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1. Introduction

Let G be a finite group. We define the function ¢(G) = >, o(a), where
o(a) denotes the order of a € G. The starting point for our discussion is
given by the papers [1, 2] which investigate the minimum/maximum of
on the groups of the same order.

Recall that the function v is multiplicative, that is if G1 and G, are two
finite groups satisfying ged(|G1|, |G2|) = 1, then ¥(G1xG2) = ¢¥(G1)yY(Ga).
By a standard induction argument, it follows that if G;, i =1,2,...,k, are
finite groups of coprime orders, then

This shows that the study of ¥(G) for finite nilpotent groups G can be
reduced to p-groups.

In the current note we will focus on the restriction of 1 to the class of
finite abelian groups GG. In this case we are able to give an explicit formula
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for ¥(G). We prove that abelian p-groups of a fixed order are determined
by this quantity and we conjecture that this happens for arbitrary finite
abelian groups. Other interesting properties of the function ¢ will be also
discussed.

Most of our notation is standard and will not be repeated here. Basic
concepts and results on group theory can be found in [3, 4]. For subgroup
lattice notions we refer the reader to [5].

2. Main results

As we have seen above, computing the sum of element orders of finite

abelian groups is reduced to p-groups. For such a group GG we can determine
1 (G) by using Corollary 4.4 of [6].

k
Theorem 1. Let G = X ZLpei be a finite abelian p-group, where 1 <
i=1
a1 <ag < ...<aqa. Then
o
V() =14 Y (07 i) (@) 1 o om0~ 1)),
a=1
where
ph=be, fO<a<ao
plh=etar, ifor <a<an

f(al,ag,...,ak)(a) =

prrtertetasfa g <a.

Remarks. 1. The function f
k

ar,az,..,a;) 11 Theorem 1 is increasing.

2. ( X Zpei) is a polynomial in p of degree 20y, + ap—1 + ... + .
=1

k
3. An alternative way to write ¢( X Lipei ) is
i=1

k ap—1

w( >< Zp%) _ p2ak+ak,1+...+a1 _ (p _ 1) Z p2af(a1’a27”"ak)(a)‘
a=0

i=1
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Theorem 1 allows us to obtain a precise expression of 1(G) for some
particular finite abelian p-groups G.

Corollary 2. We have:
2+l 4 q
) $(Zyn) =
b) ¥(Zy) =p" —p+1;
) Y(ZpXZp=2) = p" T2 —p" T 4 p" —p + 1
pRoztontd | p2aatant2 | plastartl | pBaat? oy
b+ D) +p+1) |
p2a3+a2+a1+1 +p3a2+a1+2 p3a2+a1+3 _ p4a1+3

©) V(Zpro Tyl p+1 pPP+p+1

d) Y(Zperllipes) =

)

p4a1+4 —1

pPH+pr+p+1
Given a positive integer n, it is well-known that there is a bijection
between the set of types of abelian groups of order p™ and the set P, =
{(z1,22,..c;xp) € N | &y > 29 > ... > zp, 21 + 22+ ... + T, = n} of
partitions of n, namely the map

k

k

X Zpei (with aq < ap < ... < oy, and Zai =n)— (ag,...,ar, 0,..,0 ).
i=1 i=1 R’_/
n—k positions

Moreover, recall that P, is totally ordered under the lexicographic order <,
where

1 =Yy Tm = Ym
(T1, 225 oy Tn)=(Y1, Y2, - Yn )& § and
Tmt1<Yma1 for some m € {0,1,...,n—1}.

Obviously, the lexicographic order induces a total order on the set of types
of abelian p-groups of order p™.

By computing the values of ¢ corresponding to all types of abelian p-
groups of order p?, p3 and p?, respectively, one obtains:
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o Y(Z3) =p' —p+ 1 <W(LpxZp) =p° —p* +P* —p+ 1 <P(Zyp)=
PP =P’ +pt =P+ —p+ 1
o Y(Z,) = p°—p+1 < P(Lplpye) = p°—p°+p* —p+1 < Y(ZpXLy2) =
PO —pt 40P —p+ 1 <(LpxZy)=p" —pP+p° —pt+pP —p+1<
(L) = p* = p" +p° =P +pt = pP+p* —p+ 1.
The above inequalities suggest us that the function ) is strictly increasing.

This is true, as shows the following theorem.
k T

X Zpgj be two finite

Theorem 3. Let Gi = >< Lpei and Go =
1 i1

1=
abelian p-groups of order p". Then

(*) ’Lﬁ(Gl) < 1/J(G2) <~ (Oék, a1, 0,...,0 ) =< (ﬂr, ..,f1, 0,...,0 )

n—k positions n—r positions

Proof. First of all, we remark that it suffices to prove (x) only for
consecutive partitions of n because P, is fully ordered.

Assume that (ag,...,aq,0,...,0) < (G, ..., 51,0, ...,0). We have to prove
P(G1) < ¥(G2) (notice that this inequality holds for the first two elements
of P,, by b) and ¢) of Corollary 2). Let s € {1,2,...,r — 1} such that
b1 =02 ="+--=Ps < Bst1. We distinguish the following two cases.

Case 1. 51 > 2

Then (ag, ..., 1,0, ...,0) is of type (B, ..., 82,61 — 1,1,0,...,0), i.e. k=
r+1, a1 =1, a0 = fp1 — 1 and o; = B;_1 for i = 3,4,...,r + 1. We infer
that f(aha%_’ak)('y) = f([glﬁ%_”ﬁr)(fy),ny > 1. One obtains

ﬁ'r_]-
$(Ga) = (Gr) =" = (p—1) > p? f5,, 85,80 (7)
v=0
ap—1
- pak-l-n + (p - 1) Z p2’y (a1,002,.ey ak)(’y)
v=0
B1—1
= (p — 1) Z pQ'y (f(al,ag,...,ak)<7) - f(ﬁl,b’g,...,,@r) (7))
v=1
B1—1

=(p-1) > p» (p(r—l)w _ p(r—1)7> > 0.
y=1
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Case 2. f1 =1

Then (ag, ..., 1,0, ...,0) is of type (B, ..., Bs+1—1, 81, Bi_1, -, 51, 0, ..., 0),
where Bsy1—1> B > f;_; > ...> ] >1and Bj+6]_+...+0] = s+1. We
infer that f(a, as,....an) (V) = f(81,82,...,8:)(V): V¥ = Bs41. So, we can suppose
that s =r—1,1ie. (ag,...,a1,0,...,0) = (B, — 1,8}, B;_1, ..., 1,0, ...,0). One
obtains

Br—1
Y(G2) —Y(Gr) =p” " — (p— 1) Z P Fi3r o) (V) — Pl g
v=0
where
Br—2
S= (p - 1) Z pQ’yf(Oél,CzQ,..,’ak)(fy) > 0.
v=0
Since

pr=r ifo<y <1

fi61.820m8) (V) = {pr—l, if1 <y,

it follows that

Br—1
P(Ga) = ¥(Gr) > pP T =P — (p— 1) Y P f5, 5,050 (V)
v=0
2 _ 2
_ pﬁr+n _ pﬁr+n*1 —(p—1) [1 _|_p7“1p2p]
pe—1
1
— Brn=1 (12 1) 4 rtl 2+1]>0'
P [p (P =p—1)+p"" —p
Conversely, assume that ¥(G1) < ¥(Gs3), but (ag,...,aq1,0,...,0) =
(Bry vy 1,0, ...,0). Then the first part of the proof leads to ¢(G2) < ¢(G1),
a contradiction. Hence (x) holds. O

Two immediate consequences of Theorem 3 are the following.

Corollary 4. Let n be a positive integer and G be an abelian p-group of
order p". Then the minimum value of ¥ (G) is obtained for G elementary
abelian, while the mazximum value of ¥(G) is obtained for G cyclic.

Corollary 5. Two finite abelian p-groups of the same order are iso-
morphic if and only if they have the same sum of element orders.
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Inspired by Corollary 5, we came up with the following conjecture, which
we have verified by computer for all abelian groups of order less or equal to
100000.

Conjecture 6. Two finite abelian groups of the same order are isomor-
phic if and only if they have the same sum of element orders.

In order to decide if two finite abelian groups G and G5 are isomorphic
by using the above results, the condition | G1| =| G2| is essential, as shows
the following simple example.

Example. We have Z2 % Z3 even if ¢(Z3) = ¢(Z3) = T.

This proves that the function ¢ is not injective, too. The surjectivity
of v also fails because I'm(v) contains only odd positive integers (notice
that in fact more can be said, namely: (G) is odd for all finite groups G).
Moreover, there exist odd positive integers not contained in Im(1)), as 5.

Finally, we observe that 1(G) is not divisible by |G| for large classes
of finite groups G, as p-groups, groups of order p"q (p,q primes) without
normal Sylow g-subgroups and groups of even order. More precisely, by
MAGMA we checked that there are only three types of groups of order at
most 2000 satisfying | G| | ¥(G) (the smallest order of such a group G is
105 and ¥ (G) = 1785 = 105 - 17) and these are not abelian. Consequently,
the study of this property for abelian groups seems to be interesting.

Theorem 7. There are finite abelian groups G such that ¥(G) =
0 (mod | GJ).

Proof. Let G = Z13xZ13%xZ23. We have | G| = 3887 and

V(G) = Y(Z13xL3)Y(Zag) = (13° — 13 + 1) 28 +1
= 13X 413 23) = 23+ 1
= 1107795 = 3887 - 285,
completing the proof. O

We end our note by indicating a natural generalization of ¥ (G), which
is obtained by replacing the orders of elements with the orders of elements
relative to a certain subgroup of G.

Open problem. Let G be a finite group. For every subgroup H of G,
we define the function

vr(G) =Y onla),

aeG
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where ogr(a) denotes the order of a € G relative to H (that is, the sma-
llest positive integer m such that " € H). Study the connections between
¥ (G) and the collection (Y (G))Hn<a, as well as the minimum /maximun of
{Yu(G) | H<G,|H|=n}, where n € N* is fixed.
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