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1. Introduction

In the present paper we deal with a generalization of almost contact
metric manifolds, that is we consider Riemannian manifolds of dimension
2n + s equipped with an f-structure ¢ of rank 2n which has parallelizable
kernel, and is compatible with the Riemannian metric. We call them f.pk-
structures. They are also known as globally framed f-manifolds (cf. [13, 14]).
When certain conditions are satisfied we obtain more specific structures such
as almost S-structures and S-structures that are natural generalizations
of contact metric and Sasakian structures, respectively. There is a rich
bibliography regarding these objects on manifolds (e.g. cf. [1, 5, 11]).

One of the reasons of the study of such structures is that there exist
examples of even dimensional manifolds which are never Kéhler but still
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admit an S-structure. In fact, in [8] an S-structure on the 4-dimensional
manifold U(2) is constructed (cf. Example 3.1 of the present paper).

In the next section we recall some definitions and properties which will
be used later. The third section is dedicated to the study of the harmonic
vector fields on a compact S-manifold M?"*¢ while in the fourth section we
present some examples of harmonic 1-forms or vector fields on particular
compact S-manifolds, obtained using some results of [9]. In the fifth sec-
tion from certain properties of the harmonic 1-forms we get that the Ricci
curvature assumes strictly positive and strictly negative values. Finally, in
the last section we study properties of D-holomorphicity of vector fields
on f.pk-manifolds as well as some pertinent examples, generalizing many
results obtained in the contact case (cf. [4]).

All manifolds, maps, distributions considered here are smooth i.e. of
the class C*°; we denote by F(—) the algebra of differentiable functions
over the corresponding manifold and by I'(—) the set of all sections of the
corresponding bundle.

2. Preliminaries

Let M be a (2n + s)-dimensional manifold equipped with an f-structure
©, vector fields &1,...,& and 1-forms n',...,n° such that for all 4,5 €
{1,...,s}, n'(&) = 5;- and ¢? = —Id + PR 7’ ® &, from which it fol-
lows that ¢(&) = 0, n° o @ = 0. The set (M, ,&,n%), i € {1,...,s}, is
called an f-manifold with parallelizable kernel (shortly:f.pk-manifold). If
g is a Riemannian metric compatible with the structure, that is it sat-
isfies g(pX,0Y) = g(X,Y) — Y71 ' (X)n'(Y), for any X,Y € I(TM),
the set (M, p,&;,1',g) is called a metric f.pk-manifold. The distribution
D :=Im ¢ is clearly orthogonal to ker p = span{¢i,...,&}. With a metric
f.pk-manifold there is naturally associated the Sasaki 2-form defined for
each X, Y € I'(TM) by F(X,Y) := g(X,»Y) and the tensor N of type
(1,2) such that N := [p,¢] +2>"7 | dn' @ &, where [p, ¢] is the Nijenhuis
torsion of . When N = 0 we say that M is normal. Furthermore, we can
easily observe that using the Lie differentiation, the normality condition can
be written as

(2.1) (Lox)Y =@ (Lxp)Y) = =2 dn(X,Y)&.
=1
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The normality of an f.pk-structure is equivalent to the integrability of the
well known almost complex structure J on the manifold M := M x R®
defined, for each X = (X, ; a'0;) € T(TM), by:

S S S
(2.2) J(X,Yd'dy) = (X =) d'&, Y ' (X)9y),
i=1 i=1 j=1
where z!, ..., 2® are natural coordinates on R® and 9; = %. Hence, if X €

(D), i € {1,...,s}, then J(X,0) = (¢X,0), J(&,0) = (0,8), J(0,8;) =
(=&, 0).

Remark 2.1. It is well known (e.g. see [2]) that the normality condition
on an almost contact manifold implies the annihilation of certain tensor
fields N, NG N®_ In the more general case of f.pk-manifolds one can
prove that if (M, ¢, 7%, &;) is a normal f.pk-manifold, then the tensor fields
defined by N{*) (X, Y) = (Loxn')Y —(Loyn') X, N = Lo, N = Lep,
i,7 €{l,...,s}, X,Y € I'(TM), vanish. Finally, we remark that one can
also write:

(23) NP(XY) =247 (¢X,Y) - 247 (oY, X), NJ7(X) = 240 (&, X).

By definition, an almost S-manifold is a metric f.pk-manifold such that
ntA---An* AF™ # 0 (hence orientable) and, for each i € {1,...,s}, dn' = F;
furthermore a normal almost S-manifold is said to be an S-manifold.

On an S-manifold we have the following identities involving the Levi-
Civita connection V of g (cf. [5, 11])

(24) V& = —p, véz_scpv [Z,{Z]GF(D)
(2.5) (Vxo)(Y) = g(ep(X),0(Y))E+n(Y)*(X),

where i € {1,...,s}, £=>"0_1&, 1=>:.n, Z€ (D), X,Y € [(TM).

We recall that if a is a positive real number, by a D-homothetic de-
formation of constant a (cf. [6]) on a metric f.pk-manifold (M, ¢, &, 1%, g),
i € {1,...,s}, we mean a change of the structure tensors in the following
way:

~ . o~ 1 _ S .
(26)  $=¢ T=ay &G=-& G=ag+ala—1)Y 7 @n.
a s
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In [6], the following relationship between the Levi-Civita connections of g
and g has been proven on the almost S-manifolds

(2.7) aVxY=aVxY + (1-a) (D g(¢hiX,Y)&+a (7Y )X + (X)pY)).
=1

Here each h; = $L¢ 0, i € {1,..., s}, vanishes when & is Killing (cf. [5]).
In particular when M is an S-manifold all the h;’s are zero.

Looking at the Riemannian aspects of a metric f.pk-manifold, for the
curvature we adopt the definition Rxy := VxVy — VyVx — V[X,y} for
each X,Y € T(TM). We denote by R the Ricci tensor field and by R* the
Ricci operator defined by g(R(X),Y) = R(X,Y).

If T is a (0,2)-tensor field on M and 6 is a 1-form, we put 7'(6,0) =
T(Y,Y), where Y = 6. Let ¢ be a (1,1)-tensor. Since for any X € I'(TM),

g((0 0 ¢)f, X) = g(¢(X),0%) = —g(X, $(6")), then
(2.8) (00 )" = —¢(6")

and hence g(8 0 6,00 §) = g(6(6%), 6(6")).
For more details about Riemannian geometry and harmonic forms the-

ory we refer to [15, 12].

3. Harmonic vector fields on compact S-manifolds

We recall that a vector field X on a Riemannian manifold (M, g) is har-
monic if and only if X’ is a harmonic 1-form. Then we can adapt some
results on harmonic 1-forms proved in [9] to harmonic vector fields on a
compact S-manifold (M, p,&,n% g), i € {1,...,s}. In particular, we re-
call that for a harmonic 1-form w we have w(£) = 0 and w o ¢ is har-
monic too. Furthermore, for each i € {1,...,s} we have RF(&) = 2né.
Again from [9], we know that the space H! of the harmonic 1-forms on
a compact S-manifold M orthogonally decomposes as 7—[11F &) 7—[]13, where
HE = {>7_jain’ | >, a; =0} is an (s — 1)-dimensional vector subspace
and HY = {w € H! | w(&) =0, for all i} has even dimension since admits
the almost complex structure w — w o . It follows that the first Betti
number of a compact S-manifold has to be

(3.1) by =s—-1+k,

where k is a nonnegative even integer. Then b; cannot be zero if s > 2.
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Proposition 3.1. For any harmonic vector field X one has 7(X) = 0
and R¥(X) € T'(D).

Proof. We get X°(£) = 0, that is 7(X) = g(X,§) = 0. Furthermore,
9(RH(X), &) = 9(X, R¥(&)) = 9(X, 2n&) = 2nij(X) = 0. .

Proposition 3.2. Letay,...,as be real constants such that Zle a; =0.
Then, one gets a harmonic vector field putting

(3.2) X = iai&-
i=1

Proof. In fact, the 1-form Y7 ; a;n' = X"’ is harmonic. (]

We call a vector field defined as in (3.2) a foliate harmonic vector field.
On the other hand we call basic harmonic vector field a harmonic vector
field X such that n?(X) = 0 for each i € {1,...,s}. These names are related
to the foliation defined by ker ¢ (cf. [7]).

Remark 3.1. By a well-known result of de Rham, R¥(X)=(traceV2X)’
if X is a harmonic vector field. Then, for any foliate harmonic vector
field X = 27, a;i& we get traceV2X = RY¥X) = RIOD_ ai&i) =
(307, ai)2né = 0.

We denote by Hap (M) the vector space of the foliate harmonic vector
fields on M.

Proposition 3.3. For any firedi € {1,...,s}, the set {(&—&;) |i# j}
is a basis of Hap(M). Moreover, [X,X'] =0 for any X, X' € Hap(M).

Proof. Clearly each & —&;, 7 # j is a foliate harmonic vector field and
the linear independence of such s — 1 vector fields is immediate. Finally,
for X =37 | a& and X' = ijl b;&;, being a; and b; constant we get
(X, X') =377 i1 (aibjléis §5] + aidi(D))€; — bj€j(ai)&) = 0. O

Proposition 3.4. If X is a harmonic vector field, then pX is harmonic
too.

Proof. Since X is harmonic then X” o ¢ is harmonic. Hence, using
(2.8) we get that pX = o((X*)F) = —(X” 0 ¢)f is harmonic. O

The above results and the orthogonal decomposition H! = HL & HL
allows to obtain the following proposition.
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Theorem 3.1. Any harmonic vector field can be written in a unique
way as sum of a foliate harmonic vector field and a basic harmonic vector

field.

Remark 3.2. If X is a harmonic vector field, then ¢(X) and ¢?(X)
are harmonic and, since X = —?(X) + Y7 n*(X)& is an orthogonal
decomposition, we get that —p?(X) is the basic component of X. Hence
n'(X) is constant for any i € {1,...,s} and > ;_; n*(X) = 0.

Since D-homothetic deformations preserve the harmonicity of 1-forms
(cf. [9]), then we get the following:

Proposition 3.5. The harmonicity of vector fields is invariant under
D-homothetic deformations.

We end this section describing harmonic 1-forms and harmonic vector
fields on two examples of S-manifolds.

Example 3.1 ([8]). We consider the (4 = 2-1+2)-dimensional manifold
U(2) and its Lie algebra u(2) with basis X = F19 — E91, Y = i(E12 + E21),
& = 1B and & = —iEyy, where {Ej;}, i, € {1,2}, is the canonical
basis of M3(C). We consider the metric g such that the basis X, Y, &, &2 is
orthonormal, the 1-forms 7', n? dual to &, &, and we define a (1,1)-tensor
¢ by putting ¢(X) =Y, oY) = =X, ¢(&§&1) = ¢(&) = 0. Preserving
the same symbols, one extends all these data to U(2) by left-invariance
and one proves that U(2) = (U(2), ¢, &1, &,1%, 0%, g) is an S-manifold. It is
known that U(2) does not admit a K&hler or a symplectic structure; namely,
(cf. [8]), its Betti numbers are

(3.3) bp=1, b1 =1, by=0, bg=1, by =1.
We have the following:

Proposition 3.6. The space of the harmonic 1-forms on the S-manifold
U(2) is spanned by the 1-form m — n2 and the harmonic vector fields are
foliate and spanned by the vector field & — &s.

Proof. From (3.1), (3.3) we get 1 = s — 1+ k and then £ = 0. Hence
any harmonic 1-form on U(2) belongs to HL and is given by ain® + an?
with ai,a9 € R, a1 + as = 0. This proves the first assertion. Then, the
second follows immediately. U
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Example 3.2 ([1, 8]). The Hopf fibration 7 : $?"*1 — CP™. It is an
S'-principal bundle and the projection 7 is the Riemannian holomorphic
fibration with respect to the canonical Sasakian structure on S?"*! and
the Fubini-Study structure on CP". Let A : CP" — (CP")®, s > 2, be
the canonical diagonal immersion and E?"** the induced pull-back bundle.
Then the following diagram

E2n+s A (SZn—i—l)s

(3.4) o m)* |

cpr 2. (cpry

commutes. The (2n + s)-dimensional manifold E?"¢ inherits a structure
of f.pk-manifold from the toroidal bundle (m)* : (S?"*1)s — (CP™)*® via
the map A. It is proven in [1] that E?"*¢ is an S-manifold; moreover, it
is compact as diffeomorphic to S?**1 x (SY)*~1. In [8], it is shown that if
s is even, s = 2t, then by is odd, which implies that E*"*2! cannot carry a
Kahler structure for any values n,t € N*. In fact, the first Betti number of
E?"+5 is by = s — 1. In a similar way as in Example 3.1 we get the following

Proposition 3.7. The harmonic I1-forms on E*"t* are of the type
>l a;n’, i a; = 0. Moreover, all the harmonic vector fields are fo-
liate.

4. Curvature and harmonic 1-forms

BOCHNER proved ([3]) that if the Ricci curvature of a compact Rie-
mannian manifold is positive definite then there is no harmonic 1-form on
the manifold and the first Betti number has to be zero. Furthermore, he
proved that if the Ricci tensor of a compact oriented manifold is negative
definite then every Killing vector field must be parallel. Then the Ricci
curvature of a compact S-manifold cannot be positive definite since b; # 0.
Moreover, since the Killing vector fields &1, . . ., & are not parallel, then the
Ricci curvature cannot be negative definite. We will prove in this section
that the Ricci curvature of a compact S-manifold, s > 2, assumes strictly
positive and strictly negative values. The following Proposition relates the
curvature and the Ricci tensor fields of the metric g and the metric g of a
D-homothetic deformation of the given structure.
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Proposition 4.1. Let (M, ©0,&,n%9), i € {1,...,s}, be an S-manifold
and let (9,&;,7%,9) be an S-structure on M obtained with a D-homothetic
deformation of constant a. Then, we have:

RxyZ = RxyZ+ (1-a){i(Y)g(pX,0Z) —7(X)g(¢Y, ¢Z))E
(4.1) Fs(2F(X,Y)pZ + F(X, Z)pY — F(Y, Z)pX)
+(1+a)7(2)(1(Y)e* X — ii(X)$’Y)}

(4.2) ﬁ(X,Y) =R(X,Y) +25(1 — a)g(¢X, YY) — 2n(1 — a®)7(X)7(Y).

Proof. The following relationship between the Levi-Civita connections
can be obtained using (2.7)

(4.3) VxY = VxY + (1 —a)(@i(Y)e(X) + 7(X)e(Y)).

A long computation gives (4.1). Let now {E1,..., Eon, &1,...,&s} be a ¢-

basis. Then {E; = ﬁEl,...,Egn = ﬁEQn, G=1g,...6=1)isa

g-orthonormal @-basis, and using such a @-basis and (4.1) we get (4.2). O

Remark 4.1. In the notation of Proposition 4.1, if we fix a local or-
thonormal basis with respect to g, then the local expression of g is given

by
alsy, 0
0 a?l,)’

where Is, and I, are the identity matrices of order 2n and s, respectively.
Hence we have the relationship between the volume elements

(4.4) vy = /detg = a"" v,
The following result generalizes a result of TANNO ([20]).

Proposition 4.2. Let (M, p,&,1',9), i € {1,...,5}, be a compact S-
manifold. Then there is no harmonic 1-form w such that

(4.5) R(w,w) + 2sg(w o @, wo p) >0

and the inequality holds at least at a point of M.
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Proof. We suppose that there exists a harmonic 1-form w satisfying
(4.5) and such that the inequality holds at least at one point of M. Then

(4.6) / R(w,w) + 2s5g(w o ,w o p)rg > 0.
M

Thus there is € > 0 such that [,, R(w,w) + (25 — €)g(w 0 p,w 0 p)ry > 0.
We choose a € R such that 0 < a < 5, that is 25 — € < 25(1 — a) and then

(4.7) /MR(w,w) +2s(1 —a)g(wop,wop)yy > 0.

Let (@“,E,-,ﬁi,jq“) be the S-structure on M obtained with a D-homothetic
deformation of constant a. Since w is harmonic with respect to g, then
from (4.2) and w(€) = 0 we get R(w,w) = R(w,w)+25(1—a)g(wop,woqp).
Then by (4.4) and (4.7) we have that w is a harmonic 1-form with respect
to g such that [, R(w, w)vg =a"t* [, ﬁ(w,w)yg > 0, contradicting a well
known result of YANO and BOCHNER (cf. [25]). O

Now we prove a result that is, in our context, stronger than the Bochner’s.

Theorem 4.1. Let (M,,&,n',g), i € {1,...,s}, be a compact S-
manifold of dimension 2n + s, s > 2. Then there exist strictly positive and
strictly negative Ricci curvatures.

Proof. It easily follows from Proposition 4.2 that for each ¢t € R,
0 <t < s there exists no harmonic form w such that

(4.8) R(w,w) + 2tg(wo p,wop) >0

and the inequality holds at least at a point of M. Moreover, for each t € R,
0<t<s, R;:=R+2tg(¢—, p—) cannot be positive definite, otherwise the
first Betti number should be zero, a contradiction. Thus, for any ¢ € [0, s]
there exist a point z; € M and a vector X; € I'(D,,) with R}(X;, X;) <O0.
Hence, if we take t # 0, we have R(Xy, X;) < —2tg(Xy, X¢) < 0, proving
that there are strictly negative Ricci curvatures. Finally, (cf. [9]), for any
i € {i,...,s}, R(&,&) = g(R¥&),&) = 2n > 0 and this ensures the
existence of strictly positive Ricci curvatures. U
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5. Holomorphicity and f.pk-manifolds

Definition 5.1. A vector field X on a (2n+s)-dimensional f.pk-manifold
(M, p,&,n'),i€{1,...,s}, is said to be D-holomorphic if for each Y €T (T M)

(5.1) (Lxp)Y € T'(ker).

Moreover, we say that a distribution V is D-holomorphic if around each
point there is a local frame consisting of D-holomorphic vector fields.

Remark 5.1. Definition 5.1 means that for each Y € I'(T'M) the com-
ponent of (Lx )Y in D vanishes. Then the D-holomorphicity of any vector
field X is equivalent to po(Lx¢) = 0. Denoting by a;(X) the component of
(Lx¢)Y in the direction of §; and writing (Lx @)Y = >%_; a;(X)E; we have
ar(X) =n*((Lxe)Y) = n*([X, ¢Y]). Thus condition (5.1) is equivalent to
(Lx@)Y =20 ' ([X, 0¥,

By Remark 2.1 we get immediately:

Lemma 5.1. In a normal f.pk-manifold the vector fields &1,...,&s are
D-holomorphic and ker ¢ is a D-holomorphic distribution.

Proposition 5.1. If X is a D-holomorphic vector field, then [X,&;] €
I'(ker ). Moreover, [ X,(] € I'(ker ) for any ¢ € I'(ker ¢).

Proof. In fact (X, &]) = —(Lx¢)& = 0, as ¢§; = 0 and then, writing
¢ =201 16, we get [X, (] =370 (f'[X, &l + X(f)&) € Dkerp). O

Proposition 5.2. Let (M, ¢, &,n"), i € {1,...,s}, be an f.pk-manifold,
Ui, ..., U be D-holomorphic vector fields and X', ..., \" € F(M). Then the
vector field X =% ), XU, is D-holomorphic if and only if for each Y €
L(TM) we have > 5, ((9Y)(A¥)p(Ux) — Y (A*)p?(Uy)) = 0. Furthermore,
if the structure is normal, then any F(M)-linear combination of the &;’s is
D-holomorphic.

Proof. We get the claimed equivalence by applying ¢ to both the sides
of the identity (Cx )Y = Y5, (M (L0, 0) (V) (0¥ ) W)U, + Y (\F)p(U))
Furthermore, under the normality hypothesis, Lemma 5.1 ensures that any
F(M)-linear combination of the &;’s is D-holomorphic. O

We denote by holop(M) the set of the D-holomorphic vector fields on
a normal f.pk-manifold M.
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Proposition 5.3. holop(M) is a Lie subalgebra of T'(T M) and I'(ker )
is an ideal of holop(M).

Proof. With a direct computation, for each Y € I'(T'M), we get

(Lix,x10)(Y) = [X, (Lxe)(Y)] = (Lxo)([X,Y])
—[X' (Lx@) (V)] + (Lxe)([X', Y]).

X, X' being D-holomorphic, Proposition 5.1 implies (Lx,x1¢) (Y€l (ker ¢),
that is [X, X'] is D-holomorphic. Finally, for X = Y7, fi&; € I'(ker ¢) and
Y € holop(M), again Proposition 5.1 implies [X,Y] € I'(ker ¢). O

Proposition 5.4. Let (M, ,&;, 1) be a normal f.pk-manifold. If X is
a D-holomorphic vector field then X is also D-holomorphic.

Proof. The D-holomorphicity of X and (2.1) yield

(5.2) (Loxp)Y = —2 Z dn'(X,Y)&;,

foreach Y € I'(T'M). Hence, ¢ X is D-holomorphic. We observe that, owing
to the normality and using (2.3), we have 2dn'(X,Y) = 2dn*(pX,¢Y) =
—n'([¢X, ¢Y]), according to Remark 5.1. O

The condition ”D-holomorphic” for vector fields can be expressed using
an operator ”9” as it has been done for complex structures (e.g. [16]), and
Sasakian structures (cf. [4]). We define an operator 9 as follows X (Y) :=
%ap(VyX +¢Veoy X —¢(Vxe)Y). When M is normal, it is not difficult to
show, using Remark 2.1, that a vector field X is D-holomorphic if and only
if X is annihilated by 0.

The vanishing of X (V) when Y € T'(ker ¢), is equivalent to the fact
that the vector field X is an infinitesimal automorphism of the foliation F
defined by ker ¢. Therefore the main strength of the condition is on the
D-level.

Let us consider the splitting of the tangent bundle T'M = ker o ®D with
the natural projection w: T'M — D. In the subbundle D we can define a
Bott (adapted) connection VP which, for sections of D, is the restriction of
the Levi-Civita connection (e.g. cf. [21], p. 21)

vy — w[X, Z], for X € T'(ker ¢), Z €TI'(D),
X T\ 7(VxZ), for X eT(D), ZeT(D).
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Using the same formula we define the operator 9P for the connection V7.
Then for any X,Y € I'(D) we have 0P X (Y) = X (Y). From the folia-
tion point of view normal f.pk-manifolds are manifolds equipped with a
transversely Kéhler foliation defined by a locally free action of an abelian
Lie group (cf. [7, 10] and for the Sasakian case see [18, 23, 24]), i.e. the
foliation F determined by ker ¢ is defined by a cocycle U = {U;, fi, gi;},
where

1. {U;} is an open covering of M,
2. fi: U; — Ny are submersions with connected fibres,

3. gi; are local diffeomorphisms of Ny such that g;;f; = f; on U; N U;.

such that on the transverse manifold N = II; N;, where N; = f;(U;), there
are a Riemannian metric g and a complex structure J such that (N, g, J) is
a Kahler manifold and g;; its holomorphic isometries. Moreover, the sub-
mersions f; are Kéhlerian. Let V be the Levi-Civita connection of (N, g, J).

Let X and Y be two vector fields on some N;, and XP and Y7 their
D-lifts, respectively. These vector fields are infinitesimal automorphisms
of the foliation and P XP(Y?) = 9X(Y)P. Therefore we have proved the
following proposition:

Proposition 5.5. Let (M, p,&,n"), i € {1,...,s}, be a normal f.pk
manifold. Then a vector field X is D-holomorphic if and only it is an in-
finitesimal automorphism of the foliation and its transverse part projects to
a holomorphic vector field on the transverse manifold, i.e. it is a trans-
versely holomorphic vector field, cf. [17].

The following result regarding the manifold M = M x R?* equipped with
the almost complex structure J described in (2.2), relates holomorphicity
in the D- and in the classical sense.

Proposition 5.6. If X = (X, S0, a'd;) is a holomorphic vector field
on M = MxR?®, and M is a normal f.pk-manifold, then X is D-holomorphic.

Proof. One can easily check that for each i€{1,...,s} and YeI'(TM)
the following identities hold:

(5.3) (LgD)(0,0) = (-[X,&] =D 0ia7€;,) " &i(a?)d)).
=1 =1
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(5.4) (LgD)(Y,0) = ((Lxp)Y = > Y(a)&, Y vy),
i=1 j=1

where b = X(1(Y)) — (¢¥)(a?) — X5, 0°(Y) 22 — ni([X,Y]). Since
the holomorphicity of X means LszJ =0, by (5.4) we have (Lxp)Y =

o1 Y(a")¢;. Hence X is D-holomorphic. O

Theorem 5.1. Let X = (X, 21 a'd;) be a vector field on M, with M
a normal f.pk-manifold. Then X is holomorphic if and only if the following
properties are verified for each i,j € {1,...,s}, Y € I(TM)

(a) (Lxp)Y =05, Y(a))E;
(b) [X.&]+ 35, 9% = 0.

Proof. If X is holomorphic then (5.3), (5.4) imply (a) and (b). Vice
versa, we put §; in place of Y in (a) getting —p([X,&]) = 2274 &i(a?)E =0
and then §;(a’) = 0, which together with (b) implies (£5J)(0,0;) = 0 in
(5.3). Finally, putting ¢Y in place of Y in (a), we have (Lx¢)pY € I'(ker ¢)
so (Lxp)pY = i 7' ([X,¢*Y])&. Using also (b) we get (¢Y)(a') =
-0 ([X,Y]) — > -1 nj(Y)% + X (n'(Y)) that is b; = 0, which together
with (a) implies (£5J)(Y,0) =0 in (5.4). Hence X is holomorphic. O

Proposition 5.7. Let M be a normal f.pk-manifold, X € I'(ker p).
Then (X,0) is holomorphic on M if and only if n'(X) is constant, for any
i€{1,...,s}. In particular, each (&;,0) is holomorphic and each (0, %) is
holomorphic too.

Proof. Consider X € I'(ker ¢). Then X = Y7_; f%¢; is a D-holomorphic
vector field on M. We rewrite (a) and (b) of the above theorem for the vec-
tor field (X,0) on M, obtaining;

(a) & VY e (TM),Vi € {1,...,s5} o(Y)(f)) = 0;

(b) & Vi,je{l,...,s} &(f") =0. ' '

Then we apply the above theorem, observing that f* = n'(X). The last

assertion follows immediately since J(&;,0) = (0, 821) O
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6. Holomorphic vector fields on S-manifolds

Proposition 6.1. Suppose that M is an almost S-manifold and X is
a vector field on M. Then any two of the following conditions imply the
remaining

(i) (Lxg)(Y,Z2)=0,VY,Z e I'(D);
(ii) ix(dn') is closed for each i€ {1,...,s};
(7i1) X is D-holomorphic.

Proof. By the Cartan formula, since F' = dn! = --- = dn*, we have
(6.1) LxF =ix(dF)+d(ix F)=d(ix F).
Moreover, since for each X,Y,Z € I'(T M) we have
(6.2) (Lx9)(Y,0Z) = (LxF)(Y, Z) - g(Y, (Lx¢)7),
then by (6.1) we easily obtain the claim. O

Proposition 6.2. Let M be an almost S-manifold. If X € T'(D) is a
D-holomorphic vector field, then [X,&] =0 for anyi € {1,...,s}.

Proof. By Proposition 5.1 we know that [X,&;] € I'(ker ). If M is
an almost S manifold then V& = —p — ¢ o h; (cf. [11]) so that V¢, &, = 0.
Then we easily get that g([X,&], &) = n¥([X,&]) = 0. O
From now on we consider S-manifolds. Since the &;’s are D-holomorphic,
any foliate harmonic vector field is D-holomorphic too. Moreover, by Propo-
sition 3.3 we obtain that Hap (M) is an abelian Lie subalgebra of holop(M).

Example 6.1. We describe an S-structure on R?"** that generalizes
the classical Sasakian structure on R?"™! given by SASAKI (cf. [19]). We
put for each i € {1,...,s}

1 R 0
= — b *dx® = 2—
ni=g (dz gly dx > & 95
1

where (z1,... 2™ y!, ... y" 21, ..., 2%) are the natural coordinates of R?"+s.
We have dpt = =dn®* =Y"_, dx® Ady™, nt A+ An* A (dn')" # 0 and
dn'(&j,X) =0, for each 4,5 € {1,...,s}, X € [(TR?*"*). We put

- 7 7 1 . «@ @
g:=> n'on + > (da™)? + (dy™)*.
i=1 a=1
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We define the metric f—structure ¢ by giving its matrix with respect to the
canonical basis of vector fields of TR?"+5:

0 I, O
I, 0 0],
0 B0

where the (n, s)-matrix B is given by By = y*, a € {1,...,n},i € {1,...,s}.
Then F; = QaiylEn = 2%, En1 =255 +y'¢, ..., By =252 +y"€
span D, and {E1,...,E,,pE1 = Epi1,...,0E, = Fop,&1,...,8} is a ¢-
basis. We are going to give a characterization of D-holomorphic vector fields
on this structure.

Let us write any vector field X on R?"*¢ as
S ) n
(6.3) X =Y a6+ {8 E,+7"¢E,}.
i=1 o=1

Theorem 6.1. A vector field X on R*"*% is D-holomorphic if and only
if for any p,o € {1,...,n}, i€ {1,...,s}

(6.4) oBe o 06° n o oBe o0y

) 0zt 0zt 7 Oxr  Oyr 0 Oyp  OxP
Proof. With a direct calculation we get that 621- is D-holomorphic
and hence by Proposition 5.4 also E; = 2908(3:2‘ = _28%“ pkE; are all D-

holomorphic. Moreover, the vector field in (6.3) is D-holomorphic if and
only if the vector field Y. _, (ﬁ" E, —i—’y"cpEo) is D-holomorphic. We apply
Proposition 5.2 to the vector fields Fn,..., En,oFE1,...,pE, and get for
each vector field Y

n

> {@Y)(87) =Y (¥)pEs + (Y(87) — (¢Y)(v")) Es} = 0.

o=1

Hence we obtain (6.4) taking first Y = &;, and then Y = %. O
One can observe that the last two equations in (6.4) are the Cauchy-
Riemann equations referred to the basis {X; = pFE;, X,4; = —FE;, } of D.

Proposition 6.3. Let (M, p,&,1%,g), i € {1,...,s}, be an S-manifold.
A wector field X is D-holomorphic if and only if the following conditions
hold:
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(1) [VX,¢](Y) € T(ker o), for each Y € T'(D),
(ii) XP = (Ve X), for any i€ {1,...,s}.
Proof. Directly by (2.4) we have that for any Y € I'(T'M)
(6.5) (Lx@)Y = g(0X,0Y)E+ (V)" X — [VX, ¢](Y).

If X is D-holomorphic, for Y € I'(D), (6.5) immediately implies (i). More-

over, by Proposition 6.2 we have [ X, §] = 0 and then V¢, X = Vx& = —pX.

Applying ¢ we obtain (i), as X? = —p?X. Vice versa, (i) and (6.5) imply

o((Lxe)(Y)) = 0 for any Y € I'(D). Finally, (ii) implies (Lx¢)(&) =

—p(Vx& — Ve, X) = 92X + XP = 0. Hence, X is D-holomorphic. O
By a direct calculation we get the following;:

Lemma 6.1. LetV be an invariant distribution on an S-manifold M>"+s
and H the distribution orthogonal to V. Then for each X € T'(H), V € T'(V),
Z € I'(TM) we have

(6.6) 9(X, (Lve = Vvp)Z) = g(VuozX + V20X, V).

If V is a distribution on a Riemannian manifold, we denote by BY and
IV, respectively, the second fundamental form and the integrability tensor
field of the distribution V, i.e. for each V,W € T'(V), IV(V, W) = [V, W]*,
2BY(V,W) = (VyW + Vi V)*, where H is the distribution orthogonal
to V.

Proposition 6.4. Let V be an invariant distribution of an S-manifold
M such that ker ¢ CV and H be the distribution orthogonal to V. Then we
have the following identities, for any U,V € I'(V), i € {1,...,s}

(6.7)  2(BY(U,¢V)—BY(U,V)) = @IV(U,V)-IY(U,¢V)
(6.8) 2BY(U,&) = -1V (U,&)
(6.9) BY(pU.&) = BY(U,&)

Proof. We observe that under the hypotheses on V, we have dimV =
2p + s, as the restriction of ¢ to D NV is an almost complex structure.
Furthermore, the invariance of V implies the invariance of H; then denoted
by h : TM — H the natural projection we have ho y = ¢ o h. Hence by
(2.5) and a straightforward computation we get

2 (BY(U,oU) — BY(U,V))=h (Vv U — Vv U) =pI" (U, V) -1V (U, V).
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For proving (6.8) we apply (6.7) to & and obtain —2pBY (U, &) = oIY (U, &)
and then 2BY(U,&) + IV(U,&;) € T(kerp N H) = {0}. Finally, since
U € T'(V) we can substitute ¢U in place of U in (6.8) obtaining

(6.10) 2BY(pU, &) = IV (U, &;).

On the other hand applying ¢ to (6.8) and summing with (6.10) we obtain
BY(¢U, &) — ¢BY(U,&) = 3h ([&, ¢U] = ¢[&,U]) = h ((Lg;p)U) = 0. O

Proposition 6.5. Let V be an invariant D-holomorphic distribution of
a (2n + s)-dimensional S-manifold M such that kerp C V and H be the
orthogonal distribution. We denote by v: TM — V the natural projection.
Then for any X,Y € I'(H), Z € I'(T'M) we have

(6.11) V(V@2X+Vzg0X) =0
- 1
(6.12) PBY(X,Y) +9(X,Y)E = JI(X,9Y)
1
(6.13) B2 4 2(n —p)s = Z’IH|2'

Moreover, V is minimal.

Proof. For any vector field V' € T'(V), being V invariant, by (2.5) we
get

(6.14) 9(X, (Vvp)Z) = 0.

For any V € I'(V) we locally write V = >;_; fiU; with U; D-holomorphic.
Hence (Lv)(Z) = > i1 (f*(Lu,0)(2)— (0 Z)(f)Ui+ Z(f)¢U;) and, since
X € T'(H), we get g((Lve)(Z),X) = 0 which, together with (6.14) and
(6.6), implies g(V,zX + VzpX,V) = 0. Hence (6.11) follows.

Using (6.14), (2.5) once again and ‘H C D, we straightforwardly obtain
$9(I™M(X,0Y), V) = g(pB™(X,Y) 4+ g(X,Y)E, V) and hence (6.12). We
notice that for each i € {1,...,s}, n'(B*(X,Y)) =0, as V& = —¢; hence
B*(X,Y) € I'(D) and then |pBM(X,Y)| = |B*(X,Y)|. (6.13) follows,
since |¢|? = s.

By (6.7) we have 2 (BY(U, V) — ¢BY(U,V)) = v([U, V] = [U,¢V]) =
v((Lue)(V)) = 0, where U € I'(V) is D-holomorphic. Then we get
BY(pU, V) = —BY(U,V), for each U,V € I'(V), because BY(U,&;) = 0
and BY is a symmetric tensor field. Hence using a local D-holomorphic
¢-basis of V we get trace(BY) = 0, that is V is minimal. O
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We recall the Walczak formula in the case of a Riemannian manifold
with two orthogonal distributions V and H, cf. [22]:

1 1
divY (trace B™) +div* (trace BY) + Z\IV|2+ Z‘IHF: Smiz+|BY|?+|BM|?,

where Sz = Smiz(V, H) = Zj,a K(ej A fa), {e;}, € {1,...,dim(V)} and
{fa}, a € {1,...,dim(H)} are local basis of V and H respectively. In the
case of the S-manifolds we have:

Proposition 6.6. Let V be an invariant D-holomorphic distribution
of a (2n + s)-dimensional S-manifold such that kerp C V and H be the
orthogonal distribution. Then the Walczak formula becomes:

1
(6.15) divY (trace B™) + 2(n — p)s + Z|IV|2 = Spmiz 4+ |BY .

Proof. The identity follows from (6.13) and the minimality of V. O

Corollary 6.1. Let V be an invariant D-holomorphic distribution of a
(2n + s)-dimensional S-manifold such that ker o C'V and H be the ortho-
gonal distribution. If V is integrable and M is a compact leaf then:

(6.16) / smin — 25(n — p) + |BY2 = 0.
M

If, moreover, Spmir > 2s(n—p) each compact leaf is totally geodesic. Finally,
if Smiz > 2s(n — p), then there are no compact leaves.

Proof. Identity (6.16) follows by (6.15) and IV = 0. If 5., > 25(n—p)
then s, = 2s(n — p), |[BY|?> = 0 and M is totally geodesic. The last
assertion is obvious. ]

Corollary 6.2. In a (2n + s)-dimensional S-manifold we have
Smiz(ker ¢, D) = 2ns.

Proof. Since ker ¢ is integrable and totally geodesic with D as ortho-
gonal distribution, the Walczak formula becomes:

(6.17) div* ? (trace BP) + 2ns = spiz(ker ¢, D).

On the other hand trace BP = 0 and this completes the proof. U
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