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1. Introduction

The aim of this survey is to present some interpolation and Bernstein-
type operators for functions defined on triangles with one or all curved sides
(see [11], [12], [14], [15]). They come as an extension of the corresponding
operators for functions defined on triangles with all straight sides (see, e.g.,
[3]-[6], [8]-[10], [13], [23], [24], [26]-[29], [32]). The operators defined on
domains with curved sides permit essential boundary conditions to be sa-
tisfied exactly. Such operators can be used in construction of surfaces which
satisfy some given conditions (see, e.g., [17], [18]), in finite element method
for differential equation problems (Lagrange operators for Dirichlet boun-
dary conditions, Birkhoff operators for Neumann boundary conditions and
Hermite operators for Robin boundary conditions) (see, e.g., [19], [25], [26],
[35]) and in numerical integration of functions (see, e.g., [16]).

We study these operators especially from the theoretical point of view.
The idea came from the paper of BARNHILL and GREGORY [4], where there
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is considered a triangle with one curved side and there are used Lagrange
projectors on the straight sides, and Taylor projector on the curved side.
Such operators were also studied in many other papers in connection with
their applications in computer aided geometric design (see, e.g., [1], [2], [5])
and in finite element analysis (see, e.g., [1], [7], [20], [22], [23], [24], [35]).

We study three main aspects of the constructed operators: 1) the in-
terpolation properties; 2) the orders of accuracy; 3) the remainders of the
corresponding interpolation formulas.

The order of accuracy of an interpolation operator P is given by the
degree of exactness (dex(P)), respectively by the precision set (pres(P)).
Recall that dex(P) =r if Pf = f, for f € P, and there exists g € P, such
that Pg # g, where P,,, denotes the space of the polynomials in 2 variables
of global degree at most m. The precision set of an interpolation operator
is the set of monomials for which the interpolant is exact ([4]).

The characteristics 1) and 2) can be verified by a straightforward compu-
tation. The remainders of the interpolation formulas will be studied using
the Peano’s Theorem for the functions from a Sard-type space (see, e.g.,
[31]). The Sard-type space, denoted by Bp,(a,c), (p,q € N, p+q = m),
is the space of the functions f : D — R, D = [a,b] X [¢,d] satisfying
P9 e C(D); fm30)(-c) € Cla,b], j < g; fo™(a,-) € Cle,d], i <p.

Given h > 0, denote by T}, the triangle having the vertices V; = (h,0),
Vo = (0,h) and V3 = (0,0), two straight sides I'1, 'y, along the coordinate
axes, and the third side I's (opposite to the vertex V3), which is defined by
the one-to-one functions f and g, where g is the inverse of the function f,
ie., y= f(x) and x = g(y), with f(0) = g(0) = h (see Figure 1).
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Figure 1: Triangle Tj,.

There is no restriction in considering this standard triangle T}, since any
triangle with one curved side can be obtained from this standard triangle
by an affine transformation which preserves the form and order of accuracy
of the interpolant ([4]).



3 INTERPOLATION OPERATORS 451

In Section 2 we study Lagrange, Hermite and Birkhoff interpolation
operators, as well as their product and Boolean sum on T}. In Section 3
we present some Bernstein-type operators together with their product and
Boolean sum for the same triangle Tj. Section 4 is dedicated to Bernstein-
type operators defined on a triangle with all curved sides, denoted by T}’Z
This triangle has the vertices V4 = (0,h), Vo = (h,0) and V53 = (0,0), and
the three curved sides 71, 72 (along the coordinate axes) and 73 (opposite to
the vertex V3). We define 1 by (z, f1(z)), with f1(0) = fi(h) =0, f1(z) <0,
for x € [0,h]; 72 defined by (g2(y),y), with g2(0) = g2(h) = 0, g2(y) < 0,
for y € [0,h] and 73 defined by the one-to-one functions f3 and g3, where
g3 is the inverse of the function fs, i.e., y = f3(z) and = = g3(y), with
z,y € [0,h] and f3(0) = g3(0) = h, h € R4, (see Figure 2). For example, fi
and g2 can be convex functions.

Vi
\X,&(X))
Y, \
(9,0y) (9;).y)
VS
yl
Vs whe Ve

Figure 2. Triangle T7.
2. Interpolation operators on a triangle with one curved side

2.1. Lagrange-type operators

Suppose that F' is a real-valued function defined on Th. Let Ly, Ly and Lg
be the interpolation operators defined by

_g9ly) —= z
_f@) -y Y pie f(a

y
LsF - F 7 F .
(L3F)(z,y) Py (w’+y70)+$+y (0,2 +y)
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1) Each of the operators Ly, Ly and L3 interpolates the function F along
two sides of the triangle T, :

(L1F)(0,y) = F(0,y), (L1F)(9(y),y) = F(9(v),y), y€[0,h],
(L2F)(2,0) = F(x,0), (LoF)(w, f(x)) = F(z, f(z)), x€]l0,h],
(Ls3F)(x +y,0) = F(x +9,0), (LsF)(0,2z+y)=F(0,2z4y), z,y €0, h],

properties illustrated in Figure 3. The bold sides and points indicate the
interpolation domains.

2 .
v, x,f(x) v,
o9 - L @) i ©xe
L s
V3 V1
VS T T T T Y, , —————

Figure 3. The interpolation domains for L, Ly and Lg.
2) The orders of accuracy:
(2) dex(Li) =1, i=1,2,3, pres(L1) = {1,297, jeN*},
pres(Ly) = {L,a',y, i €N}, pres(Ls) = {1,2,y}.

3) Regarding the remainders RZLF .1 = 1,2,3, of the interpolation for-
mulas F' = L;F + RZ-LF, 1 =1,2,3, we have:

Theorem 1 ([14]). If F' € B11(0,0) then

(REP)(.y) = D290 o o)

rylg(y) — 7]
- 9(y)

with & € [0,h], (§&1,m) € [0,z] X [0,y] and (&2,1m2) € [x,9(y)] % [0,y], respec-
tively

|:F(171)(£17771) - F(lvl)(£27n2):| )

(3) (REF) )] < 2 [IFCOC 0 + 170

where || - || denotes the Chebyshev norm.
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Proof. From (2) we have dex(L;) = 1 and applying the Peano’s Theo-
rem we get

(5) Kao(z,y,8) = (. — )4 — @(g(y) = 8)+,
Ky, s,t) = (= 0% [ = 9)% = 5 (90) =),
As,
Kgo(l‘ Y, S ) S € [O,h],
(6) Kii(x,y,s,t) > 0 (s,t) € [0,2] x [0,y],
Kll(aj Y, s, t) < O (57t) € [1379( )] [073/]7
Kii(x,y,8,t) =0, (s,t) € Dy X Do,

with D; and Ds illustrated in Figure 4, by the Mean Value Theorem we
obtain

(REF)(2,y) = pao(a, y) FEO(£,0) + ol (2, ) FED (&1, m1)
+ @%I(ma y)F(l’l) (527 772)7

with € € [0, h], (§1,m) € [0,2] x [0,y], (§2,m2) € [z, 9(y)] x [0,y], and

h _
4,020(33,y> = / K20($7y78>d8 = wa

2
(7) 11 (@,9) / / Ky (z,y,s,t)dsdt = %7
e (z,y) / / Ky (z,y,s,t)dsdt = %))_Q:]

2 2
As |poo(z,y)| < %, !cph(:z:,y)! < %’ !gp%l(x,y)‘ < }fﬁ, relation (3) follows.[]
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Figure 4: The sign of the kernel K.

Remark 2. Analogous formulas can be obtained for the remainders
REF and RLF.

Let PZ»? be the product of the operators L; and Lj, ie., Pj; = L;L;,
1,7 =1,2,3, 1 # j. We have

(P F)(w9) = " 20,0 + 2OU S FO,) + L FPlatu). ),
(PsF)(w9) = 20020

+ m [9(y)F(y + 9(y),0) + yF(0,y + g(y))],
(PhF) ) = =Y P 0,0

+ m[:cF(:c + £(2),0) + f(2)F(0,2 + f())).

1) The interpolation properties: P%F = F, on I'sU V3; P5F = F, on
MUy PEF =F onToU Vs
Remark 3. The operator PZ? has the same interpolation properties as
L . . . . . . .
the operator Py, i,j = 1,2,3, ¢ # j. These properties are illustrated in
Figure 5.

Vz\ v, .

Figure 5. The interpolation domains for P, Pk and Pk.
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2) The orders of accuracy: deX(Pi?) =1, pres(Pi?) ={l,z,y}, i,j=

1,2,3, 1 # j.
3) For the remainders R} F, of the interpolation formulas F' = PZI;J F+
R’iLjPF’ 27] = 17 2>37 1 # j, we have:

Theorem 4 ([14]). If F € B;11(0,0) then
_ [z —g)] e, y(y —h)lg(y) — =],
(B F)(w,y) =——5— - F0 (6,0 + =—Lm—F®2(0,n)

+ %[F(Ll)(ﬁﬂh) = FD (&, mp)),

with 5»77 € [Oah]v (517771) € [va] X [O,Z/] and (£2>772) € [xvg(y)] X [0¢y]7
respectively

h2
®) [(REF),)] < = [IFCO(,0)0 + 1 FO2(0,)oe + [FIV o]

Proof. By dex(P};) = 1, applying Peano’s Theorem we get that

h h
(RILQPF)(xvy) :/O K20(337y73)F(2’0) (s,O)ds +/O K02($>y>t)F(0’2)(07t)dt

9) +/~Kll(l‘yyyS,t)F(l’l)(s,t)dsdt,
Ty

with the Peano’s kernels

Kao(x,y, ) = (x — s)4 — ﬁ[g(y) — sl

gly) —x y(h—1t)
Ko (z,y,t) = Ty) [(y —t)4 — A ,
Kui(w,y,8,) = (y — )){(z — )} — ﬁ[q(y) — )2

We notice that the Peano’s kernels Koy and K71 are the same as the kernels
given in (5). Therefore, their sign is given in (6) and we have Ko (x,y,t) <
0, for t € [0, h]. By the Mean Value Theorem we obtain
(R F)(x,y) =pa0(z,y) F*O (£, 0) + poz (2, y) FO) (0, 1)
+ b1 (@, ) POV (&, m) + oF (2, 9) FOD (&, ),
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for &,m €[0,h], (&1,m) € [0,z] x [0,y], (§&2,m2) € [z, 9(y)] X [0,y], with ¢,
©11, 11 given in (7) and

y(y — h))[g(y) — 2]
29(y) '

2 2
We have [p20(z,9)| < &, leoa(e, )] < 2, [oli(a,)] < % [l (ay)] <
so the relation (8) follows. O

h
wo2(x,y) Z/ Ko (z,y,t)dt =

h2
16>

Remark 5. Analogous formulas can be obtained for the remainders
REPF and RIS F.

Let SZ-LJ- be the Boolean sum of the operators L; and Lj, i.e., SZLj =
Li®Lj=Li+L;—L;iL;, i,j =1,2,3, i < j (see, e.g., [21]).
We have

($F) (00) = D02 p(0,) + L0 2 (a0) 4 S P f(0)
_ g(zzy; v [h —LF©,0)+ 2P0,h)] |

(SBF) (@:9) = — 5P (0),9) + S F e+ 9,0) + P00 +)-
- | Pl )0+ L O )]

— Y P @)+ - Fe Y RO,z +y)—
(S3:F) ($7y)—f(x)F( A ))+x+yF( +y,0)+x+yF(0, +y)
f(z)

S Y T x —_—
ﬂm[x+ﬂ@F<+f(””+x+ﬂm

1) The interpolation properties: SLF F,i,j=1,2,3,i<j, on 0T}.
2) The orders of accuracy:

dex(Sfy) =1, dex(Sf3) = dex(S33) =2,
(10) pres(Siy) = {1y, xy, 2", k€ N*},

pres(Sis) = {1, z,y,2°,y% ay", k €N},

pres(SQ?,) ={l,z,y,x 22 by, ke N*}.

F(0,2 + f(a:))] .

St
Sis

3) For the remainders RZ-L]-S F, of the interpolation formulas F' = SZ-L]-F +
RESF,i,j =1,2,3, i < j, we have:
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Theorem 6 ([14]). If F' € B;11(0,0) then
h
(R{5'F)(z,y) =/ Koz (z,y,t) FO2(0,t)dt
0
(11) +/ } K11(33,y,S,t)F(l’l)(S,t)dsdt,

Th

with the Peano’s kernels

Kaai,:8) = (0= 1), = o) = e+ S0,

Ky (z,y,5,t) = (z — )3 {(y =) — = I[f(z) —t]3}.
Furthermore,
h
HFO o [ [ 1K pldsat
Th

Proof. The proof follows directly by Peano’s Theorem, taking into
account that dex(SL) = 1. O

Theorem 7 ([14]). If F € B;12(0,0) then
h h
(R%?;SF)(may) :/ K?)O(xvyvs)F(g’O) (S,O)dS +/ K21(»T>y> S)F(Q’l)(S,O)ds
0 0

h
(12) + / K03($7y7t)F(073)(07t)dt + / N K12($7y787t)F(1’2) (S7t)d5dt7
0 T
with the Peano’s kernels
2 2

Kao(z,y, ) = (-9 zlgly) —s]i alz+y—93  =ly+gly) s

2 29(y) 2(x +y) 2y +gly)
KQI(xvyv 8) = y(m - 8)+ - xy[g(gy()y)_ 8]+7
ey W) -2y -1 yetry-0L  ayly+gly) 03
Koa(@,y,1) = 29(y) 2(x +y) Py +9w)]

KM%%&ﬂZ@—ﬂA@—Qﬂ—ﬁ;Mw—ﬂ%-
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Furthermore,
h
(RESF) (2. 9)] < [0 0)]u0 / Koy, 8)\ds
h
L IF@D(0) o / Ko (0, 9)\ds
0
h
(13) L IFO (0, )]0 /O Kos(,y, 1) dt

+ HF(LQ)HOO//~ |K12(x,y, s,t)|dsdt.
Th

Proof. From (10) it follows that dex(Sf5) = 2 and applying Peano’s
Theorem we get (12) and the inequality (13). O

Remark 8. An analogous formula can be obtained for RZJF.

2.2. Hermite-type operators

Suppose that the real valued function F is defined on the triangle T},
and it possesses the partial derivatives F(1:0) and F(O1 on the side I's. We
consider the operators Hy and Hs defined by

(H\F)(z,y) Z%F(&y) 1 229) = g )

(14) + 2 =9 a4,
(

9(y)
[y — f(2)]? y[2f(x) —y]
f2(x)

(H2F)(z, y) ZWF(%O) + F(z, f(x))
+ yly = f@)] ]:(;c)($)] FOD (g f(x)).
1) The interpolation properties:

H\F=F, onT Ul'y; (HF)10) = F(10) on Iy
HoF =F, onToUTly; (HoF)0D) = FO1 on Iy,

These interpolation properties are illustrated in Figure 6.
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VZ. Vz.

Figure 6. The interpolation domains for H; and Hs.

2) The orders of accuracy:

dex(H;) = dex(Hs) = 2,
(15) pres(H;) = {1,:1:,y,:1:2,y2,xy”,n e N*},
pres(Hs) = {1,$,y,$2,y2,x"y,n e N*}.

3) The interpolation formulas are F = H;F + RFF, i = 1,2, where
RZH F,i=1,2 are the remainder terms, for which we have:

Theorem 9 ([14]). If F € B12(0,0) then the following inequality holds

X — T 2 X — X 2
(R P (e)] <TO=ILp60 o)) + I e o))
2y*l9(y) — =l[Bg(y) — 22] 19y,
(16) v = 1F2C, o
and further,
3 T _r 2
R P) )] <50 IFOOC0) o+ I 2L a0 o))
(17) + a:y2[g(y) - J:][Sg(y) - Q‘T] HF(LQ)('? )Hoo

29*(y)

Proof. By (15) it follows that dex(H;) = 2, and therefore by Peano’s
Theorem we get

h h
(R{{F)(.T,y) :/() K3O($7y7 S)F(3’O)(8,0)d8 +/0 Kgl(x,y,s)F@’l)(s,O)ds

(18) + /  Kua(x,y, 5, )P (s, t)dsdt,
Th
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with
Kol _ (=9 2l2g(y) — 2] (9(y) — 5)}
0(@,9,8) = 5 92(y) 2
_zlz—g(y)] s
o) (9(y) = 8)4,
Karle.5) =yt = 5), = L= g4 - ),
_aylr —g(y)] )0
o) (9(y) — 8)%,
Kl?(m>y> Svt) = (y - t)_|_[(.1‘ - 8)3
|2 —x
— %(Q(y) —s)%l-
We have
s?[g(y) — z]?
202(0) 0, s€[0,x)

Kag(z,y,s) = < zlg(y) — s

_f%ﬁﬂﬂw—xfgo el
Ko (2,y,8) = _gi%) [9°(y) — s(29(y) —x)] <0, s€ [$’§5<y(f/)x)
)W) 5Col) ~ ] 20, s e 229 4()
& s € [g(y), h,
and
M?@ﬁ2za (5:) € 0,2) x [0,9)

Kiz(z,y,8,t) = (y — 1)+ ”3[5‘3;27(25@)] <0, (s,t)€[z,9(y)) x[0,y)

0, (S,t) e D1 U DQ,
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with domains D1, Ds and the sign of Ko as in Figure 4. We obtain that
[(R{'F)(z,y)]

< HF30 HOO/ Kso(x,y,s)ds + ||F(2 Dy / | Ko1(x,y,s)|ds

IO Hm/)|Kux%sﬂth

whence, after some computation we get (16), and further we obtain (17). O

Remark 10. An analogous formula can be obtained for the remainder
REF.

The product of the operators H; and Hs is given by

9%(y) h?
+QQ%;Q2(0h) @h}UF@”wJU

z[29(y) — 7] z[z — 9(y)] 1,0
+—7;@7—F@@xw+~—5@7—F (9(y),v)-

1) The interpolation properties:

PEF=F, onVzUTls3,
(plf‘QIF)(LO) = p10), (plf‘QIF)(O,l) = FOD  on .
The interpolation properties are illustrated in Figure 7.

Vz‘

Figure 7. The interpolation domain for P F.
2) The orders of accuracy:
(19) dex(Pft) =2, pres(PH) = {1,z,y,22, zy, %, 2%y, zy*}.

For the remainder of the corresponding interpolation formula, F =
PHF + REPF, we have:
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Theorem 11 ([14]). If F € B12(0,0) then the following inequality holds

R F) )| < DX o gy

zylg(y) — «)?

29(y) — =

ylo(w) =2 (h =)\ n0.3) 0

(20) + 62(0) [1F52(0, ) [loo

zylg(y) — |[3g(y) — 2
9*(y)

Proof. By (19) it follows that dex(P{#) = 2 and applying Peano’s
Theorem we get

+2 IED(,0)loc

n 0D ).

h h
<ﬁ¥mmw:4z%u%ﬁﬂwwmw+ﬁz@u%ﬁﬂm@mw

h
+ / Koz (z,y, ) FO? (0, t)dt + / Koz, y, 5, ) 1D (s, t)dsdt,
0

Th
with
(x—s)1 x[29(y) — ] (g(y) —5)3 [z —g(y)]
Kso(z,y,s)= 2 +— 2 0) 5 £ o) (9(y) = $)4,
Kanla,1.5) =yl = s}, L= gy - ), - I
=037 229(y) — ] (y — )3
K03(x,y,t) - 9 L — gQ(y) 9 L
=gy [y(Qh —y) (=t yly—h)(h- t)]
9*(y) h? 2 h
K, 5,8) =(y = )4l(o — 912~ 22022,
We have
2 2
7[92(93’2) ” Fs, s €[0,x)
Kso(z,y,s) 33[9(2/% — s

[(z = 5)g(y)+(z — 9(y))s]=0, s € [, 9(y))

0, s € [g(y), ],
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_giﬁygﬂ l9(y) —a]> <0 se [o,x>2( |
Kon(,g, 8)= _giﬁgf) 9(y)(g(y) — 5) +s(x —g(y)] <0, s€ [1‘735@)@’%)
o) e =) tsle-gw)]20. s € [ o)
0, s € [g(y), hl,
) -0, telo.y)
Koslewot) =0 7= g (s - oy
_ 222(y) [h(y—1t)+tly—h)] >0, te]yh]
and
—z 2
(v—1) [g(zl(y) Pso ez xoy)
Kia(@,y,8,6) = § (- t)””[mg;fyg)( N <o, (s.0) € [z.9) x [0.9)
0, (s,4) € ([0, ] % [y, h]) N T
We obtain that
(REFF)(z,y)| < [FOO(,0)] / Kaole.y, s

h
FIECD (- 0)]|a0 / Ko (., 8)| ds + | FOD(0,) e / Kos(z, y, t)dt
0 0

FFO () o / / Ko (a,y, s, 1)| dsdt,
Th

whence, after some computation, we get (20). O
The Boolean sum of the operators H; and Hs is given by

- 2 ()2
(55F) (wy) = T I po,g) 4 LT p )

9 (y) ’ fA(z)
yl2f(x) —y] o fl yly — f(@)] o) .
gy P d @)+ Ty PO (@)
r— 2 _p\2 _ -
1l 92?;3)/)] (y th) F(0,0) + ?/(222 Y po, ny + L4 - M) pon o, p| .

1) The interpolation properties:

SHF=F,  ondT),
(SEF)10) = p.0) - (§H )01 = RO on T3,
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2) The orders of accuracy: dex(S¥) = 2, pres(SH) = {1,x,y, 22,92,
x"y,n € N*}.

For the remainder of the interpolation formula, F' = SHF + RIS, we
have:

Theorem 12 ([14]). If F' € B12(0,0) then the following inequality holds

h
(RIS F)(,9)] <IFO(0,)]o0 / Kos(x,y, £)|dt

LIS / / Kia(,y,s,1)| dsdt.
Th

Proof. By (15) it follows that dex(S{}) = 2 and therefore by Peano’s
Theorem we get

h h
(RIS F)(z,y) = /O Kao(z,y,8)F30 (s,0)ds + /0 Ko (2,y,5)F*V (s,0)ds

h
+ / Koz (z,y, ) FO? (0, t)dt + / Koz, y, 5, ) 1 (s, t)dsdt,
0 T

with

Kgo(l',y, 3) :KQI(m>y> 3) = 07
(v =13 ¢*(y) — (= — g(y))*

Koz (z,y,t) = 9 2y
Cyf(@) —y) (fl@) =% wly — f@)(f(x) —t)y
f3(z) 2 f(z)
N 9W))? [y(2h —y)(h —t)? Lyly=h)(h-t)
92(y) 2h? h ’
Ko, ,5,1) =(z — )%y — £)5 — %&)‘y]mm 1),
ST ) )

f(x)
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‘We have

K03(.1‘, Y, t) =

(=1 () — (x—g()?* yf(x

>
o o) Toh— =02 ol W1
r—gly Yy -y - y\y — -
* 9 (y) [ 2h? - h }SO’

Cy2f(x) —y) (f(z) — 1)
f?(x) 2

L= 9(y))? [y(% —y)(h—1)*  yly—h)(h— t)}
9%(y) 2h? h

(z —gW)? [yCh—y)(h—1)*>  yly—h)(h—1t)
92(y) [ 2h? h ] =0

and

Kio(x,y,s,t

We obtain that

)
T @
y(y — f())

h
(RESF)(,9)] <FOD (0, )]oc / | Kog (e, y, 0)]dt

+ \|F<1’2>(.,.)\|m// Koy, 5,1)| dsdt.
T
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2.3. Birkhoff-type operators
In this section we give some examples of operators which interpolate the
given function F' : T, — R on a side of the triangle and its first partial
derivatives on another side of T}, respectively.

First, we suppose that the function F' : T}, — R has the partial deriva-
tives F(10) and F(O on the side T's. We consider the Birkhoff-type opera-
tors By and By defined respectively by

(BLF) (z,y) = F (0,y) + 2F0 (g (y) ,v) ,
(B2F) (2,y) = F (2,0) + yF O (x, [ (2)) .

1) The interpolation properties:

BiF =F onTy and (B F)M = FO) on Ty,
ByF = F on Ty and (BoF) %Y = FO on Ty,

These interpolation properties are illustrated in Figure 8.

A

4 %
2 2

o . O

o B, o

3

Figure 8. The interpolation domains for By and Bs.

2) The orders of accuracy:
(21)  dex(By) =dex(Bs) =1, pres(By) = {1,z,9’,j € N*},
pres (Bg) = {1,y,xi,i e N*}.

3) For the remainders of the interpolation formulas F' = B1F + RPF
and F = BoF + RJF we have:

Theorem 13 ([14]). If F € B;1 (0,0) then
rlx —2
uﬁmmwzl—gﬁﬂﬂw@m+wﬂ“%wm
with € € [0, h), (£1,1) € Tj,, respectively

2 2
(22)  |REF)@y)] < S NFCO(0) o + I FOD ()
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Proof. By (21) it follows that dex(B;) = 1, and applying Peano’s
Theorem we obtain

h
(RlBF) (J}, y) = / K20 (l‘, Y, 8) F(270) (87 0) dS
0

+/ B Kll (xvyvsat) F(Ll) (Svt) dsdt
Th,

with

Koo (2,y,5) = (x — 8)-1— —zg(y) — 5]3- )

Kll ($7y787t) = (Jj - 5)3— (y - t)i)— :
We have

Ky (z,y,s) <0, se€][0,h]
K (z,y,s,t) >0, (s,t)€[0,z] x[0,y] .
Ki(z,y,5,t) =0, (s,t) € (([z,h] x[0,y]) U([0,2] x [y, h])) N T},

and by the Mean Value Theorem we obtain
(RIBF)(xu y) = Q020($7 y)F(ZO) (67 0) + wll(xu y)F(Ll) (617 77)7

with 5 € [0> h]v (51,"7) € Tha and

h _
9020('1‘72/) = /O Kgo(l‘,y, S)ds = M)

Yy rx
©11(7,y) :/0 /0 K (x,y,s,t)dsdt = xy.

As, |pao(z,y)| < %2, lp11(x,y)| < %2, the relation (22) follows. O

Remark 14. Analogous formula can be obtained for the remainder
RJF.

Next, we suppose that the function F' : T, — R admits the partial
derivatives F(19) on I'; and FO1 on Is.
We consider the Birkhoff-type operators Bs and By defined by
(BsF) (w,y) = F (9(y),y) + [& — ()| F"V (0,9),
(BsF) (z,y) = F (2, f(2)) + [y — f(2)]FOD (,0).
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1) The interpolation properties:

BsF = Fon Ty and (BsF)M? = FLO) on Ty,
ByF = F on Tg and (BoF)Y = FOD on Ty,

These properties are illustrated in Figure 9.

-
\Y v \Y O

3 1 3 A

Figure 9. The interpolation domains for By and By.

2) The orders of accuracy:

dex (Bs) =dex(By) =1, pres(B3) = {1,:1:,yj,j € N*} ,
pres (By) = {1,y,a:i,z' S N*} .

3) For the remainders of the interpolation formulas F' = B3F + RPF

and F = ByF + RPF, we have:

Theorem 15 ([14]). If F' € By;(0,0) then

.1‘2

(23)  (RFF)(z,y) =
with £ € [0, 9(y)], (£1,m) € Th, respectively
B h? o0 h?
1) [REF)w)] < S IFPO (0 + o [FODC ) o
Proof. As dex(B;) = 1, by Peano’s Theorem, we obtain
9(v)
(R3BF) (z,y) :/ Ko (z,y,s) FZ0) (s,0)ds
0

9ly) rh
+/ / Kll (x,y,s,t) F(Ll) (S?t) dsdt
0 0

#F(ZO) (6’ 0) + y[x — g(y)]F(l’l)(fh T])u
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where

Koo (2,y,5) = (v = ), —[9(y) — s], Kn1 (2,9, 5,8) = [(z — ) =1 (y = ).
Taking into account that

Koyo(z,y,s) <0, s €10,9(y)]
K11($7y787t) = _]-7 (57t) € -l? = [07g(y) _$] X [07?]]
Kii(x,y,s,t) =0, (s,t) € T, N\ D,

and

9(y) 2 2
/ KQO(xvyvs)dS = %g(y)’
0

g9(y) rh
/0 /0 Ky (2, y,s,t)dsdt = ylx — g(y)],

the relation (23) follows. Further, as \M| < %, lylz — g(y)]| < %,

the inequality (24) follows. O
Remark 16. Analogous formula can be obtained for the remainder RY F.

Example 17. We consider the following test function (see, e.g., [30]):

25)  Fi(ay) = exp[—%((x —05)2 4 (y—05)2)]/3.  (Gentle)

We take the triangle with one curved side T, (h = 1), with f : [0,1] — [0, 1],
f(z) = v1—22. In Figure 10 we plot the graphs of L1 F and HF}.

L1F1 HlFl

Figure 10. Graphs of L1 F} and HqF}.
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Example 18. Table 1 contains some maximum approximation errors
for Fi, defined on T;.

‘ Maximum error H

LiFy 0.2097 || B Fy || 0.0525
Pi3Fy || 0.2943 | B Fy 0.0452
S12F7 ||| 0.1718 | P F1 || 0.0858
HiFy ||| 0.0758 || QnmF1 || 0.0857
Bi1F 0.6235 || Sy F1 || 0.0095
TomF1 || 0.0095
Table 1. Maximum approximation errors for Fj.

3. Bernstein-type operators on a triangle with one curved
side
Since the Bernstein-type operators interpolate a given function at the
endpoints of the interval, these operators can also be used as interpolation
operators both on triangles with straight sides (see, e.g., [9], [33], [34]) and
with curved sides.

Let F be a real-valued function defined on 7T}, and (0,7), (9(y),y), res-
pectively, (z, 0), (z, f(x)) be the points where the parallel lines to the
coordinate axes, passing through the point (z,y) € Th, intersect the sides
Iy, i = 1,2,3, (see Figure 1). One considers the Bernstein-type operators
B and Bj, defined by

(55.F) (9) = ipm @ (i22.).
(BYF) ( ang z,y) <x ]@)

with
Pmi (z,9) = (7) (g—y))z'(l — @)m_f, 0<z+y<gy),
Inj(T,y) = (n)(%)](l—%)nﬂ, 0<z+y<f(x),

n

partitions of the mtervals [0, g9(y)] and [0, f(z)].

where A¥ = { 9W) ! Z—O,m} and A}, = {jf(g:)‘ Jj :O,n} are uniform
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Theorem 19 ([11]). If F is a real-valued function defined on T}, then:

(i) BEF =F onT9UTs, and BYF = F on Ty UTs,

(i) (Brey) (e.) = a9, i = 0.1; (Brey) (ay) = [o2 + H=2)] 45
JeN,

(iii) (Blesy) (z.y) = a't/, § = 0,1; (Bhew) (v,y) = o [y? + WG],
1€ N.

Proof. The interpolation properties (i) follow from the relations:

0, for¢ >0, Pmi (9(),y) = 1, fori=m,

1, fori=0, 0, fori<m,
Pmi (0,y) =

respectively by

1, for j =0, 0, for j <mn,
i(x,0) = i(x, f(x)) =
4n.j (2, 0) {0, for j > 0, 4ns(@ /(@) {1, for 7 = n.

Regarding the properties (ii), we have
(Breij) (2,9) = ¢/ (Bheio)(z,y), jeN

(Biean) (@.1) = (ﬁ p1-E)" oy,

:0
%)Z(l—ﬁ)m_l_z:wv

2 .
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Properties (iii) are proved in the same way. O
Now, we consider the approximation formula F' = B F + R} F.

Theorem 20 ([11]). If F(-,y) € C[0,9(y)] then

(B2 F) ()| < <”W> W(FC):6), ye [0.h),

where w(F(-,y);d) is the modulus of continuity of the function F with regard
to the variable x. Moreover, if § =1/y/m then

@) @R @) < (147) (Pt =) ve DL

Proof. From the property (B7,eq0)(x,y) = 1, it follows that

[ (R F) ()| < D ponale,y) [ Fla,y) = PG ).
=0

Using the inequality
P = P2 ) < (Flo =22 41 )it

one obtains
(B2, F)(a,y)]| < me, 2,9) <5|x_z |+1) W(F(9):6)
- 5(2;1’””(“”9)(“5 - i%f)lﬂw(l“(wy); )

z(g(y) — )

IN
—

—_
+
SR

w(F(-y);0).

Since maxo<y<g(y) [T [ (g(y) )] g (y) and maxo<y<p ¢*(y) = h?, it follows

that maxz [z(g(y) — z)] = hence

(B2 F)(a.)| < (1 ; ﬁ) W(F(y):9).

Now, for § = 1/4/m, one obtains (26). O
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Theorem 21 ([11]). If F(-,y) € C?[0,h] then

(R F)(.y) = LI peoye o) fore e 0, 9(y)

2m

and 2
|(R%F)(.I‘,y)‘ < %MQOFa (may) € fha

where M;; F' = maxz !F(i’j)(az,y)‘ .

Proof. Taking into account that dex(B¥,) = 1, by Peano’s Theorem, it

follows
9(y)

(R;F)(l‘,y) = 0 KQO(xvy;S)F(Q’O) (s,y)ds,

where

Koo(e,:9) = (2 = )5 = 3 pnates) (22 ),

For a given v € {1,...,m} one denotes by K4,(z,y;-) the restriction of the
kernel Koo (z,y;-) to the interval |:(V — 1)M Z/M:| , i.e.,

m m

Ky(@,y;v) = (. — s)4 — 3 Pm.i(®,Y) <2% - s) ;

1=V

whence,
y)
x—s—mell‘y s), s<uw

Ky (x,y;8) = )
mez z,y)( 5), s> .

It follows that K&,(x,y;s) <0, for s > z. For s < x we have

Kip(a,y:5) = 7—s— me,xy <2__ )+mexy ( 9 )
As,

épm,z‘(w,y) (z% _ 3> — s,
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it follows that

Kjy(@,y; 9) mexy< 9) _ )go.

So, K¥(x,y;-)<0forany v € {1,...,m}, ie., Ko(z,y;s)<0, for s€[0, g(y)].
By the Mean Value Theorem, one obtains

9(y)
(R%F)(z,y) = FEO(g,y) i Koo(z,y;8)ds, 0<E&<g(y).

Since,
9v) z(z — g(y))

; Koo(z,y;s)ds = o

lz(z—g()| _ = (y) < b2

2m 8m

and maxg<z<g(y) , Y € [0, h] the conclusion follows.[I

Remark 22. Analogous results are obtained for the remainder of the
formula F = BYF + R F.

Let P, = B B:, respectively, Qm = BnB% be the products of the
operators B%, and By, i.e.,

(PonF) (x Zmez 2,9) dn.j <;9(y),y> F(%g(y), %f(%g(y)))
=0 j=0

Q@) @) =3 s (210 40 (0.0 F(o(L50). L1 0)
i=0 j=0

Remark 23. The nodes of the operator P,,,, respectively, Q,,, are
given in Figure 11.

Figure 11. The nodes for P,,,, and Q,, for m =n = 4.
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Theorem 24 ([11]). If F is a real-valued function defined on T}, then:
(1) (PpnF)(V3) = F(V3), PpnF' = F, on I's

(”) (Qan)(VZS) = F(Vg), Qum ' = F, on T's.
Proof. The proof follows from the properties

(Prn F)(2,0) = (B, F)(%,0),  (PmnF)(0,y) = (BF)(0,y),
(PmnF)(maf(m)) = F(.I‘,f(.l‘)), x,y € [Ovh]

(Qan)(JL‘,O) = (B%F)(JL‘,O), (Qan)(0>y) = (B%F)(()?y)v
(QumE)(9(y)y) = F(9(v),y),  z,y €[0,h],

which can be verified by a straightforward computation. O

Remark 25. The product operators P, and @, interpolate the func-
tion F' at the vertex (0,0) and on the side y = f(x) (or z = g(y)).

Let us consider now the approximation formula F' = P,,,F + RE F,
where RE  is the corresponding remainder operator.

Theorem 26 ([11]). If F € C(T},) then

| (REF) (@] < (+ W(Fi =), (@) €T

Proof. We have

n

(R F [ zm;z; mzfqum(%g(y),y)
fgio Pmi(%,Y)dn.j <%g(y),y> ‘y— %f (%g(y)ﬂ
Zi Pm,i(%,Y)n,j (%g(y%y) ]w(F; d1,02).
=0 5=0
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Since
i=0 57=0
i Zn:pm,i(l‘yy)Qn,j (%g(y),y> ‘y — %f(%g(y))' < y(f(xTz - y)7
i=0 j=0
zm:ipm,i(l‘yy)%l,j (%g(y),y) =1,
i=0 j=0

it follows that

R R e e LT

But a:(g(y) — l‘) < %2 and y(f(a:) — y) < hz, whence,

1 h 1 h
1+ — — F:61,0
+51 2\/m+(52 2\/ﬁ> W( b 2)

and

1 1
(R F)(@,y)| < (L +R)w (F; N ﬁ) .
O
Next we consider the Boolean sums of the operators BZ, and B, i.e.,

S = BT, @ BY = B, + BY — B BY,
T = BY & BE, = BY + B, — BYBL,.

Theorem 27 ([11]). If F is a real-valued function defined on Ty, then

SunF |7, = F| and  TomF |7, = F|

T, Ty,

Proof. As,
(PrnF) (,0) = (B, F) (2,0),  (PmnF) (0,y) = (BLF) (0,),
By F) (z,h —x) = (BYF) (z,h — x) = (Ppn F)(z,h — x) = F(x,h — x)

the conclusion follows. O

For the remainder of the Boolean sum approximation formula, F =
SynF + RS, F, we have the following result:
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Theorem 28 ([11]). If F € C(T},) then

(R P) )| <1+ S (Pl =) + 1+ Shol(Fla i )
(1 + h)w(F; % %), (2,y) € Th.

Proof. The identity F — S,,,F = F — BLF + F — ByF — (F — Py, F)
implies that

(B3, F) (@, y)| < | (RyF) (2,9)| + | (R4 (2, 9)| + |(Rh F) (2, y))]
and the conclusion follows. O

Example 29. Consider the test function and the triangle from Example
17. In Figure 12 we plot the graphs of B Fy and Py, F1, for m =5, n = 6.

B;%Fl PmnFl

Figure 12. Graphs of BY, F and P, Fi.

Example 30. Table 2 contains some maximum approximation errors
for Fl.

B;%Fl B’?LFl PmnFl Qanl SmnFl Tanl
Max error | 0.0525 | 0.0452 | 0.0858 | 0.0857 | 0.0095 | 0.0095
Table 2. The maximum approximation error for F.
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4. Bernstein-type operators on a triangle with all curved sides

Let F be a real-valued function defined on T} and (g2(y),y), (93(¥),v),
respectively, (x, fi(x)), (x, fs(x)) be the points where the parallel lines
to the coordinate axes, passing through the point (z,y) € T/, intersect
the sides v1,7v2 and 3. We consider the unlform partitions of the intervals

[92(9), 93 ()] and [f1 (), fa(a)], 2,y € [0,h], Af, = {ga(y) +iLL020] § —
0,m}, respectively, AY = {fi(x)+ %| j = 0,n} and the Bernstein-
type operators B, and B;, defined by

@ B @) =D i) F () + ST, ).

() (BUF)(x quxy (f()ﬂ'M),
with

— g2

ol .
e =) [0 ] {1 “Herhm]

Remark 31. In Figures 13 and 14 we plot the points

(gQ(y) 4 Z.g?,(y) ;92(2/)73/)72- —0.m

and respectively, (a:,fl(a:) —i—jM), j =0,n, for z,y € [0, h].

n

V1 Vl

Vs v, A v,

Figure 13. Points of Figure 14. Points of
AT for m = 4. Ay, for n = 4.

Theorem 32 ([12]). If F is a real-valued function defined on T}, then:
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(i) BELF =F on vy U~s, and BLF = F on v U~s,

(i) (Bheio) (x,y) = o', i = 0,1; (BYea) (z,y) = 22 + Z=ellesw)d.
(Bgzeij) (a:,y) yj( 1%1 )( )7 2_0>172 ] EN

(i#i) (Bleoj) (r,9) =9, J = 0,1; (Bleoa) (w,y) = y* + LRERLE,
(B%eij) (z,y) = xi(B%eoj)(a:,y), j=0,1,2; i € N.

Proof. The interpolation properties (i) follow by the relations:

1, for:=0, 0, fori<m,

0, fori >0, 1, fori=m,

Pm.i (92(y),y) = { Pm.i (93(y),y) = {

respectively by

1, for j =0, 0, forj<mn,

0, for j >0, 1, for j =n.

tn,j (%, f1(2)) = { tnj(@, f3(x)) = {

Regarding the properties (ii), we have

(Bfnezj) (1:7 y) = yj(B1f”L€ZO)($7 y)a j € N

(B 600 mez X y _1

.93(y) — 92(3/)]

Brew(z,y) = mezxy{gzy)Jr —~
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.93(y) — g2(y)

m

2
86201‘3/ mez xy

92(y) +i

:g%(y) _’_292(y)[x _QZ(y)] + [93(3/) _QQ(Q)][x _QZ(y)]

L m= 1)[93?(5) —92(y))” i (m —2)!

(1 —2)/(m —1)!

1=

[ -]
1

_m—-1 2, (2m — D)ga(y) + g3(y)
= [z — g2(y)]” + -
e 20y _ 2, 17— 92(y)llgs(y) — 7
[z — g2(Y)] + 92 (y) = 2" + p” :
Properties (iii) are proved in the same way. O

Remark 33. The interpolation properties of B% F and By, F are illus-
trated in Figures 15 and 16.

— _  ——
V3 Vv V3

Figure 15. Interpolation Figure 16. Interpolation
set of BY I set of By F.

Now, we consider the approximation formula F' = B} F' + R} F.

Theorem 34 ([12]). If F(-,y) € Clg2(y), 93(y)], y € [0, h], then
) o)| < (14 2920 or y)is), ye o,

and if M = maxo<y<p |93(y) — 92(y)| then we have

(R F) (@) | < (1 T %) W(F (1)), v e [0,h]
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Moreover, if § = 1//m then
@) ) )] < (145 ) e(Fea) o= ve DAL

Proof. As (B} ep)(z,y) =1, it follows that

[(REF) (@) € 3 ol 1)| P, y) — Foaly) +i28) = 920) )

X m
=0

S R ER) S
1=0

< {14 [ pile)  — (aalw) + L LTy
1=0

m

<[+ W o — 92<y>;g93<y> —2]

: Jeo# .y,

l93(y)—g2(1)]?
4

Since maxg, (y)<z<gs(y) [T — 92(¥)][93(y) — x| = , one obtains

(P < 1+ 2O 20 )

and the proof follows. O

Remark 35. Analogous results can be obtained for the remainder of
the formula F = BYF + RJF.

Let Py, = B%Bi, respectively, Qnm = BaB% be the products of the
operators BZ, and By, i.e.,

(PrnF) (@, 9)=) > P (:9) Gnj (21, y) F (i, fl(xi)-FjM),

=0 j—=0 "
(@unF) (@, 9=Y Y P (,9;) Gnj (2,) F(gz(yj)ﬂ'wy vi)»
=0 j—=0

with 2; = go(y) + ig3(y);92(y), yj = fi(z) _i_jf:a(x);h(x)'

Remark 36. The nodes of the operators P,,,, respectively @Q,,, are
given in Figures 17 and 18, where f1, g2 and f3 are arcs of the circles (C1)
(z =32+ (y+%32) =4, (C2) (24 %2)?+ (y—})? = 4, respectively, (C3)
22+ =1.
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Vl
Vl
Y Y
V3 V2 8 2
Figure 17. The nodes of Figure 18. The nodes of
P, for m =n = 4. Qum, for m =n = 4.

Theorem 37 ([12]). If F is a real-valued function defined on T}, then:
(&) (PnnE)(V3) = F(V3), BpnE = F, on 73
(@) (QunF)(V3) = F(V3), QumnE = F, on 3.

Proof. The proof follows from the properties:

(P F) (2, f1(2)) = (BLF)(z, fi(z)),
(Prnd)(92(y), y) = (B F)(92(y), v),

(Pond)(z, f3(2)) = F(z, fs(z)),  z,y €[0,h]
(QuinF)(z, fi(x)) = (B, F)(z, fi(z)),
(@uimF)(92(y), y) = (BLF)(92(y),y),
(QumF)(93(w),y) = Fg3(y),y), =,y €l0,h],

which can be verified by a straightforward computation. O
The interpolation properties of P, F' and Q.,, I are illustrated in Figu-
re 19.

V. V.

3 2

Figure 19. Interpolation set for P, F and Q,, F
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For the remainder of the product approximation formula F' = P, F +
RP I we have:

Theorem 38 ([12]). If F € C(T}) then

| (Rng) (1373/)‘ < (1 + 255\\4/% + 255\/5) W(F;51752)7 (1373/) € Thu

respectively

| (RLLF) (z,y)] < <1+%+N> (F\/l_\/1_> (z,y) € Th,

where M = maxo<y<n |93(y) — g2(y)| and N = maxo<.<n |f3(x) — fa(x)|.
Proof. We have

‘(RP |: ZZszl‘y%g Ty, )‘x_djl|

=0 7=0
512 DD pmil@ Y, (xiy) ‘y — (f1(xi) ”M>
i= 0] 0
+ Z me,i(iv, Y)qn,j (2, y)]w(F; 91, 02)
i=0 j=0

< [% ]zzjo ans (26,9) \/[93 — 92(v)]lg3(y) — ]

1 & — i (x ) —

n

and further,

|(RE, F) ()| < [1wﬂ:—gz<y>1[gg<y>—x]

(51 m

i g [z — fl(x)r]n[f?)(fv) — + 1]w(F; 61,09)
S a7 UL

1 M 1 N
<[1

2 | w(F
tia et na et ]w( 181, 03),
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and the proof follows. O
For the remainder Rng = F — Q,mF we can also obtain

\uﬁ#ﬂ@wﬂg<HJ¥+%vw<Rj%i%>,(%weﬂ.

We consider the Boolean sums of the operators B, and B, i.e.,

Sy = B, @ BY = B%, + BY — B%BY,
Ty = BY & BE, = BY + B, — BYBE,.

Theorem 39 ([12]). If F is a real-valued function defined on T}, then
SmnF‘aT]; = F‘aig; and Tan‘aT,g = F‘af,;'

Proof. As

5
T

PonF) (z, f1(2)) = (BR,F) (z, f1(2)),
(PonF) (92(v),y) = (BLE) (92(y), ) ,
(PmnF) (.I‘,f3($)) = F(l‘,fg(l‘ )7

the proof follows. O
For the remainder of the Boolean sum approximation formula, F =
S + RfmF . we have the following result:

Theorem 40 ([12]). If F € C(T}) then

(RS F)w.9)] <0+ (P =) + 1+ (Pl =)
—i—(l—i—%—kg)w(ﬁ’,\/%,%), (l‘,y)ET’h.

Proof. The identity F—S,,, F = F—B% F+F —ByF —(F — P, F) im-
plics that|(RS,, F)(«,y)| < | (RLF) (e,y)| + | (RAF(2,y)| + | (RE,F)(z.y)|
and the proof follows. O

An analogous inequality can be obtained for the error RL  F=F—T,,,F.

Example 41. Consider the test function from Example 17. In Figure 20
we plot the graphs of BY F| and Sy, F1, with h = 1,m = 5, n = 6, and
fr.92. 832 10,1] = [0.1], file) = =% — A= (@~ 052, ga(y) = — 5" —

4—(y—0.5)% and f3(z) = V1 — a2
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Figure 20. Graphs of By, F1 and Sy, F1.

Example 42. Table 3 contains the maximum approximation errors.

B%Fl B%Fl PmnFl Qanl SmnFl TanI
Max error | 0.0847 | 0.0684 | 0.1269 | 0.1266 | 0.0239 | 0.0240
Table 3. The maximum approximation error for Fj.
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