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1. Introduction

A Riemannian manifold (M,g) with dimension (n > 2), is said to be
an Einstein manifold if the following condition S(X,Y) = Zg(X,Y’), holds
on M, where S and r denote the Ricci tensor and the scalar curvature
of (M, g) respectively. The notion of quasi-Einstein manifold was defined
in [6]. A non-flat Riemannian manifold (M, g), (n > 2) is defined to be a
quasi-Einstein manifold if the condition S(X,Y) = ag(X,Y)+8p(X)p(Y),
is fulfilled on M, where « and (3 are scalars of which 8 # 0 and p is non-zero
1-form such that g(X, ) = p(X) for all vector field X.

We call p the associated 1-form and ¢ is called the generator of the
manifold. In this paper we consider £ as a unit vector field.

In [4], CHAKI introduced super quasi-Einstein manifold, denoted by
S(QE), and gave an example of a 4-dimensional semi Riemannian super
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quasi Einstein manifold, where the Ricci tensor S of type (0,2) which is not
identically zero satisfies the condition

S(X,Y) =ag(X,Y) + BA(X)A(Y) +v[AX)B(Y) + A(Y)B(X)]
(1.1) L OD(X,Y),

where «, 87,0 are scalars such that 3,~,§ are nonzero and A, B are two
nonzero 1-forms such that g(X, &) = A(X) and ¢(X, &) = B(X), &1, &
being unit vectors which are orthogonal, i.e., g(§1,&2) = 0 and D is a symme-
tric (0,2) tensor with zero trace which satisfies the condition D(X,&;) = 0,
VX € x(M).

Here «, 3,7, d are called the associated scalars, and A, B are called the
associated main and auxiliary 1-forms respectively, &1, £ are called the
main and the auxiliary generators and D is called the associated tensor of
the manifold.

In [2], BHATTACHARYYA, TARAFDAR and DEBNATH introduced the no-
tion of mixed super quasi-Einstein manifold, denoted by M S(QFE), with
an example. A non-flat Riemannian manifold (M™,g), (n > 3) is called
mixed super quasi-Einstein manifold if its Ricci tensor S of type (0,2) is
not identically zero and satisfies the condition

S(X,Y)=ag(X,Y) + BAX)A(Y) + oB(X)B(Y)
(1.2) +v[AX)B(Y) + A(Y)B(X)] + 6D(X,Y),

where a, 3, 0,7, 0 are scalars such that (3, 0,7, are nonzero and A, B are
two nonzero 1-forms such that g(X, &) = A(X) and g(X, &) = B(X), &,
&2 being unit vectors which are orthogonal, i.e., g(£1,&2) = 0 and D is a
symmetric (0,2) tensor with zero trace which satisfies the condition D(X, &)
=0, VX € x(M).

Here «, 3, 0,7,0 are called the associated scalars, and A, B are called
the associated main and auxiliary 1-forms respectively, &1, &2 are called the
main and the auxiliary generators and D is called the associated tensor of
the manifold.

In [3], BHATTACHARYYA and DE introduced the notion of mixed gene-
ralized quasi-Einstein manifold with an example. A non-flat Riemannian
manifold is called mixed generalized quasi-Einstein manifold if its Ricci
tensor is non-zero and satisfies the condition

S(X.Y) = ag(X,Y) + Aw(X)w(Y) + yu(X)u(Y)
(1.3) + Sw(X)u(Y) + w(¥)u(X)],
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where «, 3,7, 0 are non-zero scalars, g(X, &) = w(X), g(X, &) = u(X) and
9(&1,&) = 0.

w, p are two non-zero 1-forms, &1, & are unit vector fields corresponding
to the 1-forms w and p respectively.

Let M be an m-dimensional, m >3, Riemannian manifold and p € M.
Denote by K(m) or K(U AV') the sectional curvature of M associated with
a plane section m C T, M, where {U,V'} is an orthonormal basis of 7. For
any n-dimensional subspace L C T,M,2 < n < m, its scalar curvature
7(L) is denoted by 7(L) = > 1, <, K(ei Aej), where {e1, ea,...en} is any
orthonormal basis of L ([8]). When L = T,M, the scalar curvature 7(L) is
just the scalar curvature 7(p) of M at p.

The well-known characterization of 4-dimensional Einstein spaces was
given by SINGER and THORPE in [8]. Later we have seen that the gene-
ralization of the characterization of 4-dimensional Einstein spaces was given
by CHEN in [5]. On the other hand, in [7] DUMITRU obtained the result
for odd dimensional Einstein spaces. Also these results (both even and odd
dimensions) were generalized to quasi Einstein manifold by BEJAN in [1].
From the above studies, as generalizations of quasi-Einstein manifold, we
give characterization of super quasi-Einstein manifold, mixed super quasi-
Einstein manifold and mixed generalized quasi-Einstein manifold for both
even and odd dimensions.

2. Characterization of super quasi-Einstein manifold
Theorem 2.1. A Riemannian manifold of dimension (2n+1) with n > 2
is super quasi-Einstein if and only if the Ricci operator () has eigen vector
fields &1 and & such that at any p € M, there exist three real numbers a, b
and c satisfying

7(P) +a=1(Pt); &, & €T,Pt,

T(N)+b=7(Nt); & €T,N,& € T,N*

T(R)+c=1(RY); & €TyR,& € TyRY,
for any n-plane sections P, N and (n41)-plane section R, where P+, N+ and
Rt denote the orthogonal complements of P, N and R in 7, »M , respectively,
and

2n—1

a={a+B+0[ > Dleie)+ Dleanit,emi1) — » Dlei,ei)]}/2,
1=n+1 =1
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2n+1 n—1
b={a—B+0[ D> Dleiei)— Y Dleie)l}/2
i=n+1 i=1
2n+1 ’
c:{é[z (e, ;) ZD ei,e)| — B —a}l/2,
1=n-+2

where «, 3, and 0 are scalars.

Proof. Assume M is a (2n+ 1)-dimensional super quasi-Einstein mani-
fold, such that

S(X,Y) = ag(X,Y) + BAX)A(Y) +~v[A(X)B(Y)

(2.1) +AY)B(X)]+6D(X,Y),
where «, 3,7,d are scalars such that 3,,d are nonzero and A, B are two
nonzero 1-forms. Also g(X, &) = A(X) and g(X, &) = B(X), &, & being
unit vectors of () which are orthogonal, i.e., g(§1,&2) = 0 and D is a symme-
tric (0,2) tensor with zero trace which satisfies the condition D(X,&;) = 0,
VX € x(M).

Let P C T, M be an n-plane orthogonal to &; and &2 and let {eq, ...e, } be
an orthonormal basis of it. Since &; and & are orthogonal to P, we can take
an orthonormal basis {€,1, ..., €20, €2,11} of P such that ey, = & and

ean+1 = o, respectively. Thus, {e1, ..., €, €nt1, ..., €241} is an orthonormal
basis of T, M. Then taking X =Y =¢; in (2.1) we can write

In+1 a+0D(ej,e), 1<i<2n-1
S(ei, ;) Z R(ej,ei e e;) =< a+ B, 1=2n
a+0D(&,8&), i=2n+1

By use of (2.1) for any 1 <i < 2n + 1, we can write

S(er,e1) = K(ex Ne2) + K(ex ANeg) + ... + K(e1 Aeap—1)
K(er N&) + K(er AN&) =a+0D(ep, er),

S(ea,e2) = K(ea Nep) + K(ea Aes) + ... + K(ea A ean—1)

K(ea N&1) + K(ea A &)

= a+ dD(ez,€39),

_l’_

_l’_

S(ean—1,€m—1) = K(ean—1 Ne1) + K(eap—1 A €2)
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o K(ean_1 A1) + K(ean_1 A &)
= a+6D(e2n-1,€2n-1),

S(é,&) =K Aer) + K(Er Aea) + ... + K(E1 A ean—1)
+ K& N&) =a+ 8,

S(&,69) = K(&a Ner) + K(éa Aes) + .. + K(€2 A ean1)
+ K (& N&1) = a+dD(&, ).

Adding first n-equations, we get

(2.2) 27(P) + Z K(e; Nej) =na+ 52 D(e;, €;).

1<i<n<2n+1 i=1

By summing up the last (n + 1) equation, we also get

2r(PH) + > K(e;Aej) = (n+1a+ 0
1<j<n+1<i<2n+1
2n—1

(2.3) +6 Y Dlei ;) + 6D (62, &2).
i=n+1

Then, by substracting the equation (2.2) from (2.3), we obtain

2n—1 n
r(PY)~7(P)={a+B+6[ 3 Dles,ei)+D(eansr, eans1)— Y Dleiei)]}/2.
i=n—+1 i=1

Therefore 7(P) + a = 7(Pt), where, a = {a + 8 + 5[2?2;% D(e;,e;) +
D(ean+1,€2n+1)— 1y D(es, €;)]}/2. Similarly, N C T,,M be an n-plane or-
thogonal to & and let {eq, ..., e,—1, €, } be an orthonormal basis of it. Since
&9 is orthogonal to N, we can take an orthonormal basis {e,, 11, ..., €2, €2n+1}
of N+ orthogonal to &, such that e, = & and eg,q1 = &9, respectively.
Thus, {e1, ..., €n, €nt1, ..., €20, €2n41} is an orthonormal basis of T, M. Then

taking X =Y =¢; in (2.1) we can write

ont1 a+6D(eje), 1<i<n
S<ei7€i): ZR(ejaeivei7ej): Oé+5, L=n
J=1 a+9dD(e,e), n<i<2n+1
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Now, by summing up the first n-equations, we get

n—1
(2.4) 27(N) + Z K(e; Nej) :na—i—ﬁ—l—(SZD(ei,ei).
1<i<n<j<2n+1 i=1

Then summing up the last (n + 1) equations, we also get

2n+1
(2.5) 27(N1) + Z K(e;Nej)=(n+1)a+6 Z D(e;,e;).
1<j<n<i<2n+1 i=n+1

Then, by substracting the equation (2.4) from (2.5), we obtain

2n+1 n—1
T(N') = 7(N)={a—B+0][ > Dleiei) — Y _ Dles ei)]}/2.
i=n+1 i=1

Therefore 7(N) + b = 7(N1), where, b = {a — 8 + 5[2?2:; D(e;,e;) —
S D(ei,e;)]}/2. Analogously, let R C T,M be an (n + 1)-plane ortho-
gonal to & and let {e1, ..., e, €41} be an orthonormal basis of it. Since &2
is orthogonal to R, we can take an orthonormal basis {e,+2, ..., €2, €2n+1}
of R+ orthogonal to &1, such that e,11 = & and es,11 = &, respectively.
Thus, {e1, ..., €n, €nt1, ..., €2n, €2n+1} is an orthonormal basis of T, M. Then

taking X =Y =¢; in (2.1) we can write

2n+1 a+dD(e;,e), 1<i<n
S(€i7ei) = Z R(ej’ei)eiaej) = OZ"‘B, 1=n-+1
= a+6D(eier), n+l<i<n+l

Now, by summing up the first (n + 1)-equations, we get
n
(2.6) 27(R) + > K(eihej)=(n+1a+B+6Y Dlee).
1<i<n+1<j<2n+1 i=1
Next, summing the last n-equations, we get

2n+1

(2.7) or(RY) + > K(eine)=na+35 Y Dlee).
1<j<n<i<2n+1 i=n+2
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Then, by substracting the equation (2.6) from (2.7), we obtain

2n+1 n
T(RT) —7(R)={0[ > Dl(ei,e) — Y _ Dlei,e5)] — o — B}/2.
i=n+2 i=1

Therefore 7(R)+c=7(R"), where, e={8[37"%, D(ei, ;)= > 1 | D(es, ¢;)]—
a—p}/2.

Conversely, let ¢(/X,Y) = D(X,Y), where ¢ is a symmetric endomor-
phism of the tangent space T, M and let V be an arbitrary unit vector of
T,M, at p € M, orthogonal to & and &. Now D is symmetric as g is so,
trace of D is zero and D(X, &) = 0 for all X € x(M). We take an orthonor-
mal basis {e1, ..., €n, €nt1, ..., €2, €241} of Ty M such that V = ey, €41 = &
and egp4+1 = . We consider n-plane section N and (n + 1)-plane section
R in T,M as follows N = span{es,...,e,+1} and R = span{ey,...,ep41}
respectively. Then we have N+ = span{ey, €12, ..., €20, €241} and R+ =
span{ep2, ..., €an, €an+1} respectively. Now

S(V, V) = [K(61 A 62) + K(61 A 63) + ...+ K(€1 A 6n+1)}
+ [K(61 A 6n+2) + ...+ K(61 A €2n) + K(€1 A 62n+1)]

=R~ Y KA +r(NY) = > K(eiAe]

2<i<j<n+1 942<icj<2n+1
=[r(R)—c—7(N)]|+ [r(N)+b—7(RY)] = (b—c).

Therefore S(V,V) = b — ¢, for any unit vector V € T, M, orthogonal to &;
and &. Then we can write for any 1 <i < 2n+ 1, S(e;,e;) = b — ¢. Since
S(V,V) = (b—c)g(V,V) for any unit vector V' € T, M orthogonal to &; and
&9, it follows that S(X, X) = (b — ¢)g(X, X)+ K1 A(X)A(X) + Ky D(X, X)
and S(YY) = (b — ¢)g(Y,Y)+K3[A(Y)B(Y) + A(Y)B(Y)] for any X €
[span{&; }]* and Y € [span{&;}]*t, where A and B denote dual forms of &
and & with respect to g, respectively and Ky, Ko, K3 are scalars, such that
K1 #0, Ko #0, K3 #0.

Now form the above equations, we get from their symmetry that S with
tensors (b—c)g+ K1 (A®RA)+ KD and (b—c)g+ K3[(A® B)+(A® B)] must
coincide on the complement of &; and &, respectively, that is S(X,Y) =
(b—c)g(X,Y)+ K1 ACX)A(Y) + K3[A(X) B(Y) + A(Y)B(X)] + K3 D(X, ),
for any X,Y € [span{,&}]*. Since & and & are eigenvector fields of @Q,
we also have S(X, &) = 0and S(Y, &) =0, for any X,Y € T, M orthogonal
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to & and &. Thus, we can extend the above equation to

S(X,2) = (b—)g(X, Z) + K1 A(X)A(Z) + K3[A(X)B(Z) + A(Z)B(X)]
(2.8)  + KyD(X,Z),

for any X € [span{¢;, &}t and Z € T,M, where K1, K2, K3 are scalars
and K7 # 0, K # 0, K3 # 0. Now, let us consider the n-plane section P
and (n+ 1)-plane section R in T,M as follows P =span{ei, ...,e,} and R =
span{ey, ..., en, &1}, respectively. Then we have, PL=span{¢1, eni2, ..., €2n41}
and Rt = span{en12, ..., €an, €2n+1}. Similarly after some calculations, we
obtain

S(&1,&) = [K(& Ner) + K(§1 Aea) + ... + K(§1 Aen)]
(K (&1 A ent2) + K(& Aean) + K(& A eap—1)]
=[r(R)— > K(eihe)

1<i<n+1<j<n
+[r(Ph) - > K(ei Aej)]
n+2<i<n+1<j<2n+1
=[r(RY) —c—7(P)]+[r(P)+a—71(RN)] =a—c

+

Therefore we can write

(2.9)  S(&1,6) = (b—c)g(&1,61) + (a — b)A(§1) A(&1) + Ko D(&1,&1).

Analogously, let us consider n-plane sections P and N € T,M as follows
P = span{ey,...,e,} and N = span{e,+1, ..., €2, } respectively. Therefore we
have P+ = span{e, 11, ..., €2n, &2} and N+ = span{ey, ..., e,, &}, Similarly
after some calculations, we get S(&2,£2) = a +b. Then we may write

(2.10) S(€2,&2) = (a + b)g(&2, &) + K3[A(&2)B(&2) + A(&2)B(&2)]-

Now from (2.8), (2.9) and (2.10) we can write the Ricci tensor S be

S(X,Y) = mg(X,Y) + K1 A(X)A(Y) + K3[A(X)B(Y) + A(Y) B(X)]
(2.11) + K2D(X,Y),
for any X,Y € T,M. From (2.11) it follows that, M is a super quasi-

Einstein manifold, where py, K1, Ko, K3 are scalars and Ky # 0, Ky #
0, K3 # 0. Hence the theorem is proved.
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Theorem 2.2. Let (M, g) be a Riemannian manifold of dimension 2n,
with n > 2. Then M is super quasi-Einstein if and only if the Ricci operator
Q@ has eigenvector fields &1 and & such that at any p € M, there exist three
real numbers a, b and c satisfying

7(P) +a=7(PY); &,& € T,Pt,
T(N)+b=7(Nt); & €TpN,& € T,N*,
T(R) +c=1(RY); & €T,R,& € TyR",
for any n-plane sections P, R and (n — 1)-plane section N, where Pt Nt

and R+ denote the orthogonal complements of P, N and R in T,M, respec-
tively, and

2n—2 n
a={8+4| Z D(ej, ;) + D(ean, €2n) — Z D(es, e)|}/2,
i=n+1 i=1
2n n—1
b={2a—B+0[>_ Dleie;) = > Dlei,e:)]}/2,
i=n i=1
2n n—1
c={J] Z D(e;,e;) — ZD(ei,ei)] — B}/2,
i=n+1 i=1

where «, 3, and § are scalars.

Proof. Let P and R be n-plane sections and N be an (n— 1)-plane sec-
tion such that, P = span{ey, ..., e, },R = span{e, 11, ..., €2, }, and N = span
{ea, ..., e, } respectively. Therefore the orthogonal complements of these sec-
tions can be written as P+ = span{e, 11, ..., €2, }, R+ = span{ey, ..., e, } and
Nt = span{e1, epi1, ... €an}.

Then rest of the proof is similar to the proof of Theorem 2.1.

Corollary 1. For mixed super quasi-Einstein manifolds the charac-
terization will be same but the values of a, b, ¢ will be different for both
odd and even dimensional manifolds. For mixed generalized quasi-Einstein
manifolds the characterization will be same but the values of a, b, ¢ will
be different for odd and even dimensional manifolds. For odd dimensional
manifold, a = {a+ 8+~}/2, b ={a—-B+7}/2, c={y—a—[}/2 and
for even dimensional manifold, a = {8 +~v}/2, b = {2a — B+ ~}/2, ¢ =
{v — B}/2, respectively.
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