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Abstract. We consider a complete e-chainable metric space (X,d) and an infinite
iterated function system (IIFS) formed by an infinite family of (g, ¢)-functions on X.
The aim of this paper is to prove the existence and uniqueness of the attractors of such
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to be connected. Similar results are obtained in the case when the IIFS is formed by an
infinite family of uniformly e-locally strong Meir-Keeler functions.
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1. Introduction

Iterated function systems (IFS) were introduced in their present form by
HUTCHINSON [10] and popularized by BARNSLEY [1] and FALCONER [6], [7].
Also, infinite iterated function systems (IIF'S) were first mention in [25] and
the dimension of the attractors of (IIFS) were studied in [16]. MICULESCU
and MIHAIL [17] studied the shift space associated to attractors of (IIFS),
which are nonempty closed and bounded subsets of complete metric spaces.
LESNIAK [14] presented a multivalued approach of infinite iterated function
systems. Other results on infinite iterated function systems were obtained in
[4], [8], [18], [20], [23]. CHITESCU and MICULESCU [2] presented an example
of a fractal, generated by Hutchinson’s procedure, embedded in an infinite
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dimensional Banach space. DUMITRU and MIHAIL [3] constructed the shift
space of an IFS consisting of e-locally Meir-Keeler functions with € > 0.

In this paper we give the existence and uniqueness of the attractors of
infinite iterated function formed by (e, ¢)-functions, where ¢ > 0 and ¢ is
a comparation function, or formed by a family of uniformly strong Meir-
Keeler functions and we prove sufficient conditions for these attractors to
become connected.

For a nonempty set X we will denote by P*(X) the set of nonempty
subsets of X, by K*(X) the set of nonempty compact subsets of X and
by B*(X) the set of nonempty bounded closed subsets of X. We have the
following well known definitions.

Definition 1.1. Let (X, d) be a metric space. The generalized Hausdorf-
Pompeiu semidistance is the application h : P*(X) x P*(X) — [0, +-00] de-
fined by h(A, B) = max{d(A, B), d(B,A)} = inf{r € [0,00] | A C B(B,r)
and B C B(A,r)}, where d(A, B) = sup,¢ 4 d(z, B)=sup,c 4 (infyep d(z,y)).

In this paper, by K£*(X) or B*(X) we will refer to (K*(X), h) or (B*(X), h).

Definition 1.2. Let (X, d) be a metric space. For a function f: X — X
let us denote by Lip(f) € [0,400] the Lipschitz constant associated to f,

which s d(f(x), /(1))
Li _ AJE), JAY))
Zp(f) x,yes)l(l}):vgéy d(l‘, y)

We say that f is a Lipschitz function if Lip(f) < 400 and a contraction
if Lip(f) < 1.

Theorem 1.1 ([1]). Let (X,d) be a metric space and h : P*(X) X
P*(X) — [0,00] the Hausdorff-Pompeiu semidistance. Then:

1) (B*(X),h) and (K*(X),h) are metric spaces with (K*(X),h) closed
in (B*(X),h).

2) If (X,d) is complete, then (B*(X),h) and (K*(X),h) are complete
melric spaces.

3) If (X,d) is compact, then (K*(X),h) is compact and in this case
B*(X) = K*(X).

4) If (X,d) is separable, then (K*(X),h) is separable.

Proposition 1.1 ([24]). Let (X,dx) be a metric space. L
1) If H and K are two nonempty subsets of X then h(H,K) = h(H, K).
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2) If (H;)ier and (K;)icr are two families of nonempty subsets of X

then -
h(JHi | JKi) = h({ Hi,| ) Ki) < sup h(H;, K;).
iel el iel el iel

3) If H and K are two nonempty subsets of X and f : X — X is a
Lipschitz function then h(f(K), f(H)) < Lip(f) - h(K, H).

4) If (Hp)n>1 C P(X) is a sequence of sets and H € P(X) is a set such
that hx(H, H,) — 0, then an element x € X is in H if and only if there
exists x, € H, such that x,, — x.

Definition 1.3. A family of continuous functions (f;)ier, fi : X — X
for every i € I, is said to be bounded if for every bounded set A C X the
set U, fi(A) is bounded.

Definition 1.4. An infinite iterated function system (IIFS) on X con-
sists of a bounded family of continuous functions (f;)ie; on X and it is
denote by S = (X, (fi)icr). When I is finite we obtain the iterated function
systems (IFS).

Definition 1.5. For an (IIFS) S = (X, (fi)ier), the fractal operator
Fs : B*(X) — B*(X) is the function defined by Fs(B) = U, fi(B) for
every B € B*(X).

Remark 1.1. Let S = (X, (fi)ier) be an (IIFS). If the functions f; are
contractions, for every i € I with sup,c; Lip(fi) < 1, then the function Fs
is a contraction and verifies Lip(Fs) < sup;er Lip(fi) < 1.

Using the Banach’s contraction theorem we can prove the following very
known result:

Theorem 1.2 ([10]). Let (X,d) be a complete metric space and S =
(X, (fi)ier) an (IIFS) with (f;)icr a bounded family of contractions such
that ¢ = sup;er Lip(fi) < 1. Then there exists a unique set A(S) € B*(X)
such that Fs(A(S)) = A(S). Moreover, for any Hy € B*(X) the sequence
(Hp)n>0 defined by Hp+1 = Fs(Hy,) is convergent to A(S). For the speed
of the convergence we have the following estimation:

Cn

h(Hn, A(S)) < 1 h(Ho, Hy).

—c
Definition 1.6. The unique set A(S) € B*(X) from Theorem 1.2 is
called the attractor of (IIFS).
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Definition 1.7. Let (X,d) be a metric space and (4;);e; be a family
of nonempty subsets of X. The family (A4;);cs is said to be connected if
for every i,j € I, there exists (ix),_75; C I such that ip = 4, i, = j and
Ai, N A, #0, for every ke {1,...,n—1}.

It is also well-known the following result:

Lemma 1.1. Let (X,d) be a metric space and (A;)icr a connected
family. If A; is a connected set for every i € I, then |J;c; A; is connected.

2. Existence and uniqueness of the attractors of (IIFS) formed
by contraction type functions

In this paper we will generalize the notion of infinite iterated function sys-
tem by considering other contraction type functions which form the IIFS,
such as (g, p)-functions or strong Meir-Keeler, instead of considering con-
traction functions. For some cases we will prove the existence and unique-
ness of the attractor for these kind of ITF'S.

First we start by a remark concerning Theorem 1.2.

Remark 2.1. In the conditions of Theorem 1.2, if we suppose that
¢ = sup;c; Lip(f;) = 1 we do not obtain the uniqueness of the attractor, as
one can see from the following example:

Example 2.1. We consider the countable iterated function system
S1 = (R, (fn)nen+) where f, : R — R, fo(z) = (1 — %)x, for every
r € Rand n € N*. Let a,b € R such that a < 0 < b. Then the frac-
tal operator Fys, : B*(R) — B*(R) satisfies Fy, ([a,b]) = U,cn- fn(la,b]) =
Unen-la — £,b — 2] = [a,b]. Thus the intervals [a,b] with a < 0 < b are all
attractors of Sj.

Definition 2.1. A metric space (X,d) is said to be e-chainable (for
e > 0 fixed) if, for every a,b € X, there exists an e-chain from a to b in X,
noted zg,x1, ..., Ty, such that g = a, z, = b and d(x;—1,2;) < e, for all
ie{l,...,n}.

Lemma 2.1 ([3]). Let (X,d) be a e-chainable metric space, € > 0. Then
(K*(X),h) is an e-chainable metric space.
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Definition 2.2. A metric space (X, d) is said to be uniformly e-chainable
(for € > 0 fixed) if, for every M > 0 there is ny. € N* such that for every
a,b € X with d(a,b) < M, there exist zg,z1,...,z, € X, with g = a,
xn =b, n < npre and d(zi—1, ;) < €, for every i € {1,...,n}.

Lemma 2.2. Let (X,d) be an uniformly e-chainable metric space where
e > 0. Then (B*(X),h) is e1-chainable, for every e; > ¢.

Proof. Let A, BeB*(X) be two bounded closed sets such that h(A, B) <
M, where M > 0. For every a € A there is b, € B such that d(a,b,) < M
Thus one can choose a chain zg(a) = a,z1(a),..., =, (a) = b such that
d(zi(a),zi+1(a)) < g, for every i € {0,...,ny — 1}.

Similar, for every b € B there is a; € A such that d(b,a;) < M.
Thus one can choose a chain yo(b) = ap, y1(b), ..., Yn,, (b) = b such that
d(yi(b),yi+1(b)) < e, for every i € {0,...,np — 1}.

We consider now the sets Ag = A, A; = {Uyeai(a)} U{Upepvi(b)}
forie {1,...,ny — 1} and B = A4,,,,. Then

h(A;, Aiy1)
—h({LJac2 }U{Uyl }{vazﬂ }aAU{UyH-l )
acA beB a€A beB
= (U @ 01U @ AU zia@d U w01 )
a€A beB a€A beB
= max {a( (U #e@} 0 () w0 (U soea(@) U @0}
acA beB acA beB
(U @ (U s (J sy u (U wion )
acA beB a€A beB

Hence, we have that:

e >d(xzi(a), xir1(a)) > inf d(zi(a),x
(@ia)zinla) 2 U ot @IUF U s (0} (@i(a), 2)

ac

= d(flfi(a)a {Uzin@ru{ yi-i—l(b)})

acA beB
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and also

6>dib,i b)) > inf dib,x
(yi(b), yi+1(D)) U @I ) (yi(b), )

= (101U 201(@) U (U 5a®} ) ¥ € (0,mar),

acA beB

Thus d({U,e 4 i(a)} U{Upep 4i(0)} {Usea it1(a)} U{Upe p wita (0)}) <

Similar d({U,ec4 zi+1(@)} U{Upep ¥i+1(0) 1 {Uueca 2i(@)} U{Upep %:(0)}) S
e. Hence h(A;, Aiy1) < e <eq.

By definition we have that A; is a closed subset of X, for every i €
{0,...,nar}. We will prove now that A; is also a bounded set for every

1€ {0,...,nM}.
Let t1,t2 € A, u1,us € B and i € {0,.. .,nM}. Then:

d(xi(tl),:v,-(tg)) < d(xi(tl),tl) + d(tl,tQ) + d(tg,.m(tg))
< ie + diam(A) + ie < oo,
d(yi(u1), yi(uz)) < d(yi(ur),u1) + d(ur, uz) + d(uz, yi(uz))
(nm — i —1)e +diam(B) + (nyr — i — 1)e < o0,
d(@i(t1), yi(u1)) < d(@i(tr), t1) + d(t1, u1) + d(ur, yi(ur))
<'ie + h(A, B)+diam(A)+diam(B) + (ny —i — 1)e < oo.

IN

Thus A; is a bounded set for every ¢ € {0,...,na}. Hence B*(X) is e;-
chainable. O

Remark 2.2. If (X, d) is uniformly e-chainable, then (B*(X), k) is not
necessary e-chainable for an € > 0, as one can see from the example below:

Example 2.2. We consider the Hilbert space I2(N*) = {x = (2, )n>1 |
> on>1 r2 < oo} and {ey,...,en,..} an orthonormal base. By definition, the
interval [a,b] = {ta+ (1—t)b |t € [0,1]}. Let = € [e;,e;41] and y € [ej, €j41]
with j > i+1> 0. Then d(z,y) = \/t2+ (1 — )2 + 52 + (1 — 5)2 > 1 since
o+ (1—a)? > 3, for every o > 0. Thus, we obtain that infy sei01) d(,y) =
infy sep V2 + (1 -2+ 2+ (1—s)2 =1

We consider now the space X = [J;51[ei; €ir1] C I2(N*) endowed with
the metric induced by [2(N*), d(x,y) = \/Zn21(ﬂfn — yn)?. Then X is closed

and bounded. We will prove now that X is uniformly 1-chainable. For
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that let z,y € X such that d(z,y) < M. We have that = € [e;, e;+1] and
(TS [€i+k, €i+k+1]. Then

d(:v,y) = d(x7ei+1) + (k - 1) + d(ei-i-k:y) < M7

which implies & < M — 1. Thus, we can take k = [M] — 1, where [M] is
the entire part of M, and, so, there exist (z;) i—o% C X such that zg = x,
zp =y and d(z;,x41) < 1, for every i € {0,...,k}. Thus X is uniformly
1-chainable.

We will prove now that (B*(X),h) is not 1-chainable. We consider
the following two closed bounded sets of X : A = {e;} and B = X. We
assume that there exist the closed and bounded sets {4;};,_g7; such that
Ay = A, A,, = B and h(Ai’Ai—‘rl) < 1, which implies d(Ai’Ai+1) < 1 and
d(Ait1,A4;) < 1, for every i € {0,...,m —1}. For i = 0 : d(e1, A1) < 1
implies d(e1,xz) < 1, for every z € Aj. Thus A; C [ej,ez]. For i = 1 :
d(A1, A2) < 1 implies the existence of y, € Aj such that d(x,y,) < 1, for
every x € Ap. Thus Ay C [e1, e2] U [e,e3].

Inductively, one can prove that A; C (JI_;[e;, €i1], for every j € {1,...,
m—1}. Then h(Ap—1, Am) = h(Apm-1, X) = oo since for © € [em+k, €mtk+1)
C X we have that inf,c4,, , d(z,y) > k which implies:

MX,Ap—1) > d(X, A1) = sup inf d(x,y) >k
2EXYEAm—1

Since this is true for every k € N*, we have that h(X, Ay,—1) = c0. So
(B*(X), h) is not 1-chainable.

Definition 2.3. A function ¢ : [0,00) — [0, 00) is called a comparation
function if it is an increasing, continuous to the right function satisfying
o(x) < z, for every x € (0,00).

Remark 2.3. Let ¢ : [0,00) — [0, 00) be a comparation function. Then,
for every nonempty bounded set A C [0, 00), we have sup ¢(A) < ¢(sup A)
and inf p(A) = p(inf A).

Definition 2.4. We give some contractive-type conditions. For a func-
tion f: X — X we consider the following conditions:
(1) a-contraction condition: there exists a € [0, 1) such that for z,y € X

we have d(f(z), () < ad(z,y).

(2) e-locally contraction condition (where € > 0): there exists o € [0,1)
such that for z,y, € X with d(z,y) < e we have d(f(z), f(y)) < ad(z,y).
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(3) @-function for a comparation function ¢: for any z,y € X we have

d(f(x), f(y)) < p(d(z,y)).

(4) (&, ¢)-function for a comparation function ¢ (where e > 0): for every
x,y € X such that d(z,y) < € we have d(f(z), f(y)) < ¢(d(z,y)).
contractive: for every z,y € X, x # y we have d(f( ), fly)) <

non-expansive: for every x,y € X we have d(f(x), f(y)) < d(zx,y).
(7) strong Meir-Keeler: for each 0 < n there is § > 0 such that for
z,y € X with d(z,y) <n+ ¢ we have d(f(x), f(y)) <n.
(8) strong e-locally Meir-Keeler (where € > 0): for each 0 < n < ¢ there
is 0 > 0 such that for z,y € X with d(x,y) < n+46 we have d(f(z), f(y) < 7.

5)
d(z,y).
6)

)

Remark 2.4. a) Condition (1) is equivalent with condition (2) satisfied
for every € > 0.

b) Condition (3) is equivalent with condition (4) satisfied for every ¢ > 0.

c¢) Condition (7) is equivalent with condition (8) satisfied for every ¢ > 0.

d) Every strong Meir-Keeler function is a ¢-function for a comparation

function ¢ : [0,00) — [0,00), ¢(r) = sup{d(f(z), f(y))| d(z,y) <r}.

Definition 2.5. A family of functions (f;)icr , fi : X — X is said to
be uniformly strong Meir-Keeler, if for every n > 0 thereis § > 0 and A > 0
such that, for z,y € X with d(x,y) < n+0, we have d(fi(z), fi(y)) < n—A,
for every i € I.

Definition 2.6. A family of functions (f;)ier , fi : X — X is said to
be uniformly strong e-locally Meir-Keeler, if for every n € (0, €) there is
d > 0 and A > 0 such that for z,y € X with d(z,y) < n+ ¢ we have

d(fi(z), fi(y)) <n— A, for every i € I.

Theorem 2.1. Let (X, d) be a complete metric space and S=(X, (fi)ker)
be an (IIFS) on X and Fs : B*(X) — B*(X) is the function defined by
Fs(B) = U;e; fi(B), for every B € B*(X). Then the followings are true:

1) If the function fi is a contraction for every k € I such that ¢ =
sup;cr Lip(fi) < 1, then Fs is a contraction with Lip(Fs) < supgc; Lip(fx)-

2) If the function fy is e-locally contraction for every k € I such that
¢ = sup;er Lip(fi) < 1, then Fs is a e-locally contraction with Lip(Fs) <
supye; Lip(fi)-

3) If the function fy is p-function for every k € I, for a comparation
function ¢, then Fs is a @-function.
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4) If the function fy is (g, p)-function for every k € I, for a comparation
function @, then Fs is a (e, ¢)-function.

5) If the function fy is contractive for every k € I, then Fs is non-
eTpansive.

Proof. 1) Let A, B € B*(X). Then:

h(Fs(4), Fs(B)) = h(J fi(A), | £i(B)) = n(J £:(4), | £:(B))

el el il il

<suph(fi(A), fi(B)) < sup(Lip(f;) - h(A,B)) = c¢- h(A, B), with ¢ < 1.
el iel

So Fyg is a contraction with Lip(Fg) < ¢ = sup;cy Lip(fi) <1
2) The point 2) is a particular case of 4).
3) Let A, B € B*(X). Then:

h(Es(4), Fs(B)) = b fi(A), | £:(B)) = h(J £:(4), | £:(B))

i€l i€l el el
< sup h(fi(A), fi(B)) = Sup max{d(fi(A), fi(B)),d(fi«(B), fi(A))}.
But
d(fi(A), fi(B)) —igg;nf d(fi(z), fi(y)) < Z‘é%nf e(d(z,y))
= gsclelgso(ymf d(z,y)) < w(iggggﬁg d(z,y)) = ¢(d(A, B)).

Similar, d(f;(B), fi(A)) < ¢(d(B, A)). Thus, because ¢ is increasing we
have

h(Fs(A), Fs(B)) < Sg?maX{w(d(A, B)),p(d(B, A))}
= p(max{d(4, B)),d(B, A)}) = ¢(h(A, B)).
4) Let A, B € B*(X) such that h(A, B) < e. We will prove that
h(Fs(A), Fs(B)) < ¢(h(A, B)).
We have that

h(Fs(A), Fs(B)=h( fi(A), | fi(B)=h({ f:(4), | fi(B))

icl icl iel iel
< su? h(fi(A), fi(B))
1€

—Sup{max{sup inf d(fi(z), fi(y)); sup inf d(fi(x), fi(y))}}.

iel reBYEA
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Because h(A, B) < £ we have that

max{sup inf d(z,y);sup inf d(x y)} <e.
zeAYEB rcBYEA

This means that sup,c 4 infyepd(z,y) < € and sup,cpinfyead(z,y) < €
or, infycpd(z,y) < e,Vz € A and infycad(z,y) < e,Yo € B. Thus, for
every x € A, there is an y, € B such that d(z,y,) < e. So d(f(x), f(yz)) <
(p(d(l’, ya?)) and infyeB d(f(x)a f(y)) < innyB;d(x,y)Qs d(f<x)7 f(y)) <
infyepg(zy)<e P(d(x,y)) < infyep p(d(z,y)), for every x € A. This implies
that sup,e s infyep d(f(z), £(3)) < Supyes fyen p(d(z,y)).

In the same way, we get that infyca d(f(z), f(y)) < infyea (d(z,y)),

for every x € B and sup,cpinf,ca d(f(z), f(y)) < sup,cpinfyca (d(z,y)).
Thus we have the followings:

h(Fs(A), Fs(B)) = Sup{max{sup inf d(fi(2), fi(y)); sup Jnf d(fi(x), fi(y))}

el
< sup{max{sup mf o(d(z,y)); sup 1nf go(d( y)}
el z€EAYE zeBYEA

Hence

h(Fs(A), Fs(B)) < sup{max{p(sup inf d(z,y)); p(sup inf d(x y))}

iel reAYEB zeBYEA

< sup p(max{sup inf d(z,y); sup inf d(z,y)})
i€l zeAYEB BY€EA

= sup ¢(h(A, B)) = ¢(h(4, B)),
K3

which completes the proof.
5) If fi is contractive then Lip(f) < 1. But from point 1) Lip(Fg) <
suppcr Lip(fi) < 1 and thus Fg is non-expansive. O

Remark 2.5 ([21, 22]). In the case when X is compact we have the
following results:

a) If fi is contractive for every k € I, then Fg is contractive.

b) If fi is contractive for every k € I and I is finite, then f; is a ¢-
function with common comparation function for every k € I.

c¢) The same results also hold on Atsuji spaces. For more details, one
can see [12].

Lemma 2.3 ([21, 22]). Let A,B € B*(X). Then for each v > 0 and
a € A there exists b € B, such that d(a,b) < h(A, B) + 7.
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Theorem 2.2. Let (X, d) be a complet space, S = (X, (fi)icr) an (IIFS)
and the fractal operator Fs : B*(X) — B*(X) is the function defined by
Fs(B) = U fi(B), for every B € B*(X). Then the followings are true:

1) If the family of functions (f;)icr is uniformly strong Meir-Keeler, then
Fs is a strong Meir-Keeler function.

2) If the family of functions (f;)ier is uniformly strong e-locally Meir-
Keeler, then Fs is a strong e-locally Meir-Keeler function, € > 0.

Proof. 1) is equivalent to 2) satisfied for every £ > 0.

2) Let ¢ > 0 and 0 < 7 < e. Then there exists § > 0 such that
for every z,y € X such that d(z,y) < n+ 0, we have d(fi(z), fi(y)) <
n— Ae). Let A,B € B*(X) and v > 0 such that h(A4,B) +v < n+ 0.
We will prove that h(Fs(A), Fs(B) < n. We have that h(Fs(A), Fs(B)) =
hMUier fi(A),Uier fi(B)) = h(Uie; fi(A), Ue; fi(B))

Let z € ;e fi(A). Then there exists ¢ € I and x € A such that
z = fi(z). Using Lemma 2.3 there exists y € B such that d(z,y) <
h(A, B)+~ < n+4. Because d(z,y) < n+4, from the hypothesis we get that
d(f(2). fi(y) < 71— A(c). Then inf e d(fi(x), fi(w)) = d(z, fi(B)) < n -
A(e). Hence d(z,U;¢; f5(B)) < d(z, fi(B)) < n— A(e). As z was arbitrarily
chosen we have d(Uje] fi(A), Uje[ fi(B)) = SUDPzelJ;¢; £5(A) d(z, Uje] fi(B))
< n—A(e). Interchanging the roles of J < f;(A) and Ujer fi(B) we also ob-
tain that d(U,¢; fj(B),U;es fi(A4)) < n—A(e), and hence h(Fs(A), Fs(B)) <
n—Ae) <n. O

The following two results are well-known.

Theorem 2.3 ([22]). Let (X,d) be a complete metric space.

1) If f: X — X is a p-function, then f has a unique fized point o and,
for every xo € X the sequence (f™ (o)), is convergent to o and moreover
d(fM (o), @) < oM (d(20, ) = 0.

2) If f: X — X is a strong Meir-Keeler function, then f has a unique
fized point o and for every xo € X the sequence (fI" (o)), is convergent to
o and moreover d(fI™(xg), ) < " (d(xo, ) — 0.

Theorem 2.4 ([26]). Let (X,d) be a complete e-chainable metric space.

) If f: X — X is an (e,¢)-function, then f has a unique fized point
o and for every xg € X such that d(xo,a) < € the sequence (f"(x0)), is
convergent to a and moreover d(f" (x0), a) < o™ (d(zo,a)) = 0.

2) If f: X — X is a strong e-locally Meir-Keeler function, then f
has a unique fixed point a and, for every xy € X such that d(zg,a) < €
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the sequence (fI")(20))n is convergent to a and moreover d(f"(xg), o) <
" (d(0, @) — 0.

Now we can give the existence and uniqueness of the attractors of infinite
iterated function systems containing some contraction type functions.

Theorem 2.5. Let (X, d) be a complete metric space and S=(X, (fi)ier)
an (IIFS), where the family of functions (f;)icr is bounded and f; : X — X
are p-functions for every i € I. Then the function Fs : B*(X) — B*(X),
Fs(Y) = U, fi(Y) is an @-function and has a unique fized point.

Theorem 2.6. Let (X,d) be a complete metric space and S=(X, (fi)ier)
an (IIFS), where the family of functions (f;)ier is bounded and uniformly
strong Meir-Keeler. Then the function Fs : B*(X) — B*(X), Fs(Y) =
Uier fi(Y) is a strong Meir-Keeler function and has a unique fized point.

Theorem 2.7. Let (X,d) be a complete uniformly e-chainable metric
space and S = (X, (fi)icr) an (IIFS), where the family (f;)icr is bounded
and f; : X — X are (g1, @)-functions for everyi € I, with ey > ¢ > 0. Then
the function Fs : B*(X) — B*(X), Fs(Y) = U [i(Y) is an (e1,¢)-
function and has a unique fived point.

Theorem 2.8. Let (X,d) be a complete uniformly e-chainable metric
space and S = (X, (fi)icr) an (IIFS), where the family of functions (fi)icr
is a bounded and uniformly strong e1-locally Meir-Keeler, with €1 > ¢ > 0.
Then the function Fs : B*(X) — B*(X), Fs(Y) = U;e; fi(Y) is a strong
e1-locally Meir-Keeler function and has a unique fized point.

3. Connectedness of the attactors of (IIFS) formed by con-
traction type functions

In the next section we will prove sufficient conditions for attractors of
(ITFS) formed by contraction type functions to be connected. Some topo-
logical properties of the attractors of IFSs were studied in [9], [13], [19] and
[27]. Also, general aspects of topology can be found in [5]. Next, we will
turn our attention towards the connecteness of the attractors of IIFSs. For
the connectedness of the attractors of (IFS) we have the following important
result:

Theorem 3.1 ([11]). Let (X,d) be a complete metric space, S =
(X, (fr)g=1) be an (IFS) with ¢ = max;_15 Lip(fx) < 1 and A(S) the

attractor of S. The following are equivalent:
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1) The family (A;);_1 is connected where A; = fi(A(S)), for alli € I.
2) A(S) is arcwise connected.

3) A(S) is connected.

The following results give a sufficient condition for the connectedness in
the ITF'Ss’ case.

Theorem 3.2. Let (X, d) be a complete metric space and S = (X, (fi)icr)
an (IIFS), where the family (f;)ier is bounded and f; : X — X are ¢-
functions for every i € I. Let A(S) be the attractor of S and I; C I, for
every j € J such that:

D I=Ujeslj

2) Ujey Bj is connected, where Bj = A(S;) is the attractor of Sj =
(X, (Fier,)» Jor cvery j € J.

Then A(S) is a connected set.

Proof. Let Cy = (J;c; Bj and (Ch)n be a sequence of subsets of X
defined by C,, = Fs(Cy,—1), for every n € N* where Fs : B*(X) — B*(X),
Fs(B) = U;c; fi(B) for any B € B*(X). Then Fg is a ¢-function.

We will prove that C,, C Cp41, U,,>; Cn = A(S) and by induction that
C,, is connected for all n. From the basic properties of the connected sets
will result that A(S)is connected.

We prove by induction that Cy, C Cp41. Thus B; = Fs,(B;) C Fs(Bj),
for every j € J.

It results that Co = U,y Bj C Ujey Fs(Bj) C Fs(U ey Bj) = Fs(Co) =
Ci. Thus C C Cq = FS(C())

By induction, suppose that C,, C Cp4+1. It follows that Fs(C,) C
F3(0n+1). That is Cp41 C Chyo.

Let D = {J,,»; Cn. Because C,, = Fs(Cy,—1), for every n € N* we have
from Theorem 1.2 that C,, — A(S).

Let ng € N* and = € C,,. We consider the sequence (z,,)n>n, defined
by x, = x, for every n > ng. So, for every n > ng we have that z,, € C,,
because C,, C C,. Then from Proposition 1.1, point 4), z = limz, €
lim C,, = A(S). Because = was arbitrarily chosen in Cy,, we have that C,, C
A(S). Then D =J,~, C,, C A(S) and so D C A(S) = A(S), because A(S)
is closed. -

Now, let a € A(S). From Proposition 1.1, point 4), there exists (z,)n>1
such that =, € C,, C D = J,,»; Cy for all n € N* and z,, = a. Then

A(S) C D and it follows that A(S) = D.
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We prove now that C), is connected for all n. Cy = C is connected by
hypothesis. Suppose now that C,, is connected for a fixed n > 0. We have
Cni1 = User fi(Cn) = Co U (U fi(Crn)). To prove that Cy 1 is connected
it is sufficient to prove that Cp U (U, fi(Cr)) is connected, because the
closure of every connected set is connected. We will prove that CoN f;(C,,) #
(0, for all 7 € I.

Let i € I = [J;c;1;. It follows that there exists I(I) € J such that
i € Iy;). Because By, = A(Sy3)) C Co C Cy, for every i € I, it results
that fZ(Bl(z)) C fZ(Cn) But fZ(Bl(z)) C stl(i) (Bl(z)) = Bl(z) C Cy. Then
0 # fi(Bisy) C CoN fi(Cyp), for every i € I. Thus, we have proved that the
set Cp N f;(C,) is nonempty.

Because C), is connected it results that f;(C),) is connected and then
from Lemma 1.1, using the fact that Cy N f;(C},) is nonvoid, it follows that
Co U (Uier fi(Cr)) is connected. With this we have proved that Cpyq is
connected.

Hence, (1,59 Cn = Co and C,, are connected for every n € N. This
imply that D = |J,;»o Cn is connected ant so A(S) = D is connected. [

Corollary 3.1. Let (X, d) be a complete metric space and S=(X, (fi)ier)
an (IIFS), where the family (fi)ier is bounded and f; : X — X are o-
functions for every i € I. Let A(S) be the attractor of S and I; C I, for
every j € J such that:

D I=Ujes I

2) Bj is connected, where Bj := A(S;) is the attractor of S;=(X, (fi)ic1,),
for all j € J.

3) The family of sets (Bj)jer is connected.

Then A(S) is a connected set.

Proof. Since (Bj);c, is a connected family of connected sets, it follows
from Lemma 1.1 that Uje j Bj is connected. Therefore, by Theorem 3.2,
A(S) is connected. U

Corollary 3.2. Let (X, d) be a complete metric space and S=(X, (fi)ier)
an (IIFS), where the family (f;)ier is bounded and f; : X — X are -
functions for every i € I. Let A(S) be the attractor of S and I; C I, for
every j € J such that:

D I=Ujes 1L

2) I are finite for all j € J.
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3) The families of sets (fi(Bj))ic1, are connected, where Bj := A(Sj) is
the attractor of Sj = (X, (fi)ier;), for all j € J.

4) The family of sets (Bj);cy is connected.

Then A(S) is a connected set.

Proof. Since [; is finite then S; = (X, (fi)ier;) is an (IFS). Because
the family (fi(B;))ier; is connected where B; = A(S)) is the attractor of
Sj,then by Theorem 3.1 we have that Bj is connected. This is true for all
j € J, because j was arbitrarily chosen. Thus |J e Bj is connected and by
Theorem 3.2 A(S) is connected. O

Theorem 3.3. Let (X,d) be a complete uniformly e-chainable metric
space and S = (X, (fi)icr) an (IIF'S), where the family (f;)ier is bounded
and f; : X — X are (e1,p)-functions for every i € I, with e > & > 0. Let
A(S) be the attractor of S and I; C I, for every j € J such that:

D I=Ujes L

2) Ujes Bj is connected, where Bj = A(S)) is the attractor of S; =
(X.(fier))s for every j € J.

3) h(Bj, A(S)) < e, for every j € J.

Then A(S) is a connected set.

Proof. Let Cy = U;c; Bj and (Cp), be a sequence of subsets of X
defined by C,, = Fs(Cy,—1), for every n € N* where Fs : B*(X) — B*(X),
Fs(B) = U;c; fi(B) for any B € B*(X). Then Fg is a (e1, )-function.

We have that h(Co, A(S)) = M(U;es Bj, A(S)) < supje; h(Bj, A(S5))
e < e1. Then h(Cy, A(S)) = h(Fs(Cp), Fs(A(S))) < o(h(Ch, A(S)))
h(CO,A(S)) <e€1.

Suppose now that h(Cp, (A(S))) < o™ (h(Cy, A(S))) < &1 for some n €
N. Then h(Cy1, (A(S))) < h(Fs(Ca), Fs(A(S))) < w(l)(h(Co, A(S)))) =
e (h(Cy, A(S))) < w(e1) < e1. Thus, h(Cp, (A(S))) < &1 for all n € N
and h(C,, (A(S))) < o™ (h(Cy, A(S))) — 0. Hence C,, — A(S). From now
on, similar to Theorem 3.2, one can prove that C,, C Cy41, ,;>1 Cn = A(S)
and C,, is connected for all n € N and that completes the proof. O

<
<

Corollary 3.3. Let (X,d) be a complete uniformly €1 -chainable metric
space and S = (X, (fi)ier) an (IIFS), where the family (f;)ier is bounded
fi: X = X are (€1, p)-functions for every i € I, with 1 > ¢ > 0. Let A(S)
be the attractor of S and I; C I, for every j € J such that:

1) I= UjeJIj'
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2) Bj is connected, where Bj:=A(S;) is the attractor of Sj=(X, (fi)ie1;)
for all 3 € J.

3) The family of sets (Bj)jes is connected.

4) h(Bj, A(S)) < e, for every j € J.

Then A(S) is a connected set.

Proof. Because (Bj)jcs is a connected family of connected sets, it
follows from Lemma 1.1 that | ey Bj is connected. Therefore, by Theorem
3.3, A(S) is connected. O

Corollary 3.4. Let (X,d) be a complete uniformly e1-chainable metric
space and S = (X, (fi)ier) an (IIFS), where the family (f;)icr is bounded
fi: X = X are (1, ¢)-functions for every i € I, with €1 > & > 0. Let A(S)
be the attractor of S and I; C I, for every j € J such that:

1) 1= Uje] 1.

2) I; are finite, for all j € J.

3) The families of sets (fi(B;))ic1;, are connected, where Bj := A(S;) is
the attractor of Sj = (X, (fi)ier;), for all j € J.

4) The family of sets (Bj)jecy is connected.

5) h(Bj, A(S)) < e, for every j € J.

Then A(S) is a connected set.

Proof. Since I; is finite then S; = (X, (fi)ier,) is an (IFS). Because
the family (fi(B;))ies, is connected, where B; := A(S;) is the attractor of
S;, then by Theorem 3.1 we have that B; is connected. This is true for all
j € J, because j was arbitrarily chosen, thus Uje j Bj is connected and by
Theorem 3.3, A(S) is connected. O
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