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1. Introduction

The study of metric fixed point theory has been at the centre of vigorous
research activity and it has a wide range of applications in applied math-
ematics and sciences. Over the past two decades a considerable amount
of research work for the development of fixed point theory have executed
by several mathematicians. There has been a number of generalizations of
the usual notion of a metric space. One such generalization is a b-metric
space introduced and studied by Bakhtin [5] and Czerwik [11]. After that
a series of articles have been dedicated to the improvement of fixed point
theory in b-metric spaces. Recently, Hussain et.al.[16] introduced a new
concept of wi-distance on b-metric spaces, which is a b-metric version of
the w-distance of Kada et.al.[20] and proved some fixed point results in a
partially ordered b-metric space by using the wt-distance. In this work, we
prove some common fixed point theorems for a pair of self mappings by using
the wt-distance. Further, our results are used to obtain several important
fixed point theorems in b-metric spaces. Finally, some examples are provided
to examine the strength of the hypothesis of the main result.

2. Preliminaries

In this section we need to recall some basic notations, definitions, and
necessary results from existing literature.
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Definition 1 ([11]). Let X be a nonempty set and s > 1 be a given real
number. A function d : X x X — RY is said to be a b-metric on X if the
following conditions hold:

(1) d(z,y) =0 if and only if x = y;

(i4) d(z,y) = d(y,z) for all 2,y € X;

(t3i) d(z,y) < s(d(z,z) +d(z,y)) for all z,y,z € X.
The pair (X, d) is called a b-metric space.

Observe that if s = 1, then the ordinary triangle inequality in a metric
space is satisfied, however it does not hold true when s > 1. Thus the class of
b-metric spaces is effectively larger than that of the ordinary metric spaces.
That is, every metric space is a b-metric space, but the converse need not
be true. The following examples illustrate the above remarks.

Example 1. Let X = {-1,0,1}. Define d : X x X — R by d(z,y) =
d(y,z) for all z,y € X, d(x,x) =0,z € X and d(—1,0) = 3, d(—-1,1) =
d(0,1) = 1. Then (X,d) is a b-metric space, but not a metric space since
the triangle inequality is not satisfied. Indeed, we have that

d(-1,1) +d(1,0) =1+1 =2 < 3 =d(—1,0).
It is easy to verify that s = %
Example 2 ([16]). Let X =R and d: X x X — RT be such that
d(z,y) =|z —y|* forany z,y € X.
Then (X, d) is a b-metric space with s = 2, but not a metric space.
Definition 2 ([9]). Let (X,d) be a b-metric space, x € X and (x,) be a

sequence in X. Then
(1) (xn) converges to x if and only if im d(x,,z) = 0. We denote this
n—oo

by lim x, =z or x, = x(n — 00).
n—oo

(i7) (xy) is Cauchy if and only if lm d(xy,xn,) = 0.
n,Mm—00
(7i1) (X, d) is complete if and only if every Cauchy sequence in X is
convergent.

Definition 3. Let (X, d) be a b-metric space and let T : X — X be a
given mapping. We say that T is continuous at xg € X if for every sequence
(xn) in X, we have x, — xy as n — oo = T(x,) — T(xg) as n — 0.
If T is continuous at each point xo € X, then we say that T is continuous
on X.

Theorem 1 ([1]). Let (X,d) be a b-metric space and suppose that (x,,)
and (yp) converge to x,y € X, respectively. Then, we have

1
—d(z,y) < hm mf d(xp, yn) < limsup d(z,,y,) < s2d(z,y).
s?

n—o0
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In particular, if x = y, then li_)m d(xn,yn) = 0. Moreover, for each
n o0

z € X, we have

1d(a:,z) < liminf d(zy, z) < limsup d(zy, z) < sd(z, 2).
S n—00 n—00

Definition 4 ([16]). Let (X,d) be a b-metric space with constant s > 1.
Then a function p : X x X — [0,00) is called a wt-distance on X if the
following conditions are satisfied:

(1) p(z,2) < s(p(z,y) +p(y, 2)) for any z,y,z € X;
(13) for any x € X, p(x,.) : X — [0,00) is s-lower semi-continuous;
(7i1) for any € > 0 there exists § > 0 such that p(z,z) < § and p(z,y) < 4§
imply d(x,y) < e.

Let us recall that a real valued function f defined on a b-metric space X

is said to be s-lower semi-continuous at a point zg in X if liminf f(x,) = co
In—XQ

or f(xzg) < lim_inf sf(xy), whenever z,, € X for each n € N and z,, — x9
Ty —>T0
[18].

Lemma 1 ([16]). Let (X,d) be a b-metric space with constant s > 1 and
let p be a wt-distance on X. Let (x,) and (yn) be sequences in X, let (o)
and () be sequences in [0,00) converging to 0, and let x,y,z € X. Then
the following hold:

(1) If p(zp,y) < ap and p(xy, 2) < By, for any n € N, then y = z.
In particular, if p(z,y) =0 and p(x,z) =0, then y = z;
(i1) if p(Tn,yn) < an and p(l’n, Z) < Bn for anyn €N, then (yn)
converges to z;
(13i) if p(xn, Tm) < ay for any n,m € N with m > n, then (x,) is
a Cauchy sequence;
() if p(y, xn) < ay for any n € N, then (x,) is a Cauchy sequence.

Example 3 ([16]). Let (X, d) be a b-metric space. Then d is a wi-distance
on X.

Example 4 ([16]). Let X = R and d(z,y) = (z—y)?. Then the function
p: X x X — [0,00) defined by p(x,y) =| z | + | y |? for every x,y € X is
a wt-distance on X.

Example 5 ([16]). Let X = R and d(z,y) = (x—y)?. Then the function

p: X x X — [0,00) defined by p(z,y) =| y | for every 2,y € X is a
wt-distance on X.

Definition 5. Let (X,d) be a b-metric space with constant s > 1. A
mapping T : X — X is called expansive if there exists a real constant k > s
such that

d(T(x),T(y)) > kd(z,y) forall z,ye€ X.
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3. Main results

In this section, we present our new results.

Theorem 2. Let p be a wt-distance on a complete b-metric space (X, d)
with constant s > 1. Let T1, Ty be mappings from X into itself. Suppose
that there exists v € [0,1) such that

p(T1(z), ToT1(x)),
(1) max < min { p(z, T1()), p(z, Ta(z))}
p(Ta(z), Th Tx(x))

for every x € X and that
(2) inf {p(z,y) + min {p(z, T1(z)), p(z, To(x))} :x € X} >0

for every y € X with y is not a common fized point of T1 and T>. Then Ty
and Ty have a common fized point in X. Moreover, if v = T1(v) = Ta(v),
then p(v,v) = 0.

Proof. Let ug € X be arbitrary and define a sequence (u,,) by

Ti(up—1), if n is odd
Uy =
To(up—1), if n iseven.

If n € N is odd, then by using (1)

P(Un, unt1) = p(Th(up—1), T (un))
= p(T1(un—1), ToT1 (un—1))
max {p(T1 (un—1), ToT1(un-1)),
p(Ta(un—1), TiTo(up—1))}
rmin {p(un—1, 1 (up—1)), p(tn—1, To(un—1))}
rp(tun—1, Th (Un—1))

Tp(un—ly un)

IN

IN N

If n is even,then by (1), we have

p(un, tny1) = p(To(un—1), T1(un))

p(To(un—1), T1To(un—1))

max {p(T2(un—1), T1T2(un-1)),
p(T1(un—1), ToT1 (un—1))}

rmin {p(un—1, To(un—1)), p(tn-1,T1(un-1))}

rp(un—1, To(un—1))

rp(Up_1, Up).

IN

IAIN
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Thus for any positive integer n, we obtain

(3) P(Un; Uny1) < 7P(Un—1, Up).
By repeated application of (3), we get

(4) P(Un; unt1) < 1" p(ug, ur).

For m,n € N with m > n, we have by repeated use of (4)

P(un, um) < 8 [p(tn, unt1) + p(Unt1, um)]

< 5p(tn, Uni1) + 82 p(Ung1, Uny2) + ...

+ 8" [p(m—2, Um—1) + P(Um—1, Um)]
< [sr” 4+ St p g gmenTlyme2 g gmenly, m_l] p(ug, u1)
< [sr + 2t g lpme2  gmenym 1] p(ug, u1)
= s [L+sr+ (87“) + (sr)™ 72 o (sr)™ ] plug, wa)
< Srn p(uo, u1).

1—sr

By Lemma 1(7i7), (uy) is a Cauchy sequence in X. Since X is complete,
(up) converges to some point z € X. Let n € N be fixed. Then since (uy,)
converges to z and p(uy,.) is s-lower semi-continuous, we have

S2rn

p(un,z) < lim inf Sp(“’n,“m) < p(u(),ul)‘

m—00 ~1l—sr
Assume that z is not a common fixed point of 77 and 75. Then by hypothesis

0 < inf{p(x,z)+min{p(z,Ti(x)),p(x,To(x))}:xz € X}
< inf {p(un, 2) + min {p(un, T1(uy)), p(un, To(uy))} : n € N}

2 rn
. s
< inf { 1 S?"p(uo’ ul) +p<un7un+1 nc N}

IN

sZrm

inf{ p(ug, u1) + " p(ug,u1) : n € N}
1—sr

=0

which is a contradiction. Therefore, z = T1(z) = Ta(z).
If v =Ty (v) = T»(v) for some v € X, then

p(v,v) = max {p(T1(v), T3T1(v)), p(T2(v), T1T>(v))}
< rmin {p(v, T1(v)), p(v, T2 (v))}
= rmin{p(v,v),p(v,v)}
= rp(v,v)
which gives that, p(v,v) = 0. [ |
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Corollary 1. Let (X, d) be a complete b-metric space with constant s > 1,
let p be a wt-distance on X and let T be a mapping from X into itself.
Suppose that there exists r € |0, %) such that

p(T(x),T*(x)) < 7p(z, T ()
for every x € X and that
inf {p(z,y) + p(z,T(z)) :x2 € X} >0

for every y € X withy # T(y). Then T has a fized point in X. Moreover,
if v="T(v), then p(v,v) = 0.

Proof. The result follows from Theorem 2 by taking 71 =T, =7. R
As an application of Corollary 1, we have the following results.

Theorem 3. Let (X, d) be a complete b-metric space with constant s > 1,
let p be a wt-distance on X and let T be a continuous mapping from X into
itself. Suppose that there exists r € |0, %) such that

p(T(x), T*(z)) < rp(z, T(x))

for every x € X. Then T has a fized point in X. Moreover, if v = T(v),
then p(v,v) = 0.

Proof. If possible, suppose there exists y € X with y # T'(y) and
inf {p(z,y) + p(z,T(z)) : z € X} = 0.
Then there exists a sequence (x,) in X such that
Jim {p(zn,y) + p(zn, T(xn))} = 0

which gives that p(z,,y) — 0 and p(x,, T(z,)) — 0. By using Lemma 1, it
follows that T'(x,) — y. We also have

p(mn,T2(xn)) <s [p(xn,T(a:n)) +p(T($n)’T2(xn))}
< s(1+r)p(xn, T(x,)) — 0.

Therefore, (T?(z,,)) converges to y. But 7' : X — X being continuous, we
have

Tw) =T (Jim 7)) = Jim 7)<y
which contradicts the fact that y # T'(y). Thus, if y # T'(y), then
inf {p(x,y) + p(z,T(z)) : 2 € X} > 0.

By applying Corollary 1, we obtain the desired conclusion. |
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Theorem 4. Let (X,d) be a complete b-metric space with constant s > 1
and let T : X — X be such that

() d(T(x),T(y)) < ad(z,y) + Bd(z, T(x)) +vd(y, T(y))

for every x,y € X, where a, 3,7 > 0 with a+ B+ v < % Then T has a
unique fixed point in X.

Proof. We treat the b-metric d as a wt-distance on X. From (5), we
have

d(T(x), T*(x)) < ad(z, T(x)) + fd(z,T(x)) +vd(T (z), T*(z))
which gives that

a+ B
-~

(6) d(T(x),T*(x)) < d(z, T(x)).

Let usputr:%“f. Then r € [0,%) since s(a + f) +v < s(a+ [ +7v) < 1.

Therefore, (6) becomes
d(T(z), T*(x)) < rd(z, T(z))

for every x € X.
Suppose there exists y € X with y # T'(y) and

inf {d(z,y) +d(z,T(x)) :x € X} =0.
Then there exists a sequence (z,) in X such that
li_>m {d(xn,y) + d(xn, T(x,))} = 0.

So, we get d(xy,y) — 0 and d(z,, T(x,)) — 0. By Lemma 1, it follows that
T(x,) — y. We also have

d(y, T(y)) < sld(y, T(wn)) +d(T(xn), T(y))]
< sld(y, T(wn)) + ad(zn, y) + Bd(xn, T(zn)) +vd(y, T(y))]

for any n € N and hence

d(y, T(y)) < svd(y, T(y)).

Therefore, d(y,T(y)) = 0 i.e., y = T(y). This is a contradiction. Hence, if
y # T(y), then

inf {d(z,y) +d(z,T(x)) :z € X} > 0.

By applying Corollary 1, we obtain a fixed point of 7" in X. Clearly, T" has
unique fixed point in X. |
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Theorem 5. Let (X, d) be a complete b-metric space with constant s > 1
and let T : X — X be such that

(7) d(T'(x),T(y)) < ad(x, T(y)) + Pd(y, T(x))

for every x,y € X, where o, § > 0 with as < %ﬂ or Bs < %H Then T has
a fized point in X. Moreover, if « + < 1, then T has a unique fized point
mn X.

Proof. We treat the b-metric d as a wt-distance on X. From (7), we
have

d(T(2),T*(2)) < ad(z, T*(z)) + Bd(T(z), T (x))

as[d(z, T(x)) + d(T(z), T*(z))]

IN A

which gives that

as

(8) d(T(x), T*(x)) < { d(x, T (x)).

— Qs

Let us put r = 2. Then r € [0, ). Therefore, (8) becomes

l—as*

A(T(2), T(x)) < rd(z, T(z))
for every x € X. Suppose there exists y € X with y # T'(y) and
inf {d(z,y) +d(z,T(x)) :x € X} =0.
Then there exists a sequence (x,) in X such that
T}Ln;o{d(mn, y) + d(xpn, T(x,))} = 0.

So, we get d(zy,y) = 0 and d(xy,,T(x,)) — 0. By Lemma 1, it follows that
T(x,) — y. We also have

d(y, T(y)) < sld(y, T(xn)) + d(T(2n),T(y))]
s[d(y, T(zn)) + ad(zn, T(y)) + Bd(y, T(zn))]
s[d(y, T(zn)) + asd(xn,y) + asd(y, T(y)) + Bd(y, T(xy))]

VARRVANNVAN

for any n € N and hence

d(y,T(y)) < s*ad(y,T(y)).

Therefore, d(y,T(y)) = 0 i.e., y = T(y). This is a contradiction. Hence, if
y # T'(y), then

inf {d(z,y) +d(z,T(x)) :z € X} > 0.
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By applying Corollary 1, we obtain a fixed point of T in X.

Now suppose that a + 5 < 1. Assume that there are u,v € X such that
T(u) =wu and T'(v) = v. Then

d(u,v) =d(T(u), T(v)) < ad(u,v) + fd(v,u) = (a+ B)d(u,v).

This shows that d(u,v) = 0 i.e., u = v. Therefore, T' has a unique fixed
point in X. |

Theorem 6. Let (X, d) be a complete b-metric space with constant s > 1
and let T be a mapping from X into itself. Suppose there exists r € [0, %)
such that

9)  d(T(x),T(y)) < rmax{d(z,y),d(z,T(x)),d(y,T(y)),d(y, T(x))}
for every x,y € X. Then T has a unique fixed point in X.

Proof. We treat the b-metric d as a wt-distance on X. From (9), we
have

(10)  d(T(x),T*(z)) < Tmax{ d(z,T(z)),d(x, T(x)), }
= rmax{d(z,T(z)),d(T(z),T*(z))}.

Without loss of generality, we assume that T'(z) # T?(x). For, otherwise, T
has a fixed point. Since r < 1, we obtain from (10) that

d(T(2), TX(2)) < rd(w, T(x))
for every x € X. Assume that there exists y € X with y # T'(y) and
inf {d(z,y) +d(z,T(z)) :z € X} =0.
Then there exists a sequence (z,) in X such that

lim {d(xn,y) + d(xn, T(z,))} = 0.

n—oo

So, we get d(x,,y) — 0 and d(x,,T(x,)) — 0. By Lemma 1, it follows that
T(zy) — y. We also have

d(y, T(y)) < sld(y,T(zn)) + d(T(2n), T(y))]
sd(y, T (wy))

+ srmax {d(zn,y), d(zn, T(zy)),d(y, T(y)),d(y, T(x,))}

<
<
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for any n € N and hence

d(y, T(y)) < srd(y, T(y)).

Therefore, d(y,T(y)) = 0 i.e., y = T(y). This is a contradiction. Hence, if
y # T'(y), then

inf {d(z,y) +d(z,T(z)):x € X} > 0.

By applying Corollary 1, we obtain a fixed point of 7" in X. Clearly, fixed
point of T' is unique. |

Theorem 7. Let p be a wt-distance on a complete b-metric space (X, d)
with constant s > 1. Let Ty, T be mappings from X onto itself. Suppose
that there exists r > s such that

| p(TeT(x), Th(x)),
(1) win{ PRI > i (T (0). ), () )

for every x € X and that
(12) inf {p(z,y) + min {p(T1(z), z), p(T2(z), )} : € X} > 0

for every y € X with y is not a common fized point of T1 and Ts. Then Ty
and Ty have a common fized point in X. Moreover, if v = Ti(v) = Ta(v),
then p(v,v) = 0.

Proof. Let up € X be arbitrary. Since 77 is onto, there is an element
uy satisfying w1 € T 1(u0). Since T5 is also onto, there is an element ug
satisfying us € T} 1(u1). Proceeding in the same way, we can find ug,+1 €
Tfl(UQn) and ugp40 € T{l(u2n+1) forn=1,2,3,....

Therefore, ug, = T1(uzn+1) and ugyt1 = To(ugn42) for n =0,1,2,.. ..

If n = 2m, then using (11)

P(Un—1,un) = p(uzm—1,u2m)
p(To(uam), T1(u2m+1))
(T (u2m1), Tr (u2m+1))
min {p(T2T1 (u2m-+1), T1 (u2m+1)),
p(T1Ta(uam+1), To(uzm+1))}
rmax {p(T1 (uzm+1), v2m+1), P(T2(U2m+1), U2m+1) }
rp(T1 (u2m+1), u2m+1)
p(Um; U2m+1)

TP(Upy Up41)-

v

AVANAY]
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If n =2m + 1, then by (11), we have

P(Un—1,un) = p(u2m,u2m+1)
(T (u2m+1), To(uzm+2))
p(T1 1o (uam+2), To(u2m+2))
min {p(T2T1 (u2m+2), T1 (u2m+2)),
(11 T2 (u2m+2), To(u2m+2))}
rmax {p(T (uzm+2), 2m+2), P(T2(U2m+2), U2m+2) }
rp(To(u2m+2), U2m+2)
TP(U2im415 U2m+2)
= p(Un, Unt1).

v

(AVANAY]

Thus for any positive integer n, we obtain

P(Un—1, Un) > rp(Un, Un+1)

which implies that,

[

1

13 plumtnn) € (o) < o< (1) pun )

Leta:%,then0<a<%sincer>s.

Now, (13) becomes

P(tn, unt1) < " plug, ur).

So, if m > n, then

P(tn, tm) < 8 [p(un; unt1) + p(Unt1, tm)]
< 5p(tny Unt1) + 52Pp(Unt1, Unio) + ...
+sm ! [P(Um—2, um—1) + P(Um—1, um)]
< [sa™ + %™t o s TR 4 g g™ plug, ug)
< [sa” + SPPamtl 4 g smTlgme2 4 sm_"am_l] p(up, u1)
= sa™ [1+sa+ (sa)® + ...+ (s&)™ "2 + (sa)™ "] p(ug, u1)
< sa” p(uo, u1).
— 1-sa

By Lemma 1(i4i), (uy) is a Cauchy sequence in X. Since X is complete,
(up) converges to some point z € X. Let n € N be fixed. Then since (u,)
converges to z and p(uy,.) is s-lower semi-continuous, we have

sZam

(14) P(Un, z) < liminf sp(up, um) <

im in: T o P(uo, u1)-
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Assume that z is not a common fixed point of 71 and T>. Then by hypothesis

0 < inf {p(x, z) + min {p(T1(x), z), p(Ta(z),x)} : z € X}
< inf {p(up, 2) + min { p(T1(un), up), p(To(uy), un)} : n € N}

. s2a”
< inf p(“Oyul) +p(un—17un) :n €N

1-— s«

IN

L 82:71 ( ) 1 ( )

m Ug, 1) + plup,u neN
1 s b uog, u1 0, U1

=0

which is a contradiction. Therefore, z = T (z) = Ta(2).
If v =T, (v) = Tz(v) for some v € X, then

p(v,v) = min{p(T5T:(v), T1(v)), p(T1 To(v), Ta(v)) }
(Ta(v), v)}
)}

> rmax {p(T1(v),v),p
= rmax {p(v,v), p(v,v

rp(v,v)

which gives that, p(v,v) = 0. |

Corollary 2. Let p be a wt-distance on a complete b-metric space (X, d)
with constant s > 1 and let T : X — X be an onto mapping. Suppose that
there exists r > s such that

(15) p(T?(2), T(x)) > rp(T(x),z)
for every x € X and that
(16) inf{p(z,y) + p(T(x),z) :x € X} >0

for every y € X with y # T'(y). Then T has a fized point in X. Moreover,
if v="T(v), then p(v,v) = 0.

Proof. Taking 77 = T5 = T in Theorem 7, we have the desired result. B
As an application of Corollary 2, we have the following results.

Theorem 8. Let (X, d) be a complete b-metric space with constant s > 1
and let T : X — X be an onto continuous mapping. Suppose there exists
r > s such that

d(T?(x),T(x)) > rd(T(x), )

for every x € X. Then T has a fized point in X.
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Proof. We consider d as a wi-distance on X. Then d satisfies condition
(15) of Corollary 2.
Assume that there exists y € X with y # T'(y) and

inf{d(z,y) + d(T(z),z) : x € X} = 0.
Then there exists a sequence () such that
nli_)rgo{d(acn, y) + d(T(x),2n)} = 0.
So, we have d(x,,y) — 0 and d(T(zy),z,) — 0 as n — 0.
Now,
d(T(zy),y) < d(T(xn),xn) + d(xn,y) = 0 as n — oco.

Since T is continuous, we have

T(y) =T ( lim xn) = lim T(z,) =y.

n—o0 n—o0

This is a contradiction. Hence if y # T'(y), then

inf{d(z,y) + d(T(z),z) : x € X} >0,
which is condition (16) of Corollary 2. By Corollary 2, there exists z € X
such that z = T'(2). [ |

Theorem 9. Let (X,d) be a complete b-metric space with constant s > 1
and let T : X — X be an onto continuous mapping. If there is a real number
r with r > s satisfying

(17) d(T (), T(y)) = rmin{d(z, T(z)),d(T(y),y), d(z,y)}
for every x,y € X, then T has a fized point in X .

Proof. We consider d as a wt-distance on X. Replacing y by T'(z) in
(17), we have

(18) d(T(x), T*(z)) > r min{d(z,T(z)), d(T*(z), T(x)),d(z, T(x))}

for every x € X. Without loss of generality, we may assume that T'(z) #
T?(z). For, otherwise, T' has a fixed point. Since r > s > 1, it follows from
(18) that

d(T*(z),T(x)) > rd(T(z), x)

for every x € X. By the argument similar to that used in Theorem 8, we
can prove that, if y # T'(y), then

inf{d(z,y) + d(T(z),z) : x € X} > 0.
So, Corollary 2 applies to obtain a fixed point of 7T'. |



138 SUSHANTA KUMAR MOHANTA

Remark 1. The class of mappings satisfying condition (17) is strictly
larger than that of expansive mappings. For, if T': X — X is expansive,
then there exists 7 > s such that

d(T'(z), T(y)) = rd(z,y) = rmin{d(z, T'(z)),d(T(y),y), d(z,y)}

for all z,y € X. On the otherhand, the identity mapping satisfies condition
(17) but it is not expansive.

We now supplement Theorem 2 by examination of conditions (1) and (2)
in respect of their independence. We furnish Examples 6 and 7 below to
show that these two conditions are independent in the sense that Theorem
2 shall fall through by dropping one in favour of the other.

Example 6. Let X = {0} U {3 :n >1} and d(z,y) =| z — y |* for all
xz,y € X. Then (X,d) is a complete b-metric space with constant s = 2.
Define 7: X — X by T(0) = % and T (55) = Sn% for n > 1. Clearly, T" has
no fixed point in X. It is easy to verify that d(T'(z), T?%(z)) < $d(z,T(z))
for all x € X. Therefore, condition (1) holds for T} = T5 = T'. On the other
hand, T'(y) # y for all y € X and so

inf {d(z,y) + d(z,T(z)) : z,y € X with y # T(y)}
=inf{d(z,y)+d(z,T(z)):xz,y € X} =0.
Thus, condition (2) is not satisfied for 77 = T5 = T'. We note that Theorem
2 does not hold without condition (2).
Example 7. Let X = [3,00) U {1,2} and d(z,y) =| z — y |? for all

z,y € X. Then (X,d) is a complete b-metric space with constant s = 2.
Define T : X — X where

= {y o

Clearly, T possesses no fixed point in X.
Now,

inf {d(z,y) +d(z,T(x)) : z,y € X withy # T(y)}
= inf {d(z,y) + d(z,T(x)) : xz,y € X} > 0.
Thus, condition (2) is satisfied for T} = T5 = T'. But, for x = 1, we find that
d(T(z), T*(x)) = 1 > rd(z,T(x)) for any r € [0,1). So, condition (1) does
not hold for 77 = T5 = T'. In this case we observe that Theorem 2 does not
work without condition (1).

Note. In examples above we treat the b-metric d as a wt-distance on X
in reference to Theorem 2.
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