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Abstract

In this paper, we study the congruences on w-U-a semigroups with s-transversals. The g-congruences on a w-U-a semi-
group with an s-transversal 7y are described abstractly by the e-triple, which consists of equivalences on the structure
component parts I, T and A. Also, it is shown that the set of all g-congruences on this kind of semigroups forms a complete
lattice.
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1 Introduction

In 1982, Blyth and McFadden [2] first proposed the concept of inverse transversals. In 1993, Ei-Qallali
[3] introduced ample transversals for abundant semigroups. Recently, Wang introduced E-transversals for E-
semiabundant semigroups. According to Howie, the test of whether a structure theory for semigroups is truly
satisfactory is to see if it could enable one to give an explicit description of the congruences, or not [6]. After
the concept of inverse transversals was given, more and more authors initiated the study of congruencies for reg-
ular semigroups with inverse transversals and obtained some interesting results [1,4, 10-12]. Recently, several
researchers began to show an interest in congruences for abundant semigroups with ample transversals and ob-
tained some meaningful results [8,9, 15]. w-U-a semigroups (E-semiabundant semigroups) are a generalisation
of an abundant semigroup, and include the class of abundant semigroups as a proper sub-class. The application
of congruence theory on w-U-a semigroups is far more complex than that on regular (abundant) semigroups.
For example, a homomorphic image of a w-U-a semigroup is not necessarily a w-U-a semigroup but a similar
statement is true for a regular semigroup. This property happens to be very important in the study of semigroups.
So we consider the g-congruences on a w-U-a semigroup with an s-transversal since this kind of congruence has
the above-mentioned property [13].
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In this paper, we provide a construction method for g-congruences on w-U-a semigroups with (C) and E-
transversals, and prove that the set of all g-congruences on these kinds of semigroups is a complete lattice.

2 Preliminaries

Let E(S) be the set of all idempotents of a semigroup S, and U be any subset of E(S).
For any a,b € §, define %y and %y on S are as follows:
a.Zyb ifandonlyif (Ve € U) (ae = a < be = b);
a%yb ifandonlyif (Ve € U) (ea = a < eb = D).
For U = E(S), we use Zy and Zy for £ and Z, respectively. It is easy to verify that . C £* C . and
R C R* C Ry. For U = E(S) and the regular elements a and b, we have ¥ = ¥* = Zy and Z = %* = Hy. S
is called weakly U-abundant (w-U-a for short) if each @U—class and each jy—class of S contain an idempotent
of U. We always write Sy instead of S. We call a w-U-a semigroup Sy satisfying the congruence condition (c-c)
if %y is a right congruence and %y is a left congruence (%, and %y are not always right and left congruences,
respectively); consequently, we call Sy a w-U-a with (C). Further, if U forms a semilattice, then we call Sy an
Ehresmann semigroup (E-semigroup for short). For an E-semigroup Sy and for any a € S, there exists a unique
idempotent e € U such that e.%a, and a unique idempotent f € U such that f%ya. We denote e and f by a*
and a*, respectively.
For a semigroup denoted by another letter, say O, we denote the set of its idempotents by E(Q), the relations
% and Z on Qy by Zy(Q) and Z(Q), and the %-class and the Z~class of an element a by %% (Q) and

,,?L‘/‘(Q), respectively. The following results are immediately apparent from the definition of .7;. Of course, a
dual result holds for %, .

Lemmal. [5]Letac Sande, f € U CE(S). Then
1. eZya<s (Vf €U)ae = a and af = a implies ef = e;
2. eLf = eLyfand eRf < eRyf.
Lemma 2. [5] Let Sy be an E-semigroup. Then
1. (Va,b € S)(ab)* = (a*b)* and (ab)" = (ab™)*;
2. (Va,b € S)a%yb < a* =b*, alyb < a* = b*.

Let Ty be a w-V-a semigroup and Sy be a w-U-a semigroup. We can call 7Ty a w-V-a subsemigroup of Sy if
TCSandV CUNT. For any a € T, if there exist e, f € V such that e.Zya%y f, then we call Ty a ~ -w-V-a
subsemigroup of Sy.

Lemma 3. [/4]If Ty is a ~ -w-V-a subsemigroup of a w-U-a semigroup Sy, then
Ly (T xT)=ZyU(T xT)

and
Ry (T xT) =%y U(T xT),

and hence, if Sy satisfies c-c, then, so dose Ty.
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Call a-w-V-a subsemigroup Ty of a w-U-a semigroup Sy with (C) a-E-subsemigroup if V forms a semilattice.
Call a-E-subsemigroup Ty of Sy with (C) an Ehresmann transversal (E-transversal for short) of Sy if (Vx € S, Je,
feU,3xeT)x=exf, where x*.Le and X*Z f. Based on the work of Yang [14], x can be used to determine
the e and f uniquely. So, we denote e by e, and f by f; and put I = {e, € S} and A = { f, € S}.

Lemmad. [/4] Let Sy be a w-U-a semigroup with (C) and an E-transversal Ty. Then
1. ifxeT, thenx=x, e, =x" and f; = x*;

ifxeV, thenx=x=e,=fy,

INA=V;

I={ecU:(HeV)eLltand A={f€U:(3heV)fLh};

(Ve e LVf e ANe,=eand fr=f;

S N VO

(Veel, 30 eV)eLl; (Vf € A, heV)fRh.

A subset T of S is called a g-ideal (b-ideal) of S if STNTS C T(TST C T). For a w-U-a semigroup Sy, we
have the following result.

Lemma 5. Let Ty be an E-transversal of a w-U-a semigroup Sy. Then Ty is a g-ideal of Sy if and only if Ty is
a b-ideal of Sy.

Proof. Suppose that Ty is a q-ideal, x € T ST, then there exista, b € T, b € Ssuch thatx =abc =ab-c =a-bc €
T. Thus Ty is a b-ideal of Sy;. Conversely, if Ty is a b-ideal of Sy, then, for any x € ST N TS, there exista, b € S,
¢, d € T such that

x=ac=db=ejaf,c = debgfb =d" ceqdfg-ceT.

Thus 7y is a g-ideal of Sy . g
We call an E-transversal Ty of a w-U-a semigroup Sy a g-ideal E-transversal if Ty is a g-ideal of Sy. We
call an g-ideal E-transversal Ty of a w-U-a semigroup Sy strong (s-transversal for short) if V is an order ideal of
E(T), and the idempotents of both /7 and TA are all sets of U.
Define ¢ and y as follows:

Qo: -V, e—ep=1~{ whereeZ/,

v: A=V, f— fu=h, where fZh.
By Lemma 4, (6), both ¢ and y are well defined, and ¢ |[v = y|v = 1y.
Lemma 6. [/4] Let Ty be a s-transversal of a w-U-a semigroup Sy with (C). Then:
1. (VfeVYecl)fec Regy(S)= fe=f-ep;
2. (VecV,VfeA)fecRegy(S)= fe=fy-e

Let V be a semilattice and A and B be non-empty sets. We suppose that V, A and B are mutually disjoint.
Putting/ =V UA and A=V UB, itis easy to see that [ NA =V.
A (V,I,A)-system means that V, I, A thus satisfying the conditions (B1)—(B3):

(B1) There exist two mappings ¢ : I — V and y : A — V such that
Qlv=ylv=1|y.
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(B2) Mappings ® : I xV — [ and: V x A — A satisfying

(Vs,t e V¥xex® (st) = (x®s) ®t,

(Vs,t € V,¥y € A)(st) xy =sx(txy).
(B3) Foranyxel,ye A, s €V, we have

XQXP =X, yY*xy =Y,

(X@S)P=xQ@5s=x@ -5, (sky)Y =s*yY =5y,
that is, ¢, Yy, ®,* are compatible.

In the rest of this paper, we use E to denote the set of all idempotents of W. For a semigroup S, we denote
the set of all regular elements of S by Reg(S), and define

Vy(a) ={d € V(a)|ad',d'a € U}andReg (S) = {a € Reg(S)|Vy(a) # ¢}.

Lemma 7. [/4] Suppose that there is a (V, I, A)-system, Ty is an E-semigroup in which V is an order ideal of
E(T), and P is a A x I matrix over T satisfying (denote Py, by [f, e])

(B4) (Ya,b € V)a|f,elb=laxf,exDb]
(B5) (VfeANecl)[fy,ep] = fy-ep; f,fy] = fy; [e@,e] = ep and

[fw,e] € Regy(T) = [fy,e] = fy-eo,
[f;e@] € Regy (T) = [f,ep] = fy-eq.

Put
W={(e,x,f) €EIXxT xA:ep=x",fy=x"}
with a multiplication
(e,x,f)(g,y,h) = (e®a",a,a* xh)

where a = x[f,g|ly € T. Then Wg is a w-E-a semigroup with (C) and an s-transversal isomorphic to Ty. Con-
versely, every w-U-a semigroup Sy with (C) and an s-transversal Ty can be constructed in the above manner.

For other notations and terminologies given in this paper, the reader is referred to other papers in the literature
[6,13,14].
3 Good congruences

In this section, we describe the g-congruences on a w-U-a semigroup Sy with (C) and an s-transversal Ty .
Let V, A and B be mutually disjoint sets, I =V UA and A =V UB (hence INA =V). Assume that V, I, A form
an (V, I, A)-system. We first give the following definitions.
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Definition 1. A congruence p on Sy is called a good congruence (g-congruence for short) if, for any x, y € T,
(x,y) € p implies (x™,y") € p and (x*,y*) € p; an equivalence p on I[A] is called a normal equivalence (n-
equivalence for short), if for all m, n € V, i € I[j € A, mpn implies (i @ m)p (i @ n)[(m * j)p (n* j)]. Let p!
and p” be n-equivalences on I and A, respectively, and p” is a g-congruence on T. We call (p/, p”, p*) an
equivalence triple (e-triple for short) on I x T x A if the following conditions hold:

T

C.) plly=p*y=p
(C2) (VjeA)(Ve,gel)ep'g = [j.elp”[j,gl;
(C3) (Vie)(Vf.he A)fprh=[f,i]p"[h.i].

Vs

Define a relation p(*"*"»") on the semigroup W in Lemma 7 by

(e,x, /)pP"P" PN (g,y,h) & ep’g,xpTy, fph.

Theorem 1. Let W be a w-U-a semigroup Sy with (C) and a s-transversal Ty as in Lemma 7, and (pl, pT, p
be an e-triple on T. Then p(pl’pT*pA) is a g-congruence on W.
Conversely, every g-congruence on W can be constructed in the above-mentioned manner.

Y

Proof.  For any e-triple (p/,p”,p™) € W. It is clear that p(?"*"*") is an equivalence. Supposing that
(i,z,7),(e,x, f),(g,y,h) € W, and (e,x,f)p(p[’pr’pA) (g,y,h), then, by (x), xpTy, ep’g and fp*h, and so

(i,Z,j)(E,x,f) = (i®m+7m7m* *f)7
(i,z,j)(g,y,h) = (i®n+vnan* *h)a
where m = z[j, e]x and n = z[j, gly. Moreover, we have [j,e]p” [}, g], since ep’g, (C.2) and xpTy, and so mp”n.
On the other hand, since p” is a g-congruence, we have m*p”n™" and so, by (C.1), we get m* p’n*. Therefore,
(iom*)p!(i®nt). Similarly, we can verify (m* * f)p”(n* x h). Thus, we have the following relation
(i@m" ,mm *f)p(pl’pT’pA)(i®n+,n,n* *h),
that is to say,

(i, 2, ) (e,x, £)p PP P (i 2, /) (g3, h).

Further, we can prove (e, x, ) (i,z, /)p®"*"*") (g,y,h)(i,z, j) dually. So, to summarise, we proved that p(®"-*"-P")
is a congruence.
Supposing that (x*,x,x*), (y",y,y*) € W’ and (x*,x,x*)pP"P" ") (y y y*), then by (x)
xply T xp Ty xtphyt.

Moreover, we have x* p”y* since p” is a g-congruence, and so by (C.1), x*p™y*. Thus, we have the following
relation

(xt,x x)pPIPTPN (y ),

Similarly, we have the relation

I

* * T A * *
(", x* x )p(p php )(y YY),

To sum up, it follows that p®"#"-P") is a g-congruence.
Conversely, let p be a g-congruence on W. Define the equivalences on /, A and T, respectively:
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(El) (Ve,gclep=x",g0=y")epig = (e,x",x")p(g,y",y");
(E2) (Vf,he A, fy=x"hy =y")fpah < (x*,x*, f)p(y*,y*, h);
(E3) (Vx,y € T,xpry < (x",x,x")p(y*,y,y%).

We have demonstrated that p; and pa are equivalences on I and A, respectively, and that pr is a g-congruence
on T since p is a g-congruence on W.

For any i,k € V, if ip;k, then we have (i,i,i), (k,k,k) € T and (i,i,i)p (k,k, k). Moreover, we have (e,x,x™)
(i,i,i)p(e,xt,xT)(k,k,k) since it is a g-congruence, and so

(e (v [x™) i) "ot ], (6 [, 1]0) i)
(e (o [ K K) " o™ [ KL, (2 [x7 K] K) k)
That is to say,
(e@ixti,xti)p (e®k,xtk,xTk).

Thus we get (e ®1i)p;(e ® k) and so py is an n-equivalence. By a similar argument, py it is also an n-equivalence.
Further we have the cases 1-3:

Case 1. Obviously, ps|lv = paly = prlv. So (C.1) holds.

Case 2. Forany e,g €1, if e =x*, g = y* and ep;g, then, by (E1), we have (e,x",x")p(g,y",y"). So, for
any (z*,z%,j) € W, we have

(25,25 ) (e,x™ . x")p (5,25, ) (g, yT).
That is to say,
(=@ (" Lrel) " 2" Lsel ™ (2" [se] ) 5 ) p
(Z* @ (2 [,ely") 2 ely™, (2l glyt)” *y+) :

Thus, we can get 7* [, ] x" ps-z* [/, g] y*. Moreover, by (B3) and (B4), we have z* [j,e]x™ = [j,e] and z*[j, g]y" =
[j,&]. Thus, we have

[j.elpr(J.gl-
So (C.2) holds.
Case 3. Similar to case 2, (C.3) also holds.

In conclusion, we have that (p;, pr, pa) is an e-triple on W.
By the direct part, p(P"*"*") is a g-congruence. On the other hand, for any (e,x,f),(g,y.h) €W, (e,x, f)
pPhptp") (g,y,h), we have

ep18, Xpry, fpah.
It follows that
(e.x™x")p(g,y" "), (x xx) p (v 3 ") . (x5, ) p 0%,y h).
Further
(e,x",x™) (x"x,x) (2", ) p (g.y,y"), 0 y™) O,y h).

That s to say, (e,x, f) p (g,y,h) and so p®"P":p™ C p. Obviously, p C p®"»"P"), and thus we have p(P'"»")
p.

Ol
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Next, we give an example of a g-congruence on a w-U-a semigroup Qy with (C) and an s-transversal.
Example 1. Ler Q = {e, g, h,w, f} with the following multiplication table

e g h w f

e|je g ¢ g g
g/ g g g g g
hih g h g g
wiw g w g g
flg g w w f

Associativity may be checked directly. And it is easy to verify that E(Q) = {e,g,h, f} and that T’ =
{w,e, f,g} is a subsemigroup of Q. Taking U' =V’ = {e, g, f}, we then have

1. ejyhjUW«@Uf;

2. Ly(T') = L (Q) = RY,(T") = R, (Q) = {g}:
3. Ly(T) = {w,e}; L} (Q) = {w,e,h};

4. Ry(T") =R}.(Q) = {w, f}.

It is easy to check that Qy is a w-U’-a semigroup Qy with (C) and an s-transversal T},.

It is easy to verify that the identical relation is a g-congruence.

Let gC(W) denote the set of all g-congruences on W and T (W) denote the set of all e-triples on W con-
structed as in Theorem 1. Then we have the following results.

Lemma 8. If (p{,p{.p1),(p3.p5 ,p3) € T (W), then
p(pfvplrvpf\) g p(Pé’PQT-,Pé\) & p{ g p§7plT g pszp{\ g pé\

Proof. Sufficiency. Let us suppose that e, g € I such that ep{ g, e0 =x" and g = y". By the proof of Theorem
1, we have

((€,x+7x+) , (g’y+’y+)) c p(pfvplz-‘p{\) g p(PépzT,pé\)

It follows that eplg, and so p! C pl. Similarly, we can get p* C p2. On the other hand, if xp!y, we have
x+p1T yT and x* plT y* since plT is a g-congruence on 7. Moreover, by (C.1), we have

((x+,x,x*) s ()’+7y,y*)) S p(p{*’lT*Pf\) - p(PévpvaPé\)_

Hence, xp2T y.
Necessity. It is obvious. O
Define relation < on e7' (W) by

(o1 p1,p1) < (03,03 ,P2) < pi Cp3.pf Cps5,p1 Cp3

Then eT (W) is a partial ordered set with respect to <. By Theorem 1 and Lemma 8, gC(W) and eT (W) are
g
isomorphic as partial ordered sets. For any Q C gC(W), V p =n{oc € gC(W)|p C o, forall p € Q}, that is,
peQ

the smallest g-congruence on W containing every congruence of Q.
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Proposition 1. Let Q C gC(W) and W, = (p’,p™,p™), where p € Q. Then
Wonp= (ﬂ o', p, ﬂpA>
pee peQ peQ peQ
and
g g g
W = (pv p', v, v pA>.

peo p cQ peQ peQ

Proof. The first equality is pretty obvious, and so we just need to prove the second equality.

I
Foranye,gcl,x,ycT,ifeo=x",gp=y" and e (V;’egp) g, then we have

. g .
i=(e,x"x") V p(gytyt) =
pEQ

Hence, there exist p; € Q and a; = (e;,x;, f;) € W such that ipya; p2az - - ay—1pnj. This implies that it pya;| pray
-al p,jT and epleipler---e,_1plg. Thus we have

8 ! g g
Vp|] CVvp.
€eQ peQ

A
The converse is obvious. Similarly, we have (V;feg p) = Vgeg pA.

T
g g
Next, assume that x <pv p> y, then we have s = (x™,x,x*) V p(y*,y,y*) =t. Further, there exist s; =
€Q peQ

(x;,x;,x7) € W and p; € Q such that sp1510282 -+ - Pu—155—1Pat and so xp{ x;pJxz---pl x,_1pFy. Hence, we

i
have
g T A
Vp)] CVp.
€Q peEQ

T T
On the other hand, VngQpT C (Vlfegp) is clear and so (Vpgegp> - VngQpT. O
To sum up, we obtain the following theorem.

Theorem 2. Let W be constructed as in Lemma 7. Then eT (W) forms a complete lattice with respect to < and
gC(W) is isomorphic to eT (W) as a complete lattice.
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