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Abstract
In this paper, we study the congruences on w-U-a semigroups with s-transversals. The g-congruences on a w-U-a semi-
group with an s-transversal TV are described abstractly by the e-triple, which consists of equivalences on the structure
component parts I, T and Λ. Also, it is shown that the set of all g-congruences on this kind of semigroups forms a complete
lattice.
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1 Introduction

In 1982, Blyth and McFadden [2] first proposed the concept of inverse transversals. In 1993, Ei-Qallali
[3] introduced ample transversals for abundant semigroups. Recently, Wang introduced E-transversals for E-
semiabundant semigroups. According to Howie, the test of whether a structure theory for semigroups is truly
satisfactory is to see if it could enable one to give an explicit description of the congruences, or not [6]. After
the concept of inverse transversals was given, more and more authors initiated the study of congruencies for reg-
ular semigroups with inverse transversals and obtained some interesting results [1, 4, 10–12]. Recently, several
researchers began to show an interest in congruences for abundant semigroups with ample transversals and ob-
tained some meaningful results [8, 9, 15]. w-U-a semigroups (E-semiabundant semigroups) are a generalisation
of an abundant semigroup, and include the class of abundant semigroups as a proper sub-class. The application
of congruence theory on w-U-a semigroups is far more complex than that on regular (abundant) semigroups.
For example, a homomorphic image of a w-U-a semigroup is not necessarily a w-U-a semigroup but a similar
statement is true for a regular semigroup. This property happens to be very important in the study of semigroups.
So we consider the g-congruences on a w-U-a semigroup with an s-transversal since this kind of congruence has
the above-mentioned property [13].
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In this paper, we provide a construction method for g-congruences on w-U-a semigroups with (C) and E-
transversals, and prove that the set of all g-congruences on these kinds of semigroups is a complete lattice.

2 Preliminaries

Let E(S) be the set of all idempotents of a semigroup S, and U be any subset of E(S).
For any a,b ∈ S, define L̃U and R̃U on S are as follows:

aL̃U b ifandonly if (∀e ∈U)(ae = a ⇔ be = b) ;

aR̃U b ifandonly if (∀e ∈U)(ea = a ⇔ eb = b) .

For U = E(S), we use L̃U and R̃U for L̃ and R̃, respectively. It is easy to verify that L ⊆ L ∗ ⊆ L̃U and
R ⊆R∗ ⊆ R̃U . For U = E(S) and the regular elements a and b, we have L =L ∗ = L̃U and R =R∗ = R̃U . S
is called weakly U-abundant (w-U-a for short) if each R̃U -class and each L̃U -class of S contain an idempotent
of U . We always write SU instead of S. We call a w-U-a semigroup SU satisfying the congruence condition (c-c)
if L̃U is a right congruence and R̃U is a left congruence (L̃U and R̃U are not always right and left congruences,
respectively); consequently, we call SU a w-U-a with (C). Further, if U forms a semilattice, then we call SU an
Ehresmann semigroup (E-semigroup for short). For an E-semigroup SU and for any a ∈ S, there exists a unique
idempotent e ∈ U such that eL̃U a, and a unique idempotent f ∈ U such that f R̃U a. We denote e and f by a∗

and a+, respectively.
For a semigroup denoted by another letter, say Q, we denote the set of its idempotents by E(Q), the relations

R̃ and L̃ on QU by R̃U(Q) and L̃U(Q), and the R̃-class and the L̃ -class of an element a by R̃a
U(Q) and

L̃ a
U(Q), respectively. The following results are immediately apparent from the definition of L̃U . Of course, a

dual result holds for R̃U .

Lemma 1. [5] Let a ∈ S and e, f ∈U ⊆ E(S). Then

1. eL̃U a ⇔ (∀ f ∈U)ae = a and a f = a implies e f = e;

2. eL f ⇔ eL̃U f and eR f ⇔ eR̃U f .

Lemma 2. [5] Let SU be an E-semigroup. Then

1. (∀a,b ∈ S)(ab)∗ = (a∗b)∗ and (ab)+ = (ab+)+;

2. (∀a,b ∈ S)aR̃U b ⇔ a+ = b+, aL̃U b ⇔ a∗ = b∗.

Let TV be a w-V-a semigroup and SU be a w-U-a semigroup. We can call TV a w-V-a subsemigroup of SU if
T ⊆ S and V ⊆U ∩T . For any a ∈ T , if there exist e, f ∈ V such that eL̃U aR̃U f , then we call TV a ∼ -w-V-a
subsemigroup of SU .

Lemma 3. [14] If TV is a ∼ -w-V-a subsemigroup of a w-U-a semigroup SU , then

L̃V ∩ (T ×T ) = L̃U ∪ (T ×T )

and

R̃V ∩ (T ×T ) = R̃U ∪ (T ×T ),

and hence, if SU satisfies c-c, then, so dose TV .
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Call a-w-V-a subsemigroup TV of a w-U-a semigroup SU with (C) a-E-subsemigroup if V forms a semilattice.
Call a-E-subsemigroup TV of SU with (C) an Ehresmann transversal (E-transversal for short) of SU if (∀x ∈ S, ∃e,
f ∈U , ∃!x ∈ T ) x = ex f , where x+L e and x∗R f . Based on the work of Yang [14], x can be used to determine
the e and f uniquely. So, we denote e by ex and f by fx and put I = {ex ∈ S} and Λ = { fx ∈ S}.

Lemma 4. [14] Let SU be a w-U-a semigroup with (C) and an E-transversal TV . Then

1. if x ∈ T , then x = x, ex = x+ and fx = x∗;

2. if x ∈V , then x = x = ex = fx;

3. I ∩Λ =V ;

4. I = {e ∈U : (∃ℓ ∈V )eL ℓ} and Λ = { f ∈U : (∃h ∈V ) f L h};

5. (∀e ∈ I,∀ f ∈ Λ)ee = e and f f = f ;

6. (∀e ∈ I,∃!ℓ ∈V )eL ℓ; (∀ f ∈ Λ,∃!h ∈V ) f Rh.

A subset T of S is called a q-ideal (b-ideal) of S if ST ∩T S ⊆ T (T ST ⊆ T ). For a w-U-a semigroup SU , we
have the following result.

Lemma 5. Let TV be an E-transversal of a w-U-a semigroup SU . Then TV is a q-ideal of SU if and only if TV is
a b-ideal of SU .

Proof. Suppose that TV is a q-ideal, x ∈ T ST , then there exist a, b ∈ T , b ∈ S such that x = abc = ab ·c = a ·bc ∈
T . Thus TV is a b-ideal of SU . Conversely, if TV is a b-ideal of SU , then, for any x ∈ ST ∩T S, there exist a, b ∈ S,
c, d ∈ T such that

x = ac = db = eaa fac = debb fb = d+ · eaa fa · c ∈ T.

Thus TV is a q-ideal of SU . □
We call an E-transversal TV of a w-U-a semigroup SU a q-ideal E-transversal if TV is a q-ideal of SU . We

call an q-ideal E-transversal TV of a w-U-a semigroup SU strong (s-transversal for short) if V is an order ideal of
E(T ), and the idempotents of both IT and T Λ are all sets of U .

Define ϕ and ψ as follows:

ϕ : I →V, e 7→ eϕ = ℓ, where eL ℓ;

ψ : Λ →V, f 7→ f ψ = h, where f Rh.

By Lemma 4, (6), both ϕ and ψ are well defined, and ϕ |v = ψ|v = 1V .

Lemma 6. [14] Let TV be a s-transversal of a w-U-a semigroup SU with (C). Then:

1. (∀ f ∈V,∀e ∈ I) f e ∈ RegU(S)⇒ f e = f · eϕ;

2. (∀e ∈V,∀ f ∈ Λ) f e ∈ RegU(S)⇒ f e = f ψ · e.

Let V be a semilattice and A and B be non-empty sets. We suppose that V , A and B are mutually disjoint.
Putting I =V ∪A and Λ =V ∪B, it is easy to see that I ∩Λ =V .

A (V, I,Λ)-system means that V , I, λ thus satisfying the conditions (B1)–(B3):

(B1) There exist two mappings ϕ : I →V and ψ : Λ →V such that

ϕ |v = ψ|v = 1|V .
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(B2) Mappings ⊗ : I ×V → I and: V ×Λ → Λ satisfying

(∀s, t ∈V,∀x ∈ I)x⊗ (st) = (x⊗ s)⊗ t,

(∀s, t ∈V,∀y ∈ Λ)(st)∗ y = s∗ (t ∗ y).

(B3) For any x ∈ I, y ∈ Λ, s ∈V , we have

x⊗ xϕ = x,yψ ∗ y = y,

(x⊗ s)ϕ = xϕ ⊗ s = xϕ · s, (s∗ y)ψ = s∗ yψ = s · yψ,

that is, ϕ , ψ , ⊗,* are compatible.

In the rest of this paper, we use E to denote the set of all idempotents of W . For a semigroup S, we denote
the set of all regular elements of S by Reg(S), and define

VU(a) = {a′ ∈V (a)|aa′,a′a ∈U}andRegU(S) = {a ∈ Reg(S)|VU(a) ̸= φ}.

Lemma 7. [14] Suppose that there is a (V , I, Λ)-system, TV is an E-semigroup in which V is an order ideal of
E(T ), and P is a Λ× I matrix over T satisfying (denote Pf ,e by [f, e])

(B4) (∀a,b ∈V )a[ f ,e]b = [a∗ f ,e⊗b],

(B5) (∀ f ∈ Λ,∀e ∈ I)[ f ψ,eϕ] = f ψ · eϕ; f , f ψ] = f ψ; [eϕ,e] = eϕ and

[ f ψ,e] ∈ RegV (T )⇒ [ f ψ,e] = f ψ · eϕ,

[ f ,eϕ] ∈ RegV (T )⇒ [ f ,eϕ] = f ψ · eϕ.

Put

W = {(e,x, f ) ∈ I ×T ×Λ : eϕ = x+, f ψ = x∗}

with a multiplication

(e,x, f )(g,y,h) = (e⊗a+,a,a∗ ∗h)

where a = x[ f ,g]y ∈ T . Then WE is a w-E-a semigroup with (C) and an s-transversal isomorphic to TV . Con-
versely, every w-U-a semigroup SU with (C) and an s-transversal TV can be constructed in the above manner.

For other notations and terminologies given in this paper, the reader is referred to other papers in the literature
[6, 13, 14].

3 Good congruences

In this section, we describe the g-congruences on a w-U-a semigroup SU with (C) and an s-transversal TV .
Let V , A and B be mutually disjoint sets, I =V ∪A and Λ =V ∪B (hence I ∩Λ =V ). Assume that V , I, Λ form
an (V , I, Λ)-system. We first give the following definitions.
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Definition 1. A congruence ρ on SU is called a good congruence (g-congruence for short) if, for any x, y ∈ T ,
(x,y) ∈ ρ implies (x+,y+) ∈ ρ and (x∗,y∗) ∈ ρ; an equivalence ρ on I[Λ] is called a normal equivalence (n-
equivalence for short), if for all m, n ∈ V , i ∈ I[ j ∈ Λ], mρn implies (i⊗m)ρ(i⊗ n)[(m ∗ j)ρ(n ∗ j)]. Let ρ I

and ρΛ be n-equivalences on I and Λ, respectively, and ρT is a g-congruence on T . We call (ρ I , ρT , ρΛ) an
equivalence triple (e-triple for short) on I ×T ×Λ if the following conditions hold:

(C.1) ρ I|V = ρΛ|V = ρT |V ;

(C.2) (∀ j ∈ Λ)(∀e,g ∈ I)eρ Ig ⇒ [ j,e]ρT [ j,g];

(C.3) (∀i ∈ I)(∀ f ,h ∈ Λ) f ρΛh ⇒ [ f , i]ρT [h, i].

Define a relation ρ(ρ I ,ρT ,ρΛ) on the semigroup W in Lemma 7 by

(e,x, f )ρ(ρ I ,ρT ,ρΛ)(g,y,h)⇔ eρ
Ig,xρ

T y, f ρ
Λh.

Theorem 1. Let W be a w-U-a semigroup SU with (C) and a s-transversal TV as in Lemma 7, and (ρ I , ρT , ρΛ)
be an e-triple on T. Then ρ(ρ I ,ρT ,ρΛ) is a g-congruence on W.

Conversely, every g-congruence on W can be constructed in the above-mentioned manner.

Proof. For any e-triple (ρ I,ρT ,ρΛ) ∈ W . It is clear that ρ(ρ I ,ρT ,ρΛ) is an equivalence. Supposing that
(i,z, j),(e,x, f ),(g,y,h) ∈W , and (e,x, f )ρ(ρ I ,ρT ,ρΛ)(g,y,h), then, by (∗), xρT y, eρ Ig and f ρΛh, and so

(i,z, j)(e,x, f ) = (i⊗m+,m,m∗ ∗ f ),

(i,z, j)(g,y,h) = (i⊗n+,n,n∗ ∗h),

where m = z[ j,e]x and n = z[ j,g]y. Moreover, we have [ j,e]ρT [ j,g], since eρ Ig, (C.2) and xρT y, and so mρT n.
On the other hand, since ρT is a g-congruence, we have m+ρT n+ and so, by (C.1), we get m+ρ In+. Therefore,
(i⊗m+)ρ I(i⊗n+). Similarly, we can verify (m∗ ∗ f )ρΛ(n∗ ∗h). Thus, we have the following relation

(i⊗m+,m,m∗ ∗ f )ρ(ρ I ,ρT ,ρΛ)(i⊗n+,n,n∗ ∗h),

that is to say,

(i,z, j)(e,x, f )ρ(ρ I ,ρT ,ρΛ)(i,z, j)(g,y,h).

Further, we can prove (e,x, f )(i,z, j)ρ(ρ I ,ρT ,ρΛ)(g,y,h)(i,z, j) dually. So, to summarise, we proved that ρ(ρ I ,ρT ,ρΛ)

is a congruence.
Supposing that (x+,x,x∗),(y+,y,y∗) ∈W ′ and (x+,x,x∗)ρ(ρ I ,ρT ,ρΛ)(y+,y,y∗), then by (∗)

x+ρ
Iy+,xρ

T y,x∗ρ
Λx∗.

Moreover, we have x+ρT y+ since ρT is a g-congruence, and so by (C.1), x+ρΛy+. Thus, we have the following
relation

(x+,x+,x+)ρ(ρ I ,ρT ,ρΛ)(y+,y+,y+).

Similarly, we have the relation

(x∗,x∗,x∗)ρ(ρ I ,ρT ,ρΛ)(y∗,y∗,y∗).

To sum up, it follows that ρ(ρ I ,ρT ,ρΛ) is a g-congruence.
Conversely, let ρ be a g-congruence on W . Define the equivalences on I, Λ and T , respectively:
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(E1) (∀e,g ∈ I,eϕ = x+,gϕ = y+)eρIg ⇔ (e,x+,x+)ρ(g,y+,y+);

(E2) (∀ f ,h ∈ Λ, f ψ = x∗,hψ = y∗) f ρΛh ⇔ (x∗,x∗, f )ρ(y∗,y∗,h);

(E3) (∀x,y ∈ T,xρT y ⇔ (x+,x,x∗)ρ(y+,y,y∗).

We have demonstrated that ρI and ρΛ are equivalences on I and Λ, respectively, and that ρT is a g-congruence
on T since ρ is a g-congruence on W .

For any i,k ∈V , if iρIk, then we have (i, i, i),(k,k,k) ∈ T and (i, i, i)ρ(k,k,k). Moreover, we have (e,x+,x+)
(i, i, i)ρ(e,x+,x+)(k,k,k) since it is a g-congruence, and so(

e⊗
(
x+
[
x+, i

]
i
)+

,x+
[
x+, i

]
i,
(
x+
[
x+, i

]
i
)∗ ∗ i

)
ρ(

e⊗
(
x+
[
x+,k

]
k
)+

,x+
[
x+,k

]
k,
(
x+
[
x+,k

]
k
)∗ ∗ k

)
.

That is to say, (
e⊗ i,x+i,x+i

)
ρ
(
e⊗ k,x+k,x+k

)
.

Thus we get (e⊗ i)ρI(e⊗k) and so ρI is an n-equivalence. By a similar argument, ρΛ it is also an n-equivalence.
Further we have the cases 1–3:

Case 1. Obviously, ρI|V = ρΛ|V = ρT |V . So (C.1) holds.

Case 2. For any e,g ∈ I, if eϕ = x+, gϕ = y+ and eρIg, then, by (E1), we have (e,x+,x+)ρ(g,y+,y+). So, for
any (z∗,z∗, j) ∈W , we have

(z∗,z∗, j)(e,x+,x+)ρ(z∗,z∗, j)(g,y+,y+).

That is to say, (
z∗⊗

(
z∗ [ j,e]x+

)+
,z∗ [ j,e]x+,

(
z∗ [ j,e]x+

)∗ ∗ x+
)

ρ(
z∗⊗

(
z∗ [ j,g]y+

)+
,z∗ [ j,g]y+,

(
z [ j,g]y+

)∗ ∗ y+
)
.

Thus, we can get z∗ [ j,e]x+ρS◦z∗ [ j,g]y+. Moreover, by (B3) and (B4), we have z∗ [ j,e]x+= [ j,e] and z∗[ j,g]y+=
[ j,g]. Thus, we have

[ j,e]ρT [ j,g].

So (C.2) holds.

Case 3. Similar to case 2, (C.3) also holds.

In conclusion, we have that (ρI , ρT , ρΛ) is an e-triple on W .
By the direct part, ρ(ρ I ,ρT ,ρΛ) is a g-congruence. On the other hand, for any (e,x, f ),(g,y,h) ∈ W , (e,x, f )

ρ(ρ I ,ρT ,ρΛ)(g,y,h), we have

eρIg, xρT y, f ρΛh.

It follows that (
e,x+,x+

)
ρ
(
g,y+,y+

)
,
(
x+,x,x∗

)
ρ
(
y+,y,y∗

)
,(x∗,x∗, f )ρ (y∗,y∗,h) .

Further (
e,x+,x+

)(
x+,x,x∗

)
,(x∗,x∗, f )ρ

(
g,y+,y+

)
,
(
y+,y,y∗

)
(y∗,y∗,h) .

That is to say, (e,x, f )ρ (g,y,h) and so ρ(ρ I ,ρT ,ρΛ)⊆ ρ . Obviously, ρ ⊆ ρ(ρ I ,ρT ,ρΛ), and thus we have ρ(ρ I ,ρT ,ρΛ)=
ρ . □
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Next, we give an example of a g-congruence on a w-U-a semigroup QU with (C) and an s-transversal.

Example 1. Let Q = {e,g,h,w, f} with the following multiplication table

e g h w f

e e g e g g
g g g g g g
h h g h g g
w w g w g g
f g g w w f

Associativity may be checked directly. And it is easy to verify that E(Q) = {e,g,h, f} and that T ′ =
{w,e, f ,g} is a subsemigroup of Q. Taking U ′ =V ′ = {e,g, f}, we then have

1. eL̃U hL̃U wR̃U f ;

2. L̃g
V ′(T ′) = L̃g

U ′(Q) = R̃g
V ′(T ′) = R̃g

U ′(Q) = {g};

3. L̃w
V ′(T ′) = {w,e}; L̃w

U ′(Q) = {w,e,h};

4. R̃w
V ′(T ′) = R̃w

U ′(Q) = {w, f}.

It is easy to check that QU ′ is a w-U′-a semigroup QU ′ with (C) and an s-transversal T ′
V ′ .

It is easy to verify that the identical relation is a g-congruence.
Let gC(W ) denote the set of all g-congruences on W and eT (W ) denote the set of all e-triples on W con-

structed as in Theorem 1. Then we have the following results.

Lemma 8. If (ρ I
1,ρ

T
1 ,ρ1),(ρ

I
2,ρ

T
2 ,ρ

Λ
2 ) ∈ eT (W ), then

ρ
(ρ I

1,ρ
T
1 ,ρ

Λ
1 ) ⊆ ρ

(ρ I
2,ρ

T
2 ,ρ

Λ
2 ) ⇔ ρ

I
1 ⊆ ρ

I
2,ρ

T
1 ⊆ ρ

T
2 ,ρ

Λ
1 ⊆ ρ

Λ
2 .

Proof. Sufficiency. Let us suppose that e,g ∈ I such that eρ I
1g, eϕ = x+ and gϕ = y+. By the proof of Theorem

1, we have ((
e,x+,x+

)
,
(
g,y+,y+

))
∈ ρ

(ρ I
1,ρ

T
1 ,ρ

Λ
1 ) ⊆ ρ

(ρ I
2,ρ

T
2 ,ρ

Λ
2 ).

It follows that eρ I
2g, and so ρ I

1 ⊆ ρ I
2. Similarly, we can get ρΛ

1 ⊆ ρΛ
2 . On the other hand, if xρT

1 y, we have
x+ρT

1 y+ and x∗ρT
1 y∗ since ρT

1 is a g-congruence on T . Moreover, by (C.1), we have((
x+,x,x∗

)
,
(
y+,y,y∗

))
∈ ρ

(ρ I
1,ρ

T
1 ,ρ

Λ
1 ) ⊆ ρ

(ρ I
2,ρ

T
2 ,ρ

Λ
2 ).

Hence, xρT
2 y.

Necessity. It is obvious. □
Define relation ≤ on eT (W ) by(

ρ
I
1,ρ

T
1 ,ρ

Λ
1
)
≤
(
ρ

I
2,ρ

T
2 ,ρ

Λ
2
)
⇔ ρ

I
1 ⊆ ρ

I
2,ρ

T
1 ⊆ ρ

T
2 ,ρ

Λ
1 ⊆ ρ

Λ
2 .

Then eT (W ) is a partial ordered set with respect to ≤. By Theorem 1 and Lemma 8, gC(W ) and eT (W ) are

isomorphic as partial ordered sets. For any Ω ⊆ gC(W ),
g

V
ρ∈Ω

ρ = ∩{σ ∈ gC(W )|ρ ⊆ σ , for all ρ ∈ Ω}, that is,

the smallest g-congruence on W containing every congruence of Ω.
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Proposition 1. Let Ω ⊆ gC(W ) and Wρ =
(
ρ I,ρT ,ρΛ

)
, where ρ ∈ Ω. Then

W ∩
ρ∈Ω

ρ =

(⋂
ρ∈Ω

ρ
I,
⋂

ρ∈Ω

ρ
T ,
⋂

ρ∈Ω

ρ
Λ

)

and

W g
V

ρ∈Ω

ρ
=

(
g

V
ρ∈Ω

ρ
I,

g
V

ρ∈Ω

ρ
T ,

g
V

ρ∈Ω

ρ
Λ

)
.

Proof. The first equality is pretty obvious, and so we just need to prove the second equality.

For any e, g ∈ I, x, y ∈ T , if eϕ = x+, gϕ = y+ and e
(

V g
ρ∈Ω

ρ

)I
g, then we have

i = (e,x+,x+)
g

V
ρ∈Ω

ρ(g,y+,y+) = j.

Hence, there exist ρi ∈ Ω and ai = (ei,xi, fi) ∈W such that iρ1a1ρ2a2 · · ·an−1ρn j. This implies that i+ρ1a+1 ρ2a+2
· · ·a+n−1ρn j+ and eρ I

1e1ρ I
2e2 · · ·en−1ρ I

ng. Thus we have(
g

V
ρ∈Ω

ρ

)I

⊆
g

V
ρ∈Ω

ρ
I.

The converse is obvious. Similarly, we have
(

V g
ρ∈Ω

ρ

)Λ

=V g
ρ∈Ω

ρΛ.

Next, assume that x
(

g
V

ρ∈Ω

ρ

)T

y, then we have s = (x+,x,x∗)
g

V
ρ∈Ω

ρ (y+,y,y∗) = t. Further, there exist si =(
x+i ,xi,x∗i

)
∈ W and ρi ∈ Ω such that sρ1s1ρ2s2 · · ·ρn−1sn−1ρnt and so xρT

1 x1ρT
2 x2 · · ·ρT

n−1xn−1ρT
n y. Hence, we

have (
g

V
ρ∈Ω

ρ

)T

⊆
g

V
ρ∈Ω

ρ
T .

On the other hand, V g
ρ∈Ω

ρT ⊆
(

V g
ρ∈Ω

ρ

)T
is clear and so

(
V g

ρ∈Ω
ρ

)T
⊆V g

ρ∈Ω
ρT . □

To sum up, we obtain the following theorem.

Theorem 2. Let W be constructed as in Lemma 7. Then eT (W ) forms a complete lattice with respect to ≤ and
gC(W ) is isomorphic to eT (W ) as a complete lattice.
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