and AN (5) = ¢. Thus
by corollary 4.8, the hyperideals of the multiplicative hyperring of integers
Z 4, generated by the prime factors of a, are C-ideals of the multiplicative
hyperring Z 4. But here (a) is itself not a C-ideal of the multiplicative hyper-
ring of integers Z 4. In fact, 5400 = 5-216-5 € 505N (a), i.e.,, 505N {a) # ¢,
whereas 505 Z (a), since 150 =5-6-5€ 505 and 150 ¢ (a).

Proposition 4.13. For a positive integer a(> 1), the principal hyper-
ideal {a) of a multiplicative hyperring of integers Z 4, is a C-ideal of Z 4 if
and only if exactly one of the following two conditions hold true.

1. All the principal hyperideals of Z 4, generated by the prime factors of
a are prime C-ideals of Z 4.

II. a = p{"py™* ... py'» is a representation of a as a product of distinct
prime integers p;(i = 1,2,...n;n € N)(m;’s being some positive integers)
corresponding to which there exists a positive integer k(1 < k < n) such
that

(lae A= a= pilp?...p’;’“ra for some t; € N(j = 1,2,...,k) and
ro € Z with p; 1 r, for any ¢, and also
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(i) a = pl'pl .. .pzkra € Aand 8 = pi'p3?...pjFrg € A = for any j,
tj = sj whenever t; <m,.

Proof. For a positive integer a(> 1), let the principal hyperideal (a)
of a multiplicative hyperring of integers Z4 be a C-ideal of Z 4. Then, by
proposition 4.11, for each prime factor p of a, the hyperideal (p) is a C-ideal
of Z4. So, by corollary 4.8, for each prime factor p of a, either A C (p)... (1)
or else AN (p) = ¢...(2). If (2) is true for any prime factor of a, then
all the hyperideals of Z4, generated by the prime factors of a are prime
C-ideals of Z4 (by proposition 4.4). Suppose, (2) is not true for some
prime factors of a. Then, we can write a = p|"'py?...pJ"" (where p;’s
are some distinct prime integers and m;’s are some positive integers) such
that A C (p;) for some j = 1,2,...,k;(1 < k < n) and in case when
k <n,AN(p;) = ¢ for j = k+1,...,n. Thus, for each o € A, there are some
tj e N(j=1,2,...,k) and o € Z with p; { ro (for any i =1,2,...,n) such
that o = pl'p2 .. .pzkra. Let a = pitph? .. .pzkra and 8 = pi'p3*...pprrg
be two elements of A and suppose that ¢; < m; for some I € {1,2,...k}.
Then we have the following cases.

1. If ; < t;, then for r = pi™ .. .pﬁll’lprl_tlpﬁlfl ...pMn we see that
ar € lorn{a), i.e., lorn{a) # ¢; whereas Lor ¢ (a) since fr € 1 or and
Br ¢ (a). Thus we arrive at a contradiction (since, (a) is a C-ideal of Z4).

2. If s; > t; and s; < my, then for r = p™ ...pﬁll‘lp;nl*slplrilfl R
we see that fr € 1or N (a), i.e., LorN(a) # ¢; whereas 1 or < (a) (since
ar € 1or and ar ¢ (a)) - a contradiction.

3. If s; > t; and s; > my, then for r = p|"! ...pl"ill’lpﬁlfl ... P, we see
that fr € 1 or N (a); whereas 1 or € (a) (since, t; < m;) - a contradiction.

Thus, for any j, t; = s; whenever t; < m;.

Conversely, let the condition (I) hold true for the positive integer a.
Then, by proposition 4.4, AN (p) = ¢ for any prime factors of a. Suppose
that rjorgo...or,N(a) # ¢ forsomer, € Z(2 =1,2,...,m;m € N;m > 1).
Then, there are a, € A(z =1,2,...,m — 1) such that (rira...mn) (102 ..
am—1) € (a). Now, since none of «,’s is divisible by any prime factor of a,
SO r17ra...T,m € (a) and hence, ryorgo...ory, C (a). Thus, the principal
hyperideal (a) of the multiplicative hyperring Z 4 is a C-ideal of Z 4.

Now let the condition (II) hold true for the positive integer a = pi*'py"

..pn (where p;’s are distinct prime integers and m;’s are some positive
integers). Then, by condition (IT)(i) there is a positive integer k(1 <

k < n) such that, for any o € A, a = ptllptf...pfjra (for some t; €
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N(j = 1,2,...,k) and ro, € Z with p; t 7o for any ). If there is § =
PPt .. .pFrg € A, with s; > my for all j = 1,2,...k, then, by virtue of
the condition (II)(ii), we obtain that, for any r, € Z(» = 1,2,...,m;m €
N,m >1),riorgo...ory, C{a)orriorgo...ory, N{(a) = ¢ according as
17y .. .7 € (b) or not (where b = p;ff*...p). Thus, in this case, the
principal hyperideal (a) of the multiplicative hyperring Z4 is a C-ideal of
Z 4. Suppose on the contrary that there is an [(1 <1 < k) such that s; < m;
for j =1,2,...1 and (in case when | < k) s; > m, for j ={+1,...k. Then,
by the condition (II)(ii),

!
UL NS

AC{pi'py .. p'pS ...p;n’“r : mg > myj,r € Z with p; { r for any i}.

So, for any r, € Z(1 = 1,2,...,m;m € N;m > 1), we have that r;orgo...0
rm C S where
-1 ~1 -1
S ={(rirs. ..rm)(pgm )slpém bz .pl(m )slpffjll Dy > my,

u € Z with p; { u, Vi}.
Now suppose that 71 org0...0my, N (a) # ¢. Then, for some p; > m;,
Ai > m; and u,v € Z with p; { u and p; t v for any i, we have

—1 -1 —1 A A n
(rira ... rm)(pgm )slpgm Jsz .pl(m )Slpﬂ? PR u = pitpy? .. .

Since, p; { v for any i, so (m —1)s; < Aj and pj < A; and thus
PITg .. Ty = pi‘l_(m_l)slpé\g_(m_l)” .. .pl’\l_(m_l)sl.
Al41— Np—pge, A M
P Mt Moptt ot w ()
where w = ¥ € Z, since p; { u for any 4. So, for any

-1 -1 -1
r=(riry... Tm)(pgm )Slpgm )5z .pl(m )Slp;/fll . DRF)Z € T1OT90. . 0Ty,

we have from the relation (x) that

A A2 A A1 — 14 Ab— kUi Akt1 M
T=P1 P2 ---Pp Py <Dy Ppi1 ---Pn wz € (a).

Hence, the principal hyperideal (a) is a C-ideal of the multiplicative hyper-
ring of integers Z 4. U
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