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1. Introduction and preliminary

Regularity is a very important continuity property. It connects measure
theory and topology, approximating general Borel sets by more tractable
sets, such as compact and/or open sets.

In the last years, many authors studied different problems and appli-
cations of continuity properties, especially regularity, in order to obtain
Alexandroff and Lusin type theorems, in convergence problems for Cho-
quet integrals (see DINCULEANU [3] for real normed space-valued measures,
BELLEY and MORALES [2], ASAHINA, UCHINO and MUROFUSHI [1], JIANG
and SuzUKI [14], PAp [23], HA and WANG [12], L1 and YAsuDA [19], Li,
YASUDA and SONG [20], NARUKAWA [21], NARUKAWA, MUROFUSHI and
SUGENO [22], SONG and L1 [28], WU and HA [29], WU and Wu [30] for
fuzzy measures, KAWABE [15-18] for Riesz space-valued measures etc.).
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In the set-valued case, different results were obtained by Guo and
ZHANG [11], GAVRILUT [4-9], PRECUPANU [24, 25], PRECUPANU, GAVRILUT
and CROITORU [26], PRECUPANU and GAVRILUT [27], ZHANG and Guo [31],
ZHANG and WANG [32] and many others).

In this paper, we continue the study [10] concerning different abstract
regularities in Hausdorff topology for fuzzy (i.e., monotone) set multifunc-
tions. The relationships among these types of regularity and other proper-
ties of continuity (such as, increasing/decreasing convergence, (S)-fuzziness,
order continuity) are presented and a set-valued Alexandroff type theorem
is obtained.

2. Terminology and notations

Let T be an abstract set, C a ring of subsets of T\, X a real normed space
with the origin 0, Po(X) the family of all nonvoid subsets of X, Ps(X)
the family of closed, nonvoid sets of X, Pp(X) the family of all bounded,
closed, nonvoid sets of X and h the Hausdorff pseudometric on P (X).

By [13], h(M,N) = max{e(M,N),e(N, M)}, for every M, N € P¢(X),
where e(M, N) = sup,cy, d(xz, N) is the excess of M over N. On Pys(X),
h becomes a metric.

We denote |M| = h(M,{0}), for every M € P¢(X).

If X is complete, then the same is Pr(X). We observe that e(N, M) =
h(M,N), for every M, N € P¢(X), with M C N. Also, e(M,N) < e(M, P),
for every M, N, P € Py(X), with P C N and e(M, P) < e(N, P), for every
M,N,P € Ps(X), with M C N. We denote by N the set of all naturals,
by R the set of all real numbers and by Ry the set [0,00). Also, by cA we
usually mean T\ A, where A C T.

Let us first recall from [10] the following notions:

Definition 2.1. A set multifunction p : C — P¢(X) is said to be:

I) increasing convergent (with respect to h) if limy, o0 h(p(Ay), (A))=0,
for every increasing sequence of sets (A4;,)n,enCC, with A, A € C.

IT) decreasing convergent (with respect to h) if lim, o0 h(p(Ay), u(A)) =
0, for every decreasing sequence of sets (A;,),enCC, with A, A € C.

III) i) fuzzy (or, monotone) if u(A)Cu(B), for every A, BEC, with ACB.

ii) fuzzy in the sense of Sugeno (briefly, (S)-fuzzy) if it is fuzzy,
increasing convergent, decreasing convergent and p(0) = {0}.
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IV) ezhaustive (with respect to h) if lim,_,~ |(Ay)| = 0, for every pair-
wise disjoint sequence of sets (A4, )nen C C.

V) order continuous (with respect to h) if lim, o |p(A4y)| = 0, for every
sequence of sets (Ap)nen C C, with A, N\ 0.

VI) autocontinuous from above if for every A € C and every (B )nen C C,
with lim, o [(By)| = 0, we have lim,, oo h(u(A U By,), u(A)) = 0.

VII) wuniformly autocontinuous if for every A € C and every € > 0, there is
d(e) > 0 so that for every B € C, with |u(B)| < d, we have h(u(A U
B).u(A)) <.

VIII) i) null-additive if p(AU B)=p(A), for every A, BEC, with pu(B)={0}.

ii) null-null-additive if u(A U B) = {0}, for every A, B € C, with
u(A) = u(B) = {0}.

IX) single asymptotic null-additive if for every A € C with u(A) = {0}
and every sequence (By)neny C C, with lim,,_,~ |1(By)| = 0, we have
limy, 00 |(A U By,)| = 0.

X) asymptotic null-additive if for every sequences (A )nen, (Bn)nen C C,
with limy, oo [(Ap)| = limy, 00 [1(By)| = 0, we have lim,,_, o0 [1( A, U
B,)| =0.

All over the paper, unless stated otherwise, p : C — Py(X) is supposed
to be a fuzzy (i.e., monotone) set multifunction, with p(0) = {0}.

We shall need the following notions and results from [10]:

Definition 2.2. We say that u has the pseudometric generating property
(briefly, PGP) if for every € > 0, there is 6(¢) > 0 so that for every A, B € C,
with |u(A)| < § and |pu(B)| < J, we have |u(AU B)| < e.

Definition 2.3. i) A double sequence {Ay 5} (mnyen2 C C is called a
p-requlator if:

(R1) Amn D Ay, whenever m,n,n’ € N and n < n/;

(Ry) (Mg Amn) = {0}, for any m € N.
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ii) p is said to fulfil condition (E') if for any € > 0 and any p-regulator
{Am7n}(m7n)eN2 C C, there exists an increasing sequence {n; };en of naturals
such that (U2, Ain,)| < €.

Remark 2.4. i) If x4 is asymptotic null-additive, then it is single asymp-
totic null-additive. If u is single asymptotic null-additive, then it is null-
null-additive.

ii) If p is autocontinuous from above, then pu is asymptotic null-additive.

iii) If C is a o-ring and p is fuzzy, increasing convergent and autoconti-
nuous from above, then p has PGP.

iv) a) Any autocontinuous from above order continuous set multifunction
is increasing convergent and decreasing convergent.

b) Any decreasing convergent set multifunction is order continuous.
Consequently, if y is fuzzy and autocontinuous from above, then
w is (S)-fuzzy if and only if it is order continuous.

v) Let p be (S)-fuzzy. Then p fulfils condition (E’) if and only if it is
null-null-additive.

Let M, N C P(T) be two arbitrary nonvoid families of subsets of 7.

As we saw in [10], for the consistency of the following notions, one may
place itself in one of the following situations:

(i) T is a Hausdorff space, C is the Borel o-algebra B generated by the
open sets of T, M = F, the family of closed subsets of T' and N/ = D, the
family of open subsets of T" or M = K, the family of compact subsets of T’
and N = D;

(ii) T is, particularly, a locally compact Hausdorff space, C is By (res-
pectively, B()) - the Baire d-ring (respectively, o-ring) generated by compact
sets, which are Gy (i.e., countable intersections of open sets) or C is B
(respectively, B') - the Borel d-ring (respectively, o-ring) generated by the
compact sets of T, M = K and N' = D. Note that By C B, By C By,
B, c B and BC B

According to the usage of M and N, F and D or K and D, it will be
understood that we place ourselves, respectively, in the general situation,
situation (i)/(ii) or situation (ii) (we remark that in situation (i) we may
have F and D or K and D and in situation (ii) we may have K and D).
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We shall particularly study situation (i) when T is a locally compact
Hausdorff space.

Definition 2.5. I) A set A € C is said to be:

(i) Rmn-regular if for every € > 0, there are M € MNC,M C A and
N eNNC,N D A so that e(u(N), u(M)) < e.

(ii) Ra-regular if for every € > 0, there exists M € M NC,M C A so
that e(u(A), p(M)) < e.

(iii) Rar-regular if for every e > 0, there exists N € NNC,N D A such
that e(u(N), u(A)) < e.

(iv) Rj\/lN—regular if for every € > 0, there are M € MNC,M C A and
N eNNC,AC N so that [u(N\M)| < e.

(v) R\4-regular if for every € > 0, there is M € M NC,M C A so that
H(A\M)) < =

(vi) R)-regular if for every € > 0, there is N € N NC, A C N such that
H(N\A)) < e.

IT) p is said to be:

i) Rmn-regular (respectively, Raq-regular, Rpr-regular) if every set A €
C is Rypmn-regular (respectively, R -regular, Rpr-regular).

ii) R\, \~regular (respectively, R/, -regular, R),-regular) if every set A €
C is Rl y-regular (respectively, Iy -regular, R} -regular).

The reader is refered to [10] for various properties and remarks concern-

ing abstract types of regularity.

3. Set-valued Alexandroff type theorem

In this section, we establish different relationships among regularities and
other properties of continuity:

Proposition 3.1. Suppose T is a Hausdorff space.

i) If C is a o-ring and p is Ric-regular, then u is increasing convergent
on DNC.
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ii) If C is a 6-ring and p is Rp-regular, then p is decreasing convergent
on KNC.

Proof. i) Let (Dy),,D C DNC be so that D, / D. Obviously,
e(p(Dr), (D)) = 0, for every n € N. Because p is Ryc-regular, for every
e > 0, there is K € KNC,K C D so that e(u(D),u(K)) < e. Since
K c D = J;2, Dy, there is ng € N so that K C D,,. Consequently, for
every n > ng,

e(u(D), m(Dy)) < e(u(D), p(K)) + e(u(K), (D)) + e(1(Dng ), 1(Dn))
= e(u(D), u(K)) <e,

so h(u(D), u(Dy,)) < €, for every n > ng, which means that u is increasing
convergent on DN C.

ii) Let (Kp)n, K C KNC be so that K,, \, K. Obviously, e(u(K), u(K5))
= 0, for every n € N. Because u is Rp-regular, for every € > 0, there is
D eDNC,K C D so that e(u(D), u(K)) < e.

We demonstrate that there exists ng € N so that K C K,, C D. For
this, we suppose that K, NcD # (), for every n € N. Since K,, N ¢cD is
compact, for every n € Nand (}_; K;NeD = K,NeD # ), for every p € N,
then (2, K; NeD # 0. Consequently, 0 # (.2, KiNeD = K NeD = 0,
which is a contradiction. Then, for every n > ng,

e(u(En), p(K)) < e(u(En), p(Kny)) + (Ko ), (D)) + e(u(D), p(K))
= e(u(D), u(K)) <,

so, finally, h(u(Ky), u(K)) < e, for every n > ng, which says that u is
decreasing convergent on K NC. O

Remark 3.2. In the above theorem, C can be, for instance, the o-
algebra B or, if T' is, moreover, locally compact, in i) C can be the o-ring
B’ or B}, and in ii) C can be the d-ring B or By.

If Cis Bor B (By, respectively) - in case when T is locally compact and
i is Ry p-regular, then p is increasing convergent on D NC and decreasing
convergent on X NC.

In the following Alexandroff type result, we prove that, if, moreover,
is autocontinuous from above and R} -regular, then p is, moreover, order
continuous, hence increasing convergent and decreasing convergent on C,
not only increasing convergent on D N C/decreasing convergent on K N C.
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Theorem 3.3 (Alexandroff type theorem). If u: C — P¢(X) is auto-
continuous from above and Rj--regular, then p is order-continuous.

Proof. Let (A,), C C be such that A, 0.

Since p is Rj--regular, for every n € N, there is an increasing se-
quence (Kym)m C K NC so that for every m € N, K, ,, C A, and

Since limy, o0 |14(A1\K1,m)|=0, there is m; € N so that |pu(A1\K1m,)|<
51+ Because limy, o0 [14(A2\ K2, )| = 0 and p is autocontinuous from above,
limm_,oo h(,u((Al\Kl,ml)U(AZ\KZ,m)), H(Al\Kl,ml)) = 0, SO, there is mo €
N such that |1((A1\K1m, )U(A2\Ka,m,))| < h(p((A\K1m, )U(A2\K2m,)),
P(ANK L my ) + (AN K1 my )| < 57+ 52 Recurrently, there is an increasing

sequence of naturals (my)y so that for every p € N, |u(UV_; (A \K;m,))| <

P [

=1 92"

Since ;2 4i = 0, N2, Kim; = 0, so there is ip € N such that
Mil1 Kim; = 0. Consequently, for every i > o, [u(Ai)] < |u(Ai)| <
(Ui (A\Kim,))| < 3052 50 < €, 80 limy 50 [p1(A)| = 0 and this means
1 is order continuous. O

By Theorem 3.32 and Remark 2.4 iv), we get:

Corollary 3.4. If u : C — Py(X) is autocontinuous from above and
Rj-regular, then p is (S)-fuzzy.

_ Remark 3.5. In Theorem 3.3 and Corollary 3.4, C can be, for instance,
B, B, By, B’ or Bj etc.

Theorem 3.6. If C is a o-ring and p : C — Py(X) is decreasing con-
vergent, Ry -reqular and has PGP, then u is R;C’D—regular.

Proof. We observe that, since p is decreasing convergent, then, by
Remark 2.5 iv), p is exhaustive.

We suppose that, on the contrary, there exists Ag € C and g9 > 0 so
that, for every K € XNC and every D € DNC, with K C Ay C D, we have
n(D\K)| > <o.

We fix such arbitrary sets Ky and Dy.

Since p has PGP, then for ey > 0, there is Jp(e) > 0 so that for every
A,B € C, with |u(A)| < d and |p(B)| < do, we have |u(A U B)| < eo.
Because u is R —regular, for Do\ Ay there is C] € KNC so that C C Dy\ Ay
and e(4u( Do\ Ao), u(C})) < .



244 ALINA CRISTIANA GAVRILUT 8

Analogously, for Ag\ K, there is C{ € K NC so that CY C Ap\Kp and
e(u(Ao\Fo), 1(C1)) < .

We denote D1 = Dy\C7 and K1 = KoUCY. Then D1 € DNC, K1 € KNC
and K7 C Ag C D;p. Therefore, |u(D1\K1)| > €o. By induction we obtain
the existence of two sequences (C})nen, (C))nen C KNC of pairwise disjoint
sets such that for every n € N,C}, ., C D\ Ao, C,; C Ag\K, and

e(p(D\Ao), () < 2 el A\ K 1(Clar)) < -

Also, for every n € N, D11 = D,\C, ., Kny1 = K, UC) | and K,, C
Ay C Dy, so, |u(Dp\Ky)| > eo.

Since p is exhaustive, then lim, o |¢(C))| = limy, o0 |(C1)] = 0, so
there is ng(gp) such that |u(C),)| < %0 and |p(C)| < %0, for every n >
no(go). Consequently,

200

[1(Dig\Ao)| < e(1( Do \Ao), 1(Crig 1)) + 1(Crp)| < == < o,

280
[(A0\ g )| < €(i(A0\Eno )s 1(Crig 1)) + |1(Cir )| < == < o,
whence |u(Dpo\Kn,)| < €0, which is a contradiction. O

By Theorem 3.6, Remark 2.4 iii) and by Theorems 3.3 ii) and 3.5 i) from
[10], we get the following:

Corollary 3.7. If C is a o-ring and p : C — P(X) is (S)-fuzzy and
autocontinuous from above, then i) p is Ric-reqular < i) p is Rj--regular
& 111) p is R p-regular.

_ Remark 3.8. In Theorem 3.6 and Corollary 3.7, C can be, for instance,
B, B’ or Bj etc.
In what follows, we present two situations under which the entire space

T is Rj--regular (and, consequently, also, R} p-regular).

Theorem 3.9. If C is a o-ring, (T,d) is a complete separable metric
space and p: C — Pp(X) fulfils (E'), then T is Rj--reqular.

Proof. Let {t;}ren be a countable dense subset of T'. For every n, k € N,
we consider T, (t,) = {t € T;d(t,t;) < 1} and for every n,m € N, we denote
An,m = T\(UZL1 Tn(tk))-
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We observe that, for every n € N, A, ,, ~\, 0, so, since p fulfils (E’),

there is an increasing sequence (jp, )i C N so tnﬁ;toiimi_)oo l(UnZy Anga,)| =
0. For every i € N, we denote B; = (2, U?;Zl T,(tx). Obviously, for every
1 € N, B; is closed and totally bounded in the complete metric space T, so,
it is compact.

It remains to establish that lim; ,o [p#(T\B;i)| = 0. Indeed, since for
every i € N, T\B; = s> (T\ (U, Tu(te))) = U2y Anj,. . the conclusion
follows. O

By Remark 2.4 v) and Theorem 3.9, we obtain the following:

Corollary 3.10. IfC is a o-ring, (T,d) is a complete separable metric
space and p 2 C — Pr(X) is (5)-fuzzy and null-null-additive, then T is
Rj.-regular.

Theorem 3.11. If C is a o-ring, (T,d) is a locally compact separable
metric space and pi : C — Py(X) is Rp-regular, decreasing convergent and
fulfils condition (E'), then T is Rj--regular.

Proof. Since (T,d) is a locally compact separable metric space, then
T = U;2, Bn, where for every n € N, B, is a relatively compact, open
set. Since p is R'z-regular, then for every n € N, there exists an increa-
sing sequence (Fym)m C F NC so that for every m € N, F,,, C B,
and limy, o0 |t(Bp\Fn,m)| = 0. Because for every n € N, B)\F,;m  \

m—0o0
N1 (Bp\Fn,m) and p is decreasing convergent, then |u((,-_; (Bn\Fnm))|
=0, so, for every n € N, u((o-_1 (Bp\Fnm)) = {0}.

Since p fulfils (E’), for every n € N, there exists an increasing sequence
of naturals (my,); such that limy e [(UnZ; (Bn\Fnm,, )| = 0. For every
I € N, we denote Cp = T\(U,Z; Frnm,,,)- Then Cp € U2 (Ba\F,m.,, ), 80
limy 0 [(C)| = 0. Now, for every I, s€N we denote Cy s=T\(U, =1 Fnm., )-

Since for every | € N,C;, ~\, Cj and p is decreasing convergent, then for
5—00

every € > 0 and every [ € N, there is s(1)€N so that h(1(Cy s, 1)), #(C1)) <57
Since lim;_, |(C})| = 0, then

so(l)
Jim (T Fo )] = lim [(Crsoy)] = 0.

n=1
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For every [ € N, we denote R; = Uf{ill) Fom,,, - Evidently, limy o0 |0(T\Ry)| =

0. Since limy o0 |[(T\Ry)| < limy o0 [(T\Ry)|, then limy o0 [u(T\R;)| = 0,
where R; denotes the closure of R;. Also, for every | € N, we have R; C

Uf;ill) B, = UfLoz(ll) By, so Ry is compact. If (R;); is increasing, the proof

finishes. If (R;); is not increasing, for every p € N, we denote R]’D =U_; Ry.
Then for every p € N, (R;)p is an increasing sequence of compact sets and
limy oo [(T\R,)| < Ly soc [1(T\Ry)| = 0. O

Remark 3.12. In Theorem 3.9, Corollary 3.10 and Theorem 3.11, C
can be, for instance, B, and in Theorem 3.9 and Corollary 3.10, C can also
be B’ or Bj,.

By Remark 2.4 i), Theorem 3.9 and by Proposition 4.7 from [10], we
get:

Corollary 3.13. Suppose (T,d) is a complete separable metric space
and p 2 B — Py(X) is (S)-fuzzy and asymptotic null-additive. Then i is
Rz p-regular if and only if ju is Ry p-regular.

Also, by Remark 2.4 i), Theorem 3.11 and by Theorem 3.3 ii) and Propo-
sition 4.7 from [10], we have:

Corollary 3.14. Suppose (T,d) is a locally compact separable metric
space and 2 B — Pr(X) is (S)-fuzzy and asymptotic null-additive. Then
p is Ry p-regular if and only if p is Rjc p-regular.

By Remark 2.4 ii), Corollary 3.13, Corollary 3.14, Corollary 3.7 and
Remark 3.8 and also by Theorems 3.3 i) and 3.5 iii) from [10], we have:

Corollary 3.15. Suppose (T,d) is a complete separable metric space
or a locally compact separable metric space and p @ B — Pp(X) is (5)-
fuzzy and autocontinuous from above. Then 1) p is Ry p-reqular < i) p
18 R;QD—regular & 4it) p is R p-regular < iv) p is Rj--reqular < v) p is
Ryc-regular.

By Corollary 3.15, Remark 2.4 ii) and by Corollary 4.1 from [10], we
immediately have:

Corollary 3.16. In the conditions of Corollary 3.15, i) & i) < iii)
& ) & v) & i) pis Ry-reqular < vii) p is Ry-reqular.
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Theorem 3.17. Suppose C is the o-ring generated by a family S of
subsets of T and i : C = P¢(X) is null-null-additive and (S)-fuzzy.

If M =F (M = K, respectively), S C M and every set A € S s
Rp-regular, then p is R p-regular.

Proof. Let A={A €C;Ais R} p-regular}. We prove that A= C.

We observe that, since S C M and every set A € S is R,-regular, then
A is also R} p-regular, so S C A.

We demonstrate that A is a o—ring.

If Ay, Ay € A, there are two sequences (M), (M?2) C MN C and two se-
quences (D)), (D2) C DN C so that for every n € N, M} c Ay ¢ DL, M2 C
As C D2, limy, 00 lim|pu(DE\M})| = 0 and lim,, s |u(D32\M2)| = 0. By
Corollary 2.4 from [10] p is, equivalently, asymptotic null-additive, so we
also have lim,, o |u((DL\M})Up(D2\M?2))| = 0. Because for every n € N,
DI\M?2 e DN C, M}\D2 € Mn C, M}\D2 C A;\Ay C D.\M?2 and

((DRAMNMADR))] < (D \M,,) U p(DIAMS))],

then A1\ As € A.

Now, let (Ap), C A be so that A, ~ A. Since (4,), C A, then for
every n € N, there is an increasing sequence (M pm)m C MN C and a
decreasing sequence (D, m)m C PN C so that for every m € N, My, ,,, C
Ay, C Dy and limy, o0 |e( Dy \ M m)| = 0. For every n € N, we denote
Ny, = Nor—1(Dnm \ My ). Because for any n € N, (Dy, ,)m is decreasing
and (M, )m is increasing, then Dy, \ M, N\ N,. Since p is decreasing

m—00
convergent, we have limy, o0 A(pt(Dypm\Mp,m), t(Ny)) = 0. Because for
every n € N, limy, o0 [16(Dpm \Mym)| = 0 and for any m,n € N,

|1t(Nn)| < R (Drin \Mi,m) s p(Nn)) + [0 Dy \ M) |

by passing m to the limit, we have that for any n € N, |u(N,)| = 0, so

M(N n) = {O}
Consequently, because p is null-null-additive and (S)-fuzzy, then p fulfils
condition (E’), so, for each n € N, there is a sequence of naturals (k,); such

that limy o [(UpZi (Dnka, \ Mk, )| = 0.
Since for every [ € N,

{0} € w((|J P N Min ) € (| (D \Min 1))
n=1

n=1 n=1
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we get that lim oo [1((UnZ1 Dk, ) \(Uns Mak,, )| = 0. For every I € N,
we denote R = (U,Z1 Dk, )\(Upzy Mik,,) and for every p € N, we
denote i, = (UpZ1 Dk, ) \(Un=1 M1, ). So, we have limyo |11(Ry)] = 0

and for every I € N, S;,, ~\, R, hence, by the decreasing convergence of
pP—00

1, Ty R((S1), m(R1)) = 0.

Consequently, for every | € N, there is p; € N so that h(u(Si,,), n(Ry)) <
S. Because lim;_,o [1£(R)| = 0, then limy_,o |S;p,)| = 0. Finally, since for
every I € N, Uh_y Myg,, € UpZyAn = A C UpZy Doknys Unet Dk, €
DN C and -, Mk, € MNC, then A € A

Consequently, A is a o-ring, so, the conclusion immediately follows. [

Remark 3.18. With the notations from the above theorem, if:
(i) T is a metric space, C = B and & = F = M or

(ii) T is a locally compact Hausdorff space, C = B, S is the family of all
compact, Gs-sets of T'and M = IC and if pu : C — Py(X) is decreasing
convergent, then every set A € S is R,-regular.

Indeed, in both situations (i) or (ii), if A € S is arbitrary, there is a de-
creasing sequence (Dy), C DN C so that D, \, A. Because u is decreasing
convergent, by Example 3.12 ii) from [10], we get that A is R,-regular.

By Theorem 3.17 and Remark 3.18, we have:

Corollary 3.19. i) If T is a metric space and p : B — Pr(X) is (5)-
fuzzy and null-null-additive, then p is R’fp—regular.

it) If T is a locally compact Hausdorff space and p : By — Pp(X) is
(S)-fuzzy and null-null-additive, then y is Ry p-regular.

By Remark 2.4 ii) and iv), Corollary 3.19 i), Corollary 3.15 and Theorem
3.3, we get:

Corollary 3.20. Suppose (T, d) is a complete separable metric space or
a locally compact separable metric space and p : B — Py(X) is autoconti-
nuous from above. Then i) p is R p-reqular < ii) p is Rj p-reqular <
i17) p is Ry p-reqular < iv) p is R;é—regular &) s R;C—r,egular & i)
wis (S)-fuzzy < vii) p is order continuous.

By Theorem 3.3, Remark 2.4 iv) and Corollary 3.19 ii) and also by
Theorem ii) from [10], we have:
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Corollary 3.21. If T is a locally compact Hausdorff space and pu : B —
P(X) is autocontinuous from above, then u is R p-reqular if and only if
it is order continuous (if and only if it is (S)-fuzzy).

By Corollary 3.21, Corollary 3.7 and Remark 3.8, we get:

Corollary 3.22. Suppose T is a locally compact Hausdorff space and
p: By — Ps(X) is autocontinuous from above. Then i) p is (S)-fuzzy <
i1) W is order continuous < i) [ 1S R;QD—regular & iv) pis Rj-regular
< v) pis Ric-regular.

4. Concluding remarks

In this paper, the study of abstract regularity in the fuzzy set-valued case
is furthered in order to obtain concrete applications in problems concerning
continuity properties. Especially, a set-valued Alexandroff type theorem is
obtained.

We shall apply this study concerning abstract regularity in further re-
searches, for instance, in order to obtain an abstract set-valued Lusin type
theorem under classical measurability.
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