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1. Introduction

Convergence theorems for sequences of measurable functions play a cen-
tral role in classical measure theory.

Relationships among different types of convergences such as almost
everywhere convergence, almost uniform convergence and convergence in
measure were especially described by the fundamental results contained in
the Egoroff, Lebesgue and Riesz theorems (PRECUPANU [19]).

It is well-known that in non-additive measure theory, developed in the
last years by numerous authors as WANG and KLIR [29], PAp [18],
DENNEBERG [1], these results do not hold without additional conditions.

In this way, we mention the papers of L1 and YAasupa [13], L1 [9, 10],
L1 and L1 [11], L1 BT AL. [14], MUROFUSHI ET AL. [17], KAWABE [6, 7]
concerning Egoroff’s theorem, or the papers of L1 [9], SONG and L1 [23] for
Lebesgue’s theorem or SUN [24] for Riesz’s theorem and JIANG ET AL. [5]
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or TAKAHASHI ET AL. [26], HA ET AL. [3], L1u [15], L1 ET AL. [12], L1 [9],
L1 ET AL. [14], L1 ET AL. [8], concerning different convergence theorems of
sequences of measurable functions in non-additive measure theory. We also
remark the papers of MUROFUSHI [16], REN ET AL. [22]|, SUN [25], ZHANG
[27], WANG [28] and many others.

More recently, motivated by the applied problems coming from mathe-
matic economics, artificial intelligence, biomathematics and other impor-
tant fields, some of the above mentioned results were generalized in the
set-valued case.

Thus, we remark the paper of Liu [15], in which are given set-valued
versions of Egoroff theorem and of Lebesgue theorem for sequences of set-
valued measurable functions, our papers [20, 21| concerning Egoroff and
Lusin theorems for set-valued fuzzy (i.e., monotone) multimeasures, or the
paper of WU and Liu [30], which contains a set-valued version of Riesz
theorem.

The aim of this paper is to investigate, for set-valued non-additive mono-
tonic set functions, some relationships among the main types of conver-
gences of sequences of measurable functions. We especially insist on the
different types of pseudo-convergences of sequences of measurable functions,
for the set-valued non-additive monotonic set functions, such as, pseudo-
almost everywhere (p.a.e.), pseudo-almost uniform (p.a.u) convergences and
pseudo-convergence in measure (p.u) and on the relationships among them,
or with almost everywhere, almost uniform convergences and convergence
in measure.

Thus, we give a set-valued pseudo-version of Egoroff’s theorem and,
as a consequence, we obtain a result which emphasizes the non-hereditary
character of the pseudo-convergences. We also give characterizations of
several important structural properties of monotone multimeasures.

2. Terminology and notations

Let T be an abstract space, A a o-algebra of subsets of T', X a real normed
space, Po(X) the family of all nonvoid subsets of X, Py(X) the family of
closed, nonvoid sets of X, Py(X) the family of all bounded, closed, nonvoid
sets of X, Pps.(X) the family of all bounded, closed, convex nonvoid sets
of X and h the Hausdorff pseudometric on P¢(X) given by:

h(M,N) = max{e(M,N),e(N, M)}, for every M, N € P¢(X),
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where e(M, N) = sup,cs d(x, N). e is called the excess of M over N.

It is known that e(M, N) = 0 if and only if M C N. Also, e(M,N) <
e(M, P) + e(P,N), for every M,N,P € P¢(X). On Pys(X), h becomes a
metric [4].

We denote | M| = h(M, {0}), for every M € Ps(X), where 0 is the origin

of X. On Py(X) we introduce the Minkowski addition ” 17 defined by:

MY N=DM+N, for every M, N € Po(X),

where M + N = {z +y;2 € M,y € N} and M + N is the closure of
M + N with respect to the topology induced by the norm of X. We denote
ANA={FE C A FE e A}, where A is a fixed set in A.

We also recall the following cancelation law [4]:

(C) If M+ N = M ¥ P, where M, N, P € Pyse(X), then N = P,

We shall also use property

(C) h(M + N, M+ P) = h(N, P), for every M, N, P € Pyo(X).

Obviously, (C') implies (C).
By N we mean the set of all naturals and by N* we mean N\{0}.
We shall also use the following:

Lemma 2.1. If (Ay)n, (Bn)n, (Cn)n are sequences of nonvoid closed
subsets of T, then:

i) If A, C By, for every n € N, and lim,_,o h(A,,A) = 0 =
lim,,—yo0 A(Bp, B), then A C B.

ii) If A, C Bp C Cy, for every n € N, and lim,,_,oo h(An, E) = 0 =
lim,, o0 A(Ch, E), then lim,_,o h(By, E) = 0.

Proof. i) We observe that, for every n € N,

e(A,B) < e(AA,) +e(An, By +e(By,B) =
e(A, An) +e(Bn, B) < h(A, An) + h(By, B),

whence, by the hypothesis, e(A, B) = 0, which means that A C B.
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ii) We observe that, for every n € N,

e(Bn,E) < e(Bn,Cp)+e(Cp,E)=1¢e(Cpn,E)<h(Cp, E),
e(E,B,) < e(E,A,)+e(An, B,) =e(E,A,) <h(E,Ay,).
Consequently, by the hypothesis, lim,,_,o, (B, E) = 0. O

Throughout the paper we shall use the following notions in the set valued
case:

Definition 2.2 (]2, 20, 21]). A set multifunction p : A — Py(X) is said
to be:

i) a fuzzy multimeasure if p is monotone with respect to the inclusion
of sets (i.e., u(A) C u(B), for every A,B € A, with A C B) and

pu(®) = {0}

ii) continuous from below if lim, oo h(p(Ar), u(A)) = 0, for every in-
creasing sequence of sets (A,), C A, with A, * A.

iii) continuous from above if lim, o h(1(Ay), (A)) = 0, for every de-
creasing sequence of sets (A,), C A, with A, N\, A.

iv) a fuzzy multimeasure in the sense of Sugeno, for short (S)-fuzzy multi-
measure, if p is a fuzzy multimeasure which is continuous from below
and continuous from above.

v) order continuous if lim,,_, |u(A,)| = 0, for every sequence of sets

(An)n C A, with A, N\, 0.

vi) strongly order continuous if lim,_,~ |(Ay)| = 0, for every sequence

of sets (An)n C A, with A, N\ A and pu(A) = {0}.

vii) pseudo-order continuous if limy, o |(Ay)| = 0, for every sequence of
sets (An)n C A and every B € A, with A,, C B, for every n, A, \, A
and j(B\A) = u(B).

viii) null-additive if (AU B) = p(B), for every disjoint A, B € A, with
pu(A) = {0}.

ix) pseudo-null-additive if (B U C) = pu(C), whenever A € A,B € AN
A,Ce AN A and p(A\B) = u(A).
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x) a) autocontinuous from below (autocontinuous from above, respective-
ly) if for every A € A and every (By), C A, with lim,_,o |u(Br)| =
0, we have lim, oo h((A\By), (A)) = 0 (limy—eo A(u(A U By),
1(A)) = 0, respectively).

b) autocontinuous if it is autocontinuous from above and autocon-
tinuous from below.

xi) a) pseudo-autocontinuous from above (pseudo-autocontinuous from be-
low, respectively) if for every A € A and every (By), C A, with
limy, o0 A((Bp, N A), u(A)) = 0, we have lim,, o0 h((u(A\B,) U C),
u(C)) = 0 (respectively, limy, o0 h((u(Bp N C), u(C)) = 0), for every
CeAnA

b) pseudo-autocontinuous if it is pseudo-autocontinuous from above
and pseudo-autocontinuous from below.

xii) an additive multimeasure if () = {0} and p(AUB) = u(A) + u(B),
for every A, B € A, with AN B = {).

Unless stated otherwise, all over the paper we assume that y : A —
Py(X) is a fuzzy (i.e., monotone) multimeasure. By M we denote the class
of all A-measurable real-valued functions on (7,4, i), the space with the
fuzzy multimeasure pu.

In the following, we point out some relationships among certain types
of the above considered continuity, which will be necessary in the other
sections.

One can easily verify the following:

Remark 2.3. 1) i) Any additive multimeasure is null-additive.
ii) If u is pseudo-null-additive, then it is null-additive.
iii) The following statements are equivalent:

a)
b)

w is pseudo-null-additive;

w(BNC) = p(C), whenever Ac A, Bec ANAC e AN A and

u(B) = p(A);

c) u((A\B)UC) = u(C), whenever Ac A, Be ANACecANA
and u(B) = p(A).
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2) If u is strongly order continuous, then it is order continuous.

If, moreover, p is null-additive, then the converse also holds.

So, if p is null-additive, then pu is strongly order continuous if and only
if it is order continuous.

3) If p is pseudo-order continuous, then it is also order continuous.

If p: A= Pyre(X) is an additive multimeasure, by the law of cancela-
tion (C), we also immediately get the converse.

So, if g+ A = Pyse(X) is an additive multimeasure, then u is pseudo-
order continuous if and only if it is order continuous.

4) [30] If p - A — Ppyp(X) is a (S)-fuzzy multimeasure, then the following
properties are equivalent:

a) autocontinuous from above;
b) autocontinuous from below;
¢) autocontinuous.
By the above considerations we get:

Proposition 2.4. Suppose (1 : A — Pyso(X) is an additive multimea-
sure. Then the following statements are equivalent:

i) p is strongly order continuous;
1) w is order continuous;
iii) p is pseudo-order continuous.

Remark 2.5. If p is autocontinuous from above, then pseudo-order
continuity implies continuity from below. If 1 : A — Pys.(X) is an additive
multimeasure, the converse also holds.

Consequently, we have:

Proposition 2.6. If 1 : A = Pyre(X) is an additive multimeasure, the
following statements are equivalent:

i) p is strongly order continuous;
1) w is order continuous;

iii) p is pseudo-order continuous;
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iv) w is continuous from above;
v) p is continuous from below.
Definition 2.7. We say that p : A — Ps(X) fulfils:

i) [20] property (S) if for any sequence of sets (A,), C A, with
limy, o0 [4(An)| = 0, there exists a subsequence (A, )y of (Ay)n such
that p(lim Ay, ) = {0}, where lim, E,, = (o2, Uz, Ek-

ii) property (PS) if for any A € A and any sequence of sets (A,), C
AN A, with limy, o0 h(p(Ay), u(A)) = 0, there exists a subsequence
(An, )k of (Ap)n such that h(p(lim, Ay, ), p(A)) =0, where lim , E,, =
U?LO:I mzozn Ek

3. Relationships among convergences, respectively pseudo—
convergences

In this section, we point out, under special conditions, some relation-
ships among almost everywhere, pseudo-almost everywhere, almost uniform
and pseudo-almost uniform convergences, generalizing in the set-valued case
some results from the real case [29], [18], [3], [9], [14], [26].

Firstly, we shall give the following general result:

Proposition 3.1. Let be A € A and P, a proposition concerning the
points of A. Then P holds on A p.a.e. whenever P is true a.e. on A if and
only if p is null-additive.

Proof. Necessity. To prove that u is null-additive, let be A € A and
E € A, with u(E) = {0}. Let us consider z € A\E as a proposition P(x).
Then P holds a.e. on A. By virtue of the hypothesis, P holds p.a.e. on
A and hence, there exists B € AN A, with u(A\B) = p(A) such that
P is true on A\B. We observe that z € A\B implies x € A\E and so,
A\B C A\E C A.

Using the monotonicity of p, we obtain that u(A\E) = wp(A), which
assures that p is null-additive because p(A) = u((AU E)\E) = p(AU E),
that is, (AU E) = u(A), for every E € A, with u(F) = {0}.

Sufficiency. Suppose that p is null-additive. If P holds a.e. on A, there
exists £ € A, with u(E) = {0} such that P is true on A\E. Since p is
null-additive, we have u(A\F) = u(A) and hence P holds p.a.e. on A. O
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Remark 3.2. We observe that a pseudo-almost everywhere property P
has not a hereditary character, that is, if P is true p.a.e. on a set A and
B C A, then, generally, P is not true p.a.e. on B.

Definition 3.3. We consider arbitrary {f,} C M and f € M. We say
that:

i) {fn} converges p-almost everywhere (respectively, pseudo-u-almost
everywhere) to f on A, and denote it by f, % f (respectively,

p.a.e.

I — f) if there exists a subset B € AN A such that pu(B) = {0}

(respectively, u(A\B) = u(A)) and {f,} is pointwise convergent to f
on A\B.

ii) {fn} converges in p-measure (respectively, pseudo in p-measure) to
f on A, and denote it by f, % f (respectively, f, % f) if for every

e >0, limy, o0 |1(An(e)| = 0, where A, (e) = {t € A;|fn(t) — f(t)] >
e} (respectively, limy, oo h(p(A\An(g)), u(A)) = 0).

iii) [20] {fn} converges p-almost uniformly (respectively, u-pseudo-almost
p.a.u.

uniformly) to f on A and denote it by f, %) f (respectively, f, —

f) if there exists a decreasing sequence {Ag}reny C A N A such that
limy 00 [1(Ag)| = 0 (respectively, limy_, o A(pu(A\Ag), p(A)) = 0) and
for every fixed k € N, {f,} uniformly converges to f on A\Ag (fn
— f).
A\Ay
Using Proposition 3.1 and the law of cancelation (C), we immediately
obtain:
Proposition 3.4. 1) If f, “7> f and p is null-additive, then f, ’% f.
2) If p 2 A = Pype(X) is an additive multimeasure, f, % 1 if and only
. p.a.e.

Now, we point out the relationships among a.u. and a.e. convergences,
on one hand, and p.a.u. and p.a.e. on the other hand:

Proposition 3.5. i) If f, %) f, then f, % f.

p.a.u. p.a.e.

i) If fu =5 . then fo =5 f.
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Proof. i) If f, % f, there exists a decreasing sequence {Cf}reny C

AN A such that limg_, |p(Ck)] = 0 and for every fixed k € N, {f,}
uniformly converges to f on A\Cy.

Let us denote C' = (32, Ck. Since C' C Cy, for every k € N*, by the
monotonicity of u, we have u(C) C u(Cy), for every k € N* so |u(C)| <
|(Cr)|- Because limy_,o |14(Ck)| = 0, we obtain that u(C) = {0}.

We see that for any x € A\C, there exists kg € N* so that z € A\Cy,
and, therefore, f,(z) converges to f(x), which assures that f, CL:% f.

i) If f, p%)u' f, there exists a sequence {Cy} C A so that

(1) klim h(u(A\Cy), 1(A)) = 0 and {f,} uniformly converges to
—00
f on A\C}, for any fixed k € N*.

Take C = =y Ck. Then A\C) C A\C C A, for every k € N*, which
implies by the monotonicity of p that u(A\Cx) C p(A\C) C p(A), for every
k e N*.

From (1), using Lemma 2.1, we obtain that pu(A\C) = pu(A). It is easy
to see that {f,} converges to f on A\C, which assures that f, p%e' foo O

Theorem 3.6. i) If p is autocontinuous from below and if f, % f,

p.a.u.

then f, 7 f.

it) If p: A = Pyre(X) is an additive multimeasure, then f, % fif

and only if fn p%' f.

i) If p: A — Ppp(X) and fp p%' f whenever f, % f, then p is

null-additive.

Proof. i) If f, % f, there exists a decreasing sequence {Cj}treny C

AN A such that limg_,o [(Ck)| = 0 and for every fixed k € N, {f,}
uniformly converges to f on A\Cj.

Since p is autocontinuous from below, we have limy_, o h(u(A\Cy), 1(A))
= 0, which assures that f, piA'u>' I

ii) The statement is straightforward by i) and property (C).
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iii) Let be disjoint A, B € A, with u(B) = {0}. For every n € N, consider
1, ifzeA
€Tr) =
J(@) {0, if z € B.
Obviousl . We ob that f, =% 1. Th P2 e
viously, {fn}n C M. We observe tha fn@ enfnm , i.e.,

there exists a decreasing sequence {C}}reny C A such that Cy, C AU B, for

every k € N, limy o0 h(u((AU B)\Ci), (AU B)) = 0 and f, — 1.
(AUB)\Cy,

Consequently, (AU B)\Cy C A, whence B\Cy = ), for every k € N, so
Therefore, for every k € N,

e(u(AUB), u(A)) < e(u(AU B), p((AU B)\Cy))+e(u((AU B)\Cy),
h((AU B), (AU B)\Cy)) + e(u(A\C), p(A)
h

(AU B), p((AU B)\Cy)),

1(A))
)

VANVAN

so, for kK — oo, and taking into account that e(u(A), u(AU B)) =0, we get
that h(p(A), un(AUB)) = 0. Since p : A — Ppp(X), then p is null-additive.0]

Theorem 3.7. f, % f whenever f, %) f if and only if 1 is autocon-

tinuous from below.

Proof. Necessity. Suppose f, p—;> f whenever f, % f and let be
{Bn}nen C A such that lim,,_,« |p(By)| = 0.
1, ifzeB,
0, ifze A\B,.
Obviously, {f,} C M. Also, it is easy to see that f, %) 0. By hypo-

We define for every n € N, f,,(z) = {

thesis, fn p—':> 0 and then for e = 1, we have lim, o h(u({z € A;|fn(2)] <

1}, 1(4)) = 0.

We observe that {z € A;|f.(x)] < 1} = A\B, and, consequently, we
obtain limy,_o h(p(A\Br), #(A)) = 0, which says that p is autocontinuous
from below.

Sufficiency. Let p be autocontinuous from below and suppose that
I % f. Then for every € > 0, we have lim,,_, |u({z € A;|fn(z)— f(x)] >

eh)| =0.
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Applying the autocontinuity from below of p we have lim, o h(u({z €
A;[fu(z) = f(@)| < e}),u(A)) = limpoo h(p(A\{z € A;|fu(z) — f(2)] =
D)on(4) = 0 and so f, 25 . 0

4. A set-valued pseudo-version of Egoroff’s theorem

For the purpose of obtaining a pseudo-version of Egoroft’s theorem for
fuzzy multimeasures, we shall firstly give a multivalued form of the condition
(PE) introduced by L1 and YASUDA [13] for real monotonic set functions.

We shall prove that, as in the real case [11], fulfilment of the Egoroff’s
theorem in the pseudo-version is conditioned by the property (PE).

Definition 4.1. We say that u fulfils condition (PE) if for any A€ A and
every double sequence {A,(zm) }mnen C ANA such that for every fixed m € N,
Al A as i — oo and p(N_; A™) = u(A), there exist increasing

sequences {n;} and {m;} of naturals such that limy_,o h(u(;ok A%Ti)),
u(A)) = 0.

We remark that continuity from below of y is a necessary condition for
fulfiling (PE), that is:

Proposition 4.2. If u fulfils (PE), then u is continuous from below.

Proof. Let be (A4,)nenCA, such that A,  A. Since p satisfies pro-
perty (PE), there exist increasing sequences {n;} and {m;} of naturals such

that limy_eo A(p(Niog An,), 1#(A))=0, whence limy_,o h(p(Ay, ), u(A)) =
0. Using the monotonicity of g and Lemma 2.1-ii), we have that
limg 00 h(p(Ax), #(A)) = 0, which says that p is continuous from below.[

Now, we can prove a pseudo-form of Egoroff’s theorem in the set-valued
case:

Theorem 4.3 (Egoroff type). Let be A€ A, f € M and {fn}n C M.
Then fy, pLA'uY f whenever f, 1% fif and only if p fulfils condition (PE).

Proof. Necessity. Suppose that for any A € A, f, I%’ f implies

p.a.u.

fn - f. Let be a double sequence {A%m)}m,neN C AN A such that for
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every fixed m € N, A /‘ A as n — 0o and
(2) u() A™) =
m=1

We denote by B — Nz, Agf), for every m,n € N, and by B =
U2, Bflm), for every m € N.
We see that the double sequence {B m) }monen satisfies the conditions:

for every fixed n € N, BT(l ™ 5 B(mH) for any m € N, and B /‘ B(™M) ag
n — oo. Since (°°_, B = N°_, A( ), from (2) we have

(3) u([) B™) = n(A).
m=1

Now, for every n € N, we consider

#ﬂ, if 2 € B{" \BmJrl m € N*

1
(4) Folz) = 1, if x € A\B,(L)
0, if 2 € A\ N BM™.
m=1
Then, for every m € N*, we have {z € A;|fa(z)| < 1} = BY™ whence
e e Alfix) < Li>n} =2, B™ =B,

If we denote by C =Un_ lﬂn 1Ul Lr € Aslfi(z)] > L}, we see
that f, converges to 0 on A\C' and A\C = (N _; U Nz, Bi(m) =
M1 Unzt Bflm) =M=t B,

Since by (3) we have u((°°_, B™) = u(A), we obtain that M(A\C) =

p.a.e.

1(A) and hence f, - f. Then, by virtue of the hypothesis, f;, “ —> 0.

Consequently, there exists a decreasing sequence {C} }ren such that
(5) klim h(p(A\Ck), p(A)) = 0 and f,, uniformly converges to
—00
f on A\C}, for every k € N.

Now, if £ € N*  there exists ny € N such that for every x € A\Cy, we
have |f;(z)| < %, for every i > ny and thus, for every k € N*, we have

A\Cy € N2, {x € 4| fix)] < Ly =N, B = BY.
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Since the sequence { A\C}, }ren+ is increasing, we have for every k € N*,
[e.e]
p(A\C) = p([(A\Ch)) C p ﬂB (A)
i=k
and using (5) and Lemma 2.1, we obtain

(6) Jim h(u(()BL), n(A4)) = 0.

But A&m) D B,(lm), for every m,n € N, and hence A(') D By(h), for every
i € N, whence, we have p(A4) D p((N2s Ay 5 w5 anZ)) for every
1 eN.

Taking again into account Lemma 2.1 and (6), we obtain
(7) Jim A (p ﬂA 0,

which assures that p fulfils condition (PE).

p.a.e.

Sufficiency. We assume that u satisfies condition (PE) and f, —> f

Then there exists a set £ C A such that u(A\E) = u(A) and f, converges
to f on A\FE.

Denoting by B the set of those points € A at which f,(z) converges
to f(x), we observe that B can be written as

[c ol oo o}

0 5= NUN{eealie - sl < 2L
k=1n=1li=n
Now, we see that A\F C B C A and hence, u(B) = u(A). For every fixed
m € N, let us denote by AY" = N2, {z € A;|fi(z) — f(z)| < L}, for
every n € N*, and by A(™) = UOO_1 A(m)
Since the double sequence {A }n meN+ is such that A /‘ Am) for

n — oo and p(NX_; A™) = u(B) = u(A), we can apply condition (PE).
Consequently, there exist two sequences {n;} and {m;} of naturals such

that limy,_ee h(1(N22, AY™), 4(A)) = 0. Denoting by Cp = A\ (2, AL,
k € N*, we observe that limg_,o h(u(A\Ck), u(A)) = 0.
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It remains to prove that f, converges to f on A\Cj, uniformly for any
fixed k € N*.

Since A\C} = ;2 kAmZ) Nick Nin iz € Alfi(z) — f(z )|<m% )
then, for every i > k,

acie N {oeails - o) < nﬁ}

If € > 0 is arbitrary, we can take ig > k such that — < e.
Mg
Now, if j > my,, for every x € A\C}, we have |f;(z) — f(z)] < .~ <,

which says that {f,} uniformly converges to f on A\C}. Consequently,
fn p.a.u.

— f. O

A

By Theorem 4.3 and Proposition 3.5 ii), we get:

pae

Corollary 4.4. Let be A€ A, f € M and {fn}n C M. Then f, —
fef T fif and only if p fulfils (PE).

Also, as a corollary of Theorem 4.3, we obtain that continuity from
below is a necessary condition for pseudo-form of Egoroff’s theorem:

pae

Corollary 4.5. Let be Ac A, f € M and {fu}n C M. If f, — [ =

fn S f, then u is continuous from below.

We already remarked at the beginning of Section 3 that a property which
holds "p.a.e.” is not hereditary and then, it is justified to give the following:

Definition 4.6. Let be A € A, f € M and {f,}, C M. We say
that {f,} converges pseudo-almost uniformly (pseudo almost-everywhere,
respectively) to f z'n A denoted by f, "% f ( fr 225 1, respectively) in
Aif f, pﬂ) f (fn —> f, respectively), for every £ € AN A.
pau

Obviously, by Proposition 3.5, if f, —
p.a.e. f

Ly
We remark that, generally, the converse is not valid. Although, we can
give the following:

fin A, then fn flnA S0
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p.a.u.

Theorem 4.7. Let be Ac A, f € M and {fn}n C M. Then f, — f
in A whenever f, I%% f if and only if p fulfils condition (PE) and p is

pseudo-null-additive.

Proof. Necessity. Let us assume that f, I%’ f implies f, “*% f in A.

Obviously, according to Egoroff’s Theorem 4.3, p fulfils condition (PE).
To prove that u is pseudo-null-additive, let us consider B € AN A, such
that u(A\B) = pu(A) and take an arbitrary set C € AN A.
We shall prove that (B U C) = u(C). Since A\B C A,B\C C A, we
have u(A\(B\C)) = u(A). Let us define for every n € N,
(9) fal@) = {(1) iz e AMBAC)
, ifx e B\C.

We see that f, p'aje% 0 and then, by virtue of the hypothesis, we have

p.a.u

fn=— 0in BUC.
Using Proposition 3.5 ii), we obtain that f, 1:_'2 0. Then, there exists
U

E Cc BUC, with E € A, such that u((BUC)\E) = p(BUC) and f,(x)
converges to 0 at every x € (BUC)\E.

By (9) we see that (BUC)\E C (BUC)\(B\C) = C C BUC, which
implies that u((BUC)\(B\C)) = u(BUC), that is, u(BUC) = u(C'), which
assures because C is an arbitrary subset of A, that u is pseudo-null-additive.

Sufficiency. Suppose that u is pseudo-null-additive and fulfils condition
(PE). If f, P2 £, then, since p is pseudo-null-additive, we have f, =5 f

A
in A.
Indeed, because f, IiA'ef f, there exists £ € AN A such that

(10)  wp(A\E) = p(A) and f,(x) converges to f(x) at every x € A\E.
Let C € AN A be an arbitrary set. We shall prove that

(11) n(C\(CNE)) =p(C)

or, equivalently,

(1) 1(C) = u(C\E).
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Since C = (CNE)U (C\E) and A\E Cc A\(CNE) C A, by (10) we
have p(A\(C N E)) = p(A).

Now, using the pseudo-null-additivity of u, we get that u(C) = p(C\E),
that is, (11’) holds.

Consequently, there exists the subset C' N E of C such that u(C) =
uw(C\(C N E)) and f, converges to f on C\(C N E) = C\E, which assures
that f,, 225 f in A. By Theorem 4.3, we get that f, “2% f in A. O

By Theorem 4.7 and Proposition 3.5 ii), we get:

Corollary 4.8. Let be Ac A, f € M and {fn}n C M. Then f, ;iA.e). f

& [, P28 fin A if and only if p fulfils condition (PE) and p is pseudo-
null-additive.

5. Concluding remarks

In this paper, we investigated for set-valued non-additive monotonic set
functions, some relationships among the main types of convergences of se-
quences of measurable functions.

In this way, we insisted on different types of pseudo-convergences of se-
quences of measurable functions, such as, pseudo-almost everywhere (p.a.e.),
pseudo-almost uniform (p.a.u) convergences and pseudo-convergence in mea-
sure (p.x) and on the relationships among them, or with almost everywhere,
almost uniform convergences and convergence in measure.

Thus, we gave a set-valued pseudo-version of Egoroff’s theorem and, as
a consequence, we obtained a result which emphasizes the non-hereditary
character of the pseudo-convergence. We also gave characterizations of some
important structural properties of monotone multimeasures.

We shall further our study concerning convergences and pseudo-conver-
gences in order to obtain set-valued Lebesgue and Riesz type theorems.
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