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1. Introduction

As it is well known, convergences and pseudo-convergences of sequences of
measurable real-valued functions with respect to monotone set (multi)func-
tions is a very important area of measure theory (see, for instance, [19]),
due to its various theoretical and practical applications.

In non-additive measure theory, we mention in this sense the contri-
butions of DENNEBERG [1], HA, WANG and WU [2], JIANG ET AL. [5],
KAWABE [6, 7], L1 ET AL. [8], L1 [9, 10], Lt and L1 [11], L1 ET AL. [12], L1
and YASUDA [13], L1 ET AL. [14], Livu [15], MUROFUSHI [16], MUROFUSHI
ET AL. [17], PAp [18], REN ET AL. [24], SONG and L1 [25], SuN [26, 27],
TAKAHASHI ET AL. [28], WANG [29], WANG and KLIR [30], WU and Liu
[31], ZHANG [32] and many others.

Recently, due to various necessities coming from mathematical eco-
nomics, artificial intelligence, biomathematics etc., some results from the
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above mentioned papers were generalized to the set-valued case in Haus-
dorff topology (see, for instance, PRECUPANU and GAVRILUT [20-23], WU
and Liu [31]) for P¢(X)-valued monotone set multifunctions, X being a
real normed space and P¢(X) the family of all nonvoid closed sets of X.
The aim of this paper is to further the study [22] concerning con-
vergences and pseudo-convergences of sequences of real-valued measurable
functions with respect to Pps(X)-valued monotone set multifunctions, X
being a Banach space and Pz (X) the family of all nonvoid closed, bounded
sets of X. Considerations concerning operations and uniqueness of the
limit with respect to such convergences are given and asymptotic structural
properties of certain monotone set multifunctions are characterized.

2. Terminology, notations and basic results

Let T be an abstract nonvoid space, A a g-algebra of subsets of T, X a
Banach space with the origin 0, Py(X) the family of all nonvoid subsets of
X, Ps(X) the family of closed, nonvoid sets of X, Pp¢(X) the family of all
bounded, closed, nonvoid sets of X and h the Hausdorff pseudometric on
P¢(X) given by:

h(M,N) = max{e(M,N),e(N, M)}, for every M, N € Ps(X),

where e(M, N) = sup,cys d(x, N) is the excess of M over N.

It is known that if M, N € Py(X), then e(M,N) = 0 if and only if
M C N. Consequently, e(M, N) = h(M, N), for every M, N € P¢(X), with
N C M. Also, e(M,N) < e(M,P)+e(P,N), for every M,N,P € Ps(X).

On Py¢(X), h becomes a metric [3].

We denote AN A ={E C A, E € A}, where A is a fixed set in A. By cA
we mean T\ A. By N we denote the set of all naturals and by N* we mean

N\{0}.

All over the paper, a limit of the type lim, o p(My) = {0} or
limy, o0 (M) = (M) (where (My)n, M C A) will be understood with
respect to h.

Throughout the paper we shall use the following notions in the set-
valued case:

Definition 2.1 ([20, 21, 22, 23]). A set multifunction p : A — Ppr(X),
with p(0) = {0} is said to be:
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i) monotone if u(A) C p(B), for every A, B € A, with A C B.

ii) continuous from below if limy,_,oo h(p(Ay), u(A)) = 0, for every in-
creasing sequence of sets (Ay), C A, with A, 7 A.

iii) continuous from above if lim,,_ o0 h(1(Ar), p(A)) = 0, for every de-
creasing sequence of sets (A4, ), C A, with A, \, A.

iv) Sugeno-continuous, for short (S)-continuous if p is monotone, con-
tinuous from below and continuous from above.

v) order continuous if lim,, o 1(A,) = {0}, for every sequence of sets

(An)n C A, with A, \, 0.

vi) strongly order continuous if lim,_,~ p(A,) = {0}, for every sequence
of sets (A,)n C A, with A, \, A and p(A) = {0}.

vii) pseudo-order continuous if lim,_,. u(Ay,) = {0}, for every sequence
of sets (A,)n, C A and every B € A, with A, C B, for every n,
A N A and u(B\A) = p(B).

viil) null-additive if u(A U B) = u(B), for every disjoint A, B € A, with
pu(A) = {0}
double null-additive (or, null-null-additive) if u(A U B) = {0}, for
every (disjoint) A, B € A, with u(A) = u(B) = {0}.

ix) single asymptotic null-additive if for every A € A with p(A) = {0}
and every sequence (B, )nen C A, with limy, o u(By,) = {0}, we have
limy, 00 (AU By,) = {0}.

x) double asymptotic null-additive if limy, o0 1(ApUByy,) = {0}, when-
ever (Ap)n, (Bm)m C A, with lim, 00 u(4y) = limpy, oo u(Bp) =

{0}

xi) pseudo-null-additive if (B U C) = pu(C'), whenever A € A, B € AN
A, C e AN A and u(A\B) = u(A).

xii) a) autocontinuous from below (autocontinuous from above, respec-
tively) if for every A € A and every (B,), C A, with lim,_,o u(B,) =
{0}, we have limy, o h(11(A\By), 1(A)) = 0 (limy—oo h(1(A U By),
w(A)) = 0, respectively).
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b) autocontinuous if it is autocontinuous from above and autocon-
tinuous from below.

xiii) a) pseudo-autocontinuous from above (pseudo-autocontinuous from be-
low, respectively) if for every A € A and every (B,), C A, with
limy, 00 h(pu(By, N A), u(A)) = 0, we have lim,_o h((u(A\B,) U C),
w(C)) = 0 (respectively, limy, oo h(((Bn N C), u(C)) = 0), for every
CeAnA.

b) pseudo-autocontinuous if it is pseudo-autocontinuous from above
and pseudo-autocontinuous from below.

xiv) wuniformly pseudo-autocontinuous from below if for every £ > 0, there
exists 6. > 0 so that for every A € ;B € ANAC € AN A, with
R(u(A), u(B)) < 6, we have h(u(C), (BN C)) < =.

Unless stated otherwise, all over the paper we assume that p : A —
Ppp(X) is monotone.

The following example emphasizes the importance of the set-valued
framework:

Example 2.2. Suppose X is an AL-space [4] (i.e., a real Banach space
equipped with a lattice order relation, which is compatible with the linear
structure, such that the norm || - || on X is monotone, that is, |z| < |y|
implies ||z|| < ||ly]|, for every z,y € X, and also satisfying the supplementary
condition ||z + y|| = ||z|| + ||y||, for every z,y € X, with x,y > 0).

For instance, R, L1 (), l; are usual examples of AL-spaces.

Let A be the positive cone of X. As usual, by [z, y] we mean the interval
consisting of all z € X so that z < z < .

Suppose m : A — A is an arbitrary set function, with m()) = 0. We
consider the induced set multifunction p : A — Pyr(X) defined for every
A e Aby u(A) =[0,m(A)].

We observe that h(u(A), {0}) = supg<y<m(a) [zl = [[m(A)]], for every
A, Be A

We remark that the set-valued framework is a very good direction study,
because when we use a proper set multifunction (for example, the induced
set multifunction), it allows us to get back our considerations to important
particular spaces, as, for instance, AL-spaces.
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Definition 2.3 ([22, 23]). We say that u fulfils:

i) property (9) if for any sequence of sets (A;), C A, with lim, oo p(A4y)
{0}, there exists a subsequence (A,,)r of (Ay), such that
(hmk_moAnk) = {0}, where lim, oo En = (o, Ure,, Ek-

ii) property (PS) if for any A € A and any sequence of sets (A,), C
AN A, with limy, 0 h(p(Ay), u(A)) = 0, there exists a subsequence
(An, )k of (Ap)n such that p(limy,_, A, ) = p(A), where lim,, , F, =

Ui"l knEk

Remark 2.4. 1) i) [31] If u is (S)-continuous, then it is autocontinuous
from above if and only if it is null-additive and has property (S), if and only
if it is autocontinuous from below.

ii) If p is null-additive, then it is single asymptotic null-additive.

If p is single asymptotic null-additive, then it is null-null-additive.

If i is double asymptotic null-additive, then it is single asymptotic null-
additive.

iii) [22] If p is (S)-continuous, then p is pseudo-autocontinuous from
below if and only if it is pseudo-null-additive and has property (PS), if and
only if it is pseudo-autocontinuous from above.

IT) p is double asymptotic null-additive if and only if lim,, o (A, U
B,,) = {0}, whenever (Ay,)n, (Bn)nCA, with lim,, o0 u(Ap)=1lim, 00 u(By)
= {0}.

IIT) [22] The following statements are equivalent:
a) u is pseudo-null-additive;
b) (BN C) = u(C), whenever A € A,B € ANAC € An A and
w(B) = u(A);
c) p((A\B)UC) = u(C), whenever A € A,Bec ANAC e AN A and
w(B) = u(A).

Proposition 2.5. If u is (S)-continuous and autocontinuous from above,
then it is double asymptotic null-additive.

Proof. First, suppose that, on the contrary, u is autocontinuous from
above, but it is not double asymptotic null-additive. Consequently, there
exist g > 0 and two sequences (Ay)n, (Bn)n C A, with lim, o p(A,) =
limy,—y00 p4(Bp) = {0} and e(u(A, U By),{0}) > €p, for every n € N.
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By Remark 2.4 I-i), u has property (S), so, there exist two subsequences
(An, )k of (An)n, (Br,)i of (By), such that p(limsupy_,. An,) = {0} and
M(hm SUP| o0 an) = {0}

Again, by Remark 2.4 I-i), p is null-additive. In consequence, because p
is continuous from above, then O=e(p((lim supy,_, o, Ap, )J(limsup;_, ., By,)),
{0}) > limsupy, ;o e(p(An, U By,),{0}) > €0, which is a contradiction. [J

In what follows, by M we denote the class of all A-measurable real-
valued functions on (7', A, i), which is the measurable space (T, A) endowed
with the monotone set multifunction p.

Definition 2.6. I) Let be arbitrary f,g € M. We say that:

i) f = g almost everywhere (for short, a.e.) if there exists A € A such
that pu(A) = {0} and f =g on T\ A.

ii) f = g pseudo-almost everywhere (for short, p.a.e.) if there exists
A € A such that u(T) = p(T\A) and f =g on T\ A.

IT) We consider arbitrary {f,} C M and f € M. We say that:

i) [22] {fn} converges p-almost everywhere (respectively, pseudo-p-al-
most everywhere) to f on A, and denote it by f, % f (respectively,

In Z%’ f) if there exists a subset B € AN A such that u(B) = {0}

(respectively, u(A\B) = u(A)) and {f,} is pointwise convergent to f
on A\B.

ii) [22] {fn} converges in p-measure (respectively, pseudo in p-measure)
to f on A, and denote it by f, % f (respectively, f, % f) if for
every € > 0, lim,, o0 t(An(e) = {0}, where A, (¢) = {t € A;|fn(t) —
f(t) > e} (vespectively, limy, o0 h((A\An(e)), u(A)) = 0).

iii) [22] {fn} converges p-almost uniformly (respectively, u-pseudo-almost
uniformly) to f on A and denote it by f, % f (respectively, f, piA'u)'

f) if there exists a decreasing sequence {Ag}reny C A N A such that

limy o0 p1(Ar) = {0} (respectively, limy_,o0 h(u(A\Ag), u(A)) = 0)
and for every fixed k € N, {f,,} uniformly converges to f on A\ Ax (fn

aa
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iv) {fn} is a.e. (vespectively, a.u., u, p.a.e., p.u, p.a.u.)-fundamental if
limy, o0 | fn — fr| = 0 a.e. (respectively, a.u., u, p.a.e., p.j, p.a.u.).
In the sequel, we discuss the uniqueness of the limit of convergence and

pseudo-convergence with respect to a monotone set multifunction. First,
we shall need the following lemma:

Lemma 2.7. If lim,_,o u(M,) = {0} and for every n € N, N,, C M,
then limy, o p1(Ny,) = {0}.

Proof. The statement easily follows since

h((Nn),{0}) = e(u(Nn),{0}) < e(u(Nn), p(Mp)) + e(u(My), {0})

O

Theorem 2.8. Let us consider arbitrary {f,} C M and f,g € M so
that f = g a.e. Then p is single asymptotic null-additive if and only if f,
LN f implies f, LN g.

Proof. Necessity. Since f = g a.e., there exists A € A so that u(A) =

{0} and f(t) = g(t), for every t € T\A Then p({t; f(t ) g(t)}) = {0}.
Since y is single asymptotic null-additive and f, —— f, then for every

e >0, limy o0 p({t; [fn(t) = f()] = 5} ULE (1) # 9(8)}) = {0}

By Lemma 2.7, because
{t: 1fn() —g(@)] = e} C{t: [fult) = f(O)] = g} ULt f(t) # 9(1)},

we get that f, SN g.
Sufficiency. Let (Ay)n C A, A € A be so that lim,_, p1(A,) = {0} and

pu(A) = {0}.

For every n € N and every t € T, we consider f,(t) = x4,\a(t), 9(t) =
xA(t) and f(t) =

We observe that f = g a.e. and for every n € N and every € > 0,

p({t: [fn(t) = F(O)] = €}) = n(An\A) C p(Ay),

whence, by Lemma 2.7, f, SN f- Then, by the hypothesis, f, SN g.
Consequently, lim,, o0 (AU Ay,) = limy, oo p({t; | fn(t) — g(t)] > 1}) =
{0}, i.e., p is single asymptotic null-additive. O
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Theorem 2.9. Let us consider arbitrary {fn,} C M and f,g € M so
that f = g p.a.e. If p is pseudo-null-additive and f, LN f, then f, LN g.

Proof. Since f = g p.a.e, there exists A € A so that u(T) = u(T\A)
and f(t) = g(t), for every t € T\ A.

Because f,, 2% f, then for every & > 0, limy, o0 h(1(T\An(€)), u(T)) =
0, where Ap(e) ={t € T;|fu(t) — f(t)] > 5}

Since A, (¢) = {t € T; |fu(t) — g(t)| > €} C An(e) U A, we have

Tim e(u(T), 5(T\A,(2))
< Tim [e(u(T), p(T\An(2))) + e(u(T\ A (). 1T\ A, (0)))]
= Tim e(u(T\An(€)), p(T\An (<))
< Tim [e(u(T\An(e)), 1(T\(An(€) U A)

+(u(T\(An(#) U A4)), 1T\ A )
= Jlim e(yu(cAu(€)).ju(eAn(€) N1 c4)

0,

because p is pseudo-null-additive and p(7') = p(cA), so, by Remark 2.3
III), we have u(D) = u(D N cA), for every D € A.

onsequently, lim,, o , Nn €)))=0 and this means f,, — g.
C Iy, li h(p(T), i(T\An(€)))=0 and th fn =5 9.0

Theorem 2.10. Let be arbitrary {{fn}, f,g} € M. If p is double

asymptotic null-additive and continuous from below, fn —— f and f, - g,
then f =g a.e.

Proof. Because f, —— f and f, —— g, then for every m € N*,
i ({85 (8) = £(0)] = 55 1) = {0} and Timsoe ({5 (6) = 9(0)] =
amt) = {0}

Since p is double asymptotic null-additive and for every m € N*|

1 1
1) — gt)] > =Y C {1 fult) — F(B)] > —
B0 = 90 > ) € {5 1falt) — SO > 5 -
Ut [fa(t) —g(O)] = —1,
by Lemma 2.7 we get that lim,, o u({t; |f(t) — g(t)| > £}) = {0}. Taking
into account that p is continuous from below and

170~ 9] > 0) = U {5170 — 9] > ),
m=1



9 CONSIDERATIONS ON (PSEUDO-) CONVERGENCES 93

we obtain that limy, . h(u({t: [£() — g(t)] > O}, u({t: () — g(t)] >
11)) =0, which yields u({t; |f(t) — g(t)| > 0}) = {0}, so, f = g a.e. O

Lemma 2.11. Suppose p is (S)-continuous. Then u is pseudo-autocon-
tinuous from below if and only if for every A € A and every (Bp)n, (Cn)n C
A, with limy, o0 e(1(A), p(ANBy)) = 0 and limy, o0 e(1(A), u(ANCy)) =0,
we have limy, o e(u(A), u(AN B, NCy)) = 0.

Proof. Necessity. By the definition of limsup of the excess, there
exists a subsequence (ng)r so that limsup, e(u(A),u(AN B, NC,)) =
limy o0 e(p(A), w(AN By, NCy,)).

On the other hand, by Remark 2.4 1)-iii), x4 has property (PS), so there
exists a subsequence (ng,)s of (ng)x so that

p(ANliminfB,, ) = p(ANliminfCy, ) = u(A).

By Remark 2.4 I)-iii), u is also pseudo-null-additive, hence, by Remark 2.4
1), p(ANliminfs B, Nliminf, Cy, ) = u(A). Now, we observe that

limsup e(u(A), n(A N B N C))

n

= klim e(u(A), (AN By, NCh,))
—00
— lim e(u(A), 4(AN Buy, (1Cry,)
(

§—00

= lime(p

S5—00

ANnliminfB,, NliminfC,, ), u(AN By, NCy, ) =0,

because p is continuous from below. Consequently, lim sup,, e(u(A), u(A N
B, NCy)) =0, whence lim,,_, e(p(A4), p(AN B, N Cy)) = 0, as claimed.

Sufficiency. Let us consider arbitrary A € A, C € AN A, (By), C A,
with limy, oo h(p(Bn N A), u(A)) = 0. We prove that lim, o h((1(Bp N
C),m(C)) = 0.

We shall apply the hypothesis for C, = [(A\ B,) N C]AC, with n €
N. One can easily check that C,, D AN B,, so ANC, D AN B,. Also,
ANB,NC, =Cn B,. This implies

lim e(u(A), u(ANCy))

n—oo

< lim [e(u(A), (AN Bp)) + e(p(AN By), u(AN Cr))]
= lim e(u(A), (AN By)) = 0,
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so lim, o0 e(u(A), n(AN Cy)) = 0.
Consequently, by the hypothesis, we have lim,_,~ e(u(A4), u(AN B, N
Cp)) =0, whence

lim h((2(By 1C). u(C)) = lim e(u(C). (B 1 C))

< Tim [e(u(C), p(A)) + e((A), u(By 0 C))]
= lim e(u(A), u(By 01 C)) = Tim e(u(A), p(AN By 0 Cy)) = 0.

Therefore, we get that lim, o h(((B,NC), u(C)) = 0, that is, u is pseudo-
autocontinuous from below. O

Theorem 2.12. Let be arbitrary {{fn}, f,g} € M. If p is pseudo-
autocontinuous from below and (S)-continuous, fp LN f and fp LN g,
then f = g p.a.e.

Proof. Because f, LA f and f, LN g, then for every m € N*,

lim,, o0 h(M(T)7M(({ta|fn(t) - f(t)| < ﬁ})) = 0 and lim; h(:u(T)’
w(({t; | fo(t) — g(t)] < 5=}) = 0, whence, by Lemma 2.11, we get

Limy, o0 R(1(T), p({t: | fa(t) = F(B)] < g} N {E [ fat) = ()] < 55})) = 0.
Because for every m,n € N*,

{t: | fa(t) = F(1)] < %} N{t: [fa(t) —g(®)] < %} C{t;|f(t) —g(t)] < %}7
we get that
Jim BT, {551£0) = (0] < =)

= Tim e(u(T), ({55 17(5) — g(0)] < )

< i [e(u(T), p({5: | fult) — F)] < 5 -}
O L(0) ~ 9] < 5 )+ elul 5 falt) — F0)] < 5 )

A L(t) — 90 < 5 118 F(0) — 98] < )]
= T e(u(T), w5 Lfal®) = FO < 5} {5 1alt) — (0] < 5-1)

n—oo
1

= Hm h(u(T), p({t; [ fa(t) = F(1)] < %} Nt | fu(t) —g(0)] < 5—1)) = 0.

n—00 2m
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Taking into account that p is continuous from above and

{170 — 9] =0} = (Y4170 — o()] < ),

m=1

we finally get that h(u(T), u({t;|f(t) — g(t)] = 0}) =0, i.e., f = g p.a.e. O

3. Algebraic operations with (pseudo-) convergent sequences

of measurable functions
In this section, we present several results concerning the inheriting of
convergence and pseudo-convergence with respect to monotone set multi-
functions, under addition and multiplication. Several asymptotic structural
properties of the monotone set multifunction are in this way characterized.

Theorem 3.1. Consider arbitrary {{f.},{9n}, f,9} C M.
w is double asymptotic null-additive if and only if fy, SN f and g, LN g
imply fo + g0 == [+ 9.

Proof. Necessity. Since f, —— f and g, — g, then for every e >
0, limy, 500 p({; [ fn () = F(8)| = 5}) = {0} and limp 00 p({; |gn (t) — g(t)] =
£ = {0},

Because p is double asymptotic null-additive and

{85](fu+ 9)(8) = (f + 9B = €} € {8 |ful) = F(1)] = 5}
U {t:19a(t) = 9(8)] = 5},
then, by Lemma 2.7, lim,, o0 t({&; |(fr. + gn)(t) — (f + 9)(t)| > €}) = {0},

that is, fn, + gn Ay f+g.

Sufficiency. Suppose that, on the contrary, there exist (Ay)n, (Bp)n C
A, with lim, o0 pt(Ap) = limy, o0 u(By) = {0} and lim, o0 (A, U By) 2
{0}. For every n € N, consider f,(t) = X4, (), 9n(t) = XB,. (1), [(t) =0 and
g(t) = 0. Evidently, (fn+9n)(t) = xa,us, (t) and (f+g)(t) = 0. We observe
that for every € > 0 and every n € N, u({t;|fn(t) — f(t)] > €}) C p(An)
and p({t; |gn(t) — g(t)| = €}) C pu(Bn)-

Since limy, 00 (An) = {0} = limy, 00 u(By), by Lemma 2.7, we get
that f, Ay f and g, SN g. By the hypothesis, f, + gn SN f+g, so,

lin jo(A, U By) = lim (6] (fo+ 90)(8) — (F + 9)(0)] > 1) = {0},

n—oo
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which is a contradiction. O

Theorem 3.1°. Consider arbitrary {{fn},{gn}, f,9} C M.
If pis (S)-continuous and pseudo-autocontinous from below, f, L
and gn ﬂ>g, then fn =+ gn ﬂ>f—|—g.

Proof. Since f, 2% f and g, 2% g, then for every ¢ > 0, we have

limy, o0 e(u(T), p({t; | fu(t) — f()] < %})) = 0 and limy, o0 e(p(T"), p({t;
lgn(t)—g(t)] < 5})) = 0. For every n € N, we denote A, = {t;|f(t)—f(t)] <

55 Bn = {t;1gn(t) —g(t)] < 5} and Cp = {t;[(fn + 9)(t) = (f +9)(1)] < €}
By Lemma 2.11, we have limy, oo e(u(T), u(A, N By)) = 0.
Since for every n € N, A, N B,, C Cy,, then lim,, o e(u(T"), u(Cy)) = 0,

that is, fn + gn —— f + g. O

Applying the notions from Definition 2.6 II)-ii), one can easily verify
the following results:

Proposition 3.2. i) Consider arbitrary ¢ € R* and {{fn}, f} C M. If
fn 25 F (fn LS respectively), then cfy, Ly of (cfn 2R of, respectively).
i) If {{fa} f} © M and fu =5 f, then |fu] =5 |f].

Lemma 3.3. Consider arbitrary {{fn},f,h} < M. If f, = f,
infyer |R(t)| > 0 and sup;er |h(t)| < oo, then f,h - fh.

Proof. Since f, — f, then for every ¢ > 0, lim,_o0 w({t; | fu(t) —
f@)] > m}) = {0}. Because for every ¢ > 0,
teT

{t: [fn(h(t) = FORO)] = e} = {t; | fut) = FO] - [h(E)] = €} €

< (170 = 01 suph6) > ) = {5150 = 01 i}
teT

the conclusion follows according to Lemma 2.7. O

Lemma 3.3°. Consider arbitrary {{f.}, f,h} C M. If sup,er |h(t)| <
0o and fn 25 f, then foh 25 fh.

Proof. If h = 0, the statement is evident. Suppose now that
sup,er |h(t)] > 0. Since f,, 25 f, then for every & > 0,1imy, o0 e(u(T), u({t;
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|fn(t) — f(t)] < m})) = 0. Because

teT

Tim e(u(T), p({: | fa(DR(1) — F(OB() < €D))

€

< li T £ falt) — f(B)] < ———1)) =0,
< Jim e(u(D). ({8 fult) = F(0)] < o)) =0
teT
the conclusion follows immediately. O

Lemma 3.4. Consider arbitrary {{fn}, f} € M and let p be double
asymptotic null-additive. If f, = f, infyer |f(£)] > 0 and supyeq |f(2)] <
oo, then f2 Ay r2

Proof. Obviously, since f,, —— f, then f, — f —— 0, so (fa—1f)? 5 0.
On the other hand, by Lemma 3.3, f,f SN f?, so, by Proposition 3.2 i),
2fnf - 2f2. Applying now Theorem 3.1, we get that f? a2 O

Lemma 3.4°. Suppose p is (S)-continuous and pseudo-autocontinuous
from below. Consider arbitrary {{f.}, f} C M so that sup,cp|f(t)] < oo

and fn 25 f. Then f? DB g2,

Proof. Because f, 2% f, then f, — f 2% 0, whence (f,, — )2 2% 0. By
Lemma 3.3’, f,f LN f?, so, according to Proposition 3.2 i), 2f, f LN 212,
By Theorem 3.1°, the conclusion follows. (]

Theorem 3.5. Consider arbitrary {{fn},{gn}, f, 9} C M. Suppose that

infrer [f(t)] > 0,infier [g(t)] > 0, infrer | f(2) + g(t)] > 0,supser | f(1)] < o0
and sup;er |g(t)] < oo.

Then p is double asymptotic null-additive if and only if f, LN f and
Gn = g imply fgn = fg.

Proof. Necessity. Suppose p is double asymptotic null-additive, f,
SN f and g, SN g. By Lemma 3.4, we have f2 SN 292 LN ¢° and
(fu+gn)? == (f + g)?, which imply by Theorem 3.1 that f,g, — fg.

Sufficiency. Suppose that, on the contrary, p is not double asymptotic
null-additive. Consequently, there exist (A, )n,(Bn)n C A and g9 > 0 so
that lim, o0 p(A4y) = limy 00 pu(By) = {0} and lim,,—, o0 u(A, UB,) 2 {0}.
1, t¢ A,

3, teA,

For every t € T and n € N, consider f,(t) = and g,(t) =
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{2, t¢ B,

1, teB,

. We observe that {{f»},{gn}} C M, fn = f =1,9, 2

2, t¢A,UB,
9=2, fu(W)gn(t) =1, te€ (A UBy)\ (AN By), f(t)g(t) =2.
3, t€A,NB,
Since t € A, U B, if and only if | f,(t)gn(t)— f(t)g(t)] > &, we have

p(An U By) = u({t € T3 fu(t)gnlt) — F(D)g(0)] = ).

By the hypothesis, fngn —— fg, 50 limy 00 p({t € T3 | fu(t)gn(t)— f(t)g(t)]
> 1}) = {0}, which implies limy, oo pt(An U B,) = {0} and this is a
contradiction. O

Theorem 3.5°. Suppose p is (S)-continuous and pseudo-autocontinuous
from below. Let {{fn},{gn}. f, 9} C M so that sup,er|f(t)] < oo and
SUP¢eT |g(t)| < 0. If fn M) f and 9n M g, then fngn M) fg-

Proof. The statement is straightforward applying Lemma 3.4" and
Theorem 3.1°. O

4. Fundamental (pseudo-) convergence

In this section, several results concerning fundamental convergence and
pseudo-convergence are established.

Theorem 4.1. p is double asymptotic null-additive if and only if for
every fized A € A, every sequence {f,} C M on A so that f, % feM

s p—fundamental.

Proof. Without any loss of generality, we may assume that A =T.
Necessity. By the hypothesis, we have lim,, oo u({t € T;|fn(t) — f(t)| >

3) = {0}

For every € > 0, since p is double asymptotic null-additive and

{t € T3 |fult) = funl®)] = €} C {t € T3 |ful)) = (1)) > 5}

U{t € Ts|fult) — F(B)] = 5},
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by Lemma 2.7 we get that limy, n—sco p({t € T;|fim(t) — fu(t)| > §}) = {0},
ie., {fn} is p—fundamental.
Sufficiency. Suppose by the contrary that there exist (Ay,)n, (Bn)n C A,
with limy, o0 p(A4y) = limy 00 p(By) = {0} and lim, oo p(A,UB,) 2 {0}.
We consider the sequence {f,}, defined by

x4, (t), if n =2k
XBo\A, (1), ifn=2k+1

Let also be f(t) = 0. We observe that {f,} € M, f € M and for every
e>0and n €N,

{teT;|fu(t) — f(t)] = e} C An or {t € T; [fu(t) — f(t)] = €} C By

Consequently, by Lemma 2.7, lim,, oo n({t € T; | fn(t) — f(t)] > €}) = {0},
ie., fn % f. By the hypothesis, {f,} is then u-fundamental, so, for every

e >0,
Tim p({t € T3 | fon(t) = fons1(8)] = €}) = {0}.

On the other hand, for every € € (0, 1), we have A, UB,, = {t € T | fan(t) —

Jong1(t)] > €}
Consequently, lim,, o (A, U By,) = {0} and this is a contradiction. O

Theorem 4.2. If u is pseudo-autocontinuous from above and A € A
is fized, then every sequence {f,} C M on A so that f, % feMis

p.u—fundamental.

Proof. By the hypothesis, lim, o e(u(T), u({t € T;|fn(t) — f(t)] <
51) = 0 and limy, o0 e(u(T), p({t € T5|fm(t) — f(t)] < §})) = 0. For
every m,n € N, let us denote B, = {t € T;|f,(t) — f(t)| < §} and Cp,, =
{t € T;|fu(t) — fm(t)] < e}. We observe that B,, N By, C Cy,, whence
(T\Bp) U (T\By,) U Cpyn=T. Because pu is pseudo-autocontinuous from
above, then for every meN, lim,, o0 e(u((T\By,)U(T\ B )UCh ), p((T\Bp,)
UCmn)) = 0 and for every n € N, limy, o0 e(u((T\Bm) U Crn)s (Cmn))
=0.

Consequently, limy, p—o0 e((T), 1(Cpmn)) = 0, which says that (fy,) is
p.pu-fundamental. (]

Theorem 4.3. If u is uniformly pseudo-autocontinuous from below and
{fn} C M is p.u-fundamental, there exists a subsequence { fn, tr of {fu}n
so that { fn, }r is pseudo almost uniformly convergent.
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Proof. Since {f,}, is p.p-fundamental, then lim,, ,— o0 e(u(T), u({t €

T3 | fn(t) — fm(t)] < £})) = 0, so, there exists ny € N such that, for every
n Z ny,

Because p is uniformly pseudo-autocontinuous from below, there exists ny >

(), w({t € T 1alt) = (0] < 310 < 5

n1 so that for every n > no,

and

({1t € Ti1fult) ~ Fur()] < g}, (e € T3 fus(8) — Fur (9] < 3}

Nt € T3 1flt) ~ F(0)] < 5))) <

whence

(u(T), 1{t € Ti fualt) = fun (0] < 330 {8 € T 1alt) — fual)] < 551)

(D), 1{t € T3 Falt) = Foa 0] < 35))) < o5

1
27

<1+1
2 2%

Analogously, there exists n3 > no so that for every n > ng,

and

e(u(T), j({t € T | fult) — foy ()] < =) < =

e(ﬂ'(T)mu({t € T; |fn3(t) - fn2(t)| < 7}
N{EE T 1alt) — s (O] < 5 1)) < o5+ 35
(D). p({t € T (1) — Fun(8)] < o)
At €T s 0) — fou ()] < 5

(€T fult) ~ fas(] < o5 1) < 5 + 5 + 53
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Inductively, there exists a subsequence (ny)x so that for every [ € N*,

1

+ 2l+1

(), (1 € T3 (Ve () = S0 < 5) < 3+ 5r + -
k=l

2
If for every 1€N*, we denote C;={t € T; (o2, [ frps () = fr ()] < 3£},
then the sequence (Cj); = (cCy); is decreasing and e(u(z),u(T\@)) <
Yoo QZ}M = 21%1, which implies that lim;_,~ e(u(T), u(T\C7)) = 0.

In consequence, {fy, } is pseudo-almost uniformly convergent. O

Corollary 4.4. Suppose p is (S)-continuous and uniformly pseudo-
autocontinuous from below. Then {f,} C M is p.u-fundamental if and

only if there exists f € M so that f, LN f-

Proof. Necessity. If {f,} € M is p.u-fundamental, by Theorem 4.3,
there exists a subsequence { fy, }x of {fn}n so that {fy, }r is pseudo-almost
uniformly convergent. Because p is continuous from below, one can easily
observe that it is also pseudo-almost everywhere convergent, i.e., there exists

A € A such that p(T) = p(T\A) and {fp, }x is convergent on T\ A.
hlglf”’“ (t), ifteT\A

. Then f € M. Evidently,
0, ifte A

We consider f(t) = {

for every € > 0,

{te T3l fult) = F(1)] <}
S {t €T3 |fult) = fun ()] < YN {E € T3 £ () = F(B)] < 2.

Then one can easily observe that lim, o e(u(T), u({t € T;|fn(t) — f(t)| <
e}) =0, 50 fo =5 f.

Sufficiency. The statement results from Theorem 4.2 and Remark 2.4
1)-iii). O

The following result is straightforward applying the definitions.

Theorem 4.5. Suppose A € A and {f,} C F. If {fn} converges
a.u. (p.a.u., respectively) on A, then {f,} is fundamental a.u. (p.a.u.,
respectively) on A.
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5. Concluding remarks

In this paper, the studies [22, 23] concerning convergences and pseudo-
convergences of sequences of measurable functions on monotone set mul-
tifunction spaces are furthered in order to obtain results concerning oper-
ations and uniqueness of the limit of such convergences. As application,
important asymptotic structural properties of the monotone set multifunc-
tion are characterized.

Acknowledgements. The author is grateful to Prof. Dr. Anca Pre-
cupanu for the careful reading of the paper.
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