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1. Introduction

[respectively L>] be the class of all 2r—periodic

real-valued functions integrable in the Lebesgue sense with p—th power [es-
sentially bounded] over @ = [—7, 7] with the norm

1/p
(£ 1s@pa)” . when 1<p<os,
Q

=100 =1 52 o e pe o
teQ
and consider the conjugate trigonometric Fourier series
— oo
Sf(x) = Z(al,(f) sinva — b, (f) cosvx)
v=1

with the partial sums gkf. We know that if f € L then

Fla) = —i/;wx (t)%cot Lt = lm F(z,e),

e—0t
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where

:Ue ::—/ (1 cot dt

with
Yo (t) = f e+ 1) = fle—1),
exists for almost all x [11, Th.(3.1)IV].

Let A := (any) and B := (b, ) be infinite lower triangular matrices of
real numbers such that

anr > 0 and b, >0, when k=0,1,2,..n,
anr = 0 and b, =0, when k >n,

n n
Zanﬁk =1 and an,k =1, wheren=20,1,2,...,
k=0 k=0

and let, for m =0,1,2,..,n

m

n
Anjng any and Ay, = g Qn -

k=0 k=m

Let the AB—transformation of Sy, f be given by

nABf Zzanr rkskf z) (n=0,1,2,.).

r=0 k=0

We define two classes of sequences (see [3]).
A sequence ¢ := (ci) of nonnegative numbers tending to zero is called
the Rest Bounded Variation Sequence, or briefly ¢ € RBV'S, if it has the

property
[ee]
> ek = erar] < K (c) em,
k=m

for all positive integer m, where K (¢) is a constant depending only on c.
A sequence ¢ := (¢i) of nonnegative numbers will be called the Head
Bounded Variation Sequence, or briefly ¢ € HBV S, if it has the property

—_

.
ek — cig1| < K (¢) em,
k=0

for all positive integer m, or only for all m < n if the sequence ¢ has only
finite nonzero terms and the last nonzero term is c¢,,.
Now, we define the another classes of sequences.
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Following by L. Leindler [4], a sequence ¢ := (¢, ) of nonnegative numbers

tending to zero is called the Mean Rest Bounded Variation Sequence, or
briefly ¢ € M RBV' S, if it has the property

Z ler — erpa] < K (c

m +1
r>m/2

for all positive integer m.
Analogously as in [6], a sequence ¢ := (¢, ) of nonnegative numbers will be

called the Mean Head Bounded Variation Sequence, or briefly c € M HBV' S,
if it has the property

n—m—1 1 n
Z ler — cra] < K (c) Z Cr;
r=0 m+ 1 r=n—m

for all positive integers m < n , where the sequence ¢ has only finite nonzero
terms and the last nonzero term is ¢,. Consequently, we assume that the
sequence (K (ay))o2, is bounded, that is, that there exists a constant K

such that
0<K(ap) <K

holds for all n, where K (a,,) denote the constants appearing in the before
inequalities for the sequences a,, = (anr),_o, » =0,1,2,....
Now we can give the conditions to be used later on. We assume that for

alnand 0 <m<n

n—1
Z’anr anr—&—l‘_Ki Z an,r
k=m

r>m/2
and
n—m-—1 1 n
E ‘an,r - an,r+1| <K—— g An,r
m+1
r=0 r=n—m

hold if (an,),_, belongs to MRBVS and MHBVS, for n = 1,2,..., re-
spectively.

As a measure of approximation of f by . AB f we use the pointwise
moduli of continuity of f in the space LP deﬁned by the formulas

1

{%foéw)z (U)Sinﬁ%{pdu}g, when 1< p < oo,

ess sup | ¥y (u) sinB% |, when p = o0,
0<u<d

wpf(0)g =
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1
SUPp< < {% fg |1 (u) sin” %‘p du}p when 1 <p < oo,

ess sup | ¥y (u) sinﬁ% | when p = o0,
O<u<d

and the classical ones

~ . gt
@pf(8)p = sup | sin” 2% @) llze.
0<t<é

The deviation Tn af —]7 = Tn ant —f, with b,, = 1 and 0 otherwise,
was estimated at the point as well as in the norm of LP by K. Qureshi [7]
and S. Lal, H. Nigam [1]. These results were generalized by K. Qureshi [8].
The next generalization was obtained by S. Lal [2]. In the case

apr=—— when r=20,1,2,..n and a,, =0 when r >n
’ n+1 '
and
k
()
(1+)"
bpr =0 when k>r with v >0,

by = when k£ =0,1,2,..r and

the deviation Tn asf —f, was estimated by S. Sonker and U. Singh [9] as
follows: o

Theorem. Let f(x) be a 2w-periodic, Lebesgue integrable function and
belongs to the Lip(a,r)-class with 1 > 1 and ar > 1. Then the degree of
approzimation of f(x), the conjugate of f(x) by (C,1)(E,~) means of its
conjugate Fourier series is given by

n

1 1 (7 ez ~
P M ECTORD

k=0

— 0, ((n + 1)*a+1/r>

LT

provided
1/r

{/Oﬂ/(nﬂ) <|Q’biit>|>rdt} =0 ((n + 1)71)

1/p

([ (2 a0,

and

where § is an arbitrary positive number with (o +8)s+1 <0, and r~! +
sTl=1,r>1.

In this paper we shall consider the deviations Tn aB f() — f(-) and
Tn,aBf(-) = f(-s777) in general form. In the theorems we formulate the
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general conditions for the functions and the modulus of continuity obtaining
the same and sometimes essentially better degrees of approximation than the
above one. Finally, we also give some results on norm approximation with
essentially better degrees of approximation. The obtained results generalize
the results from [1] and [6].

We shall write I1 < I, if there exists a positive constant K, sometimes
depending on some parameters, such that I < K.

2. Statement of the results

Let
L7 (@0,)5 = {f € P+ Wf () < 0, (6) }

where w,, is positive, with w, (0) = 0, and almost nondecreasing continuous
function. We can now formulate our main results.

At the beginning, we formulate the results on the degrees of pointwise
summability of conjugate series.

Theorem 1. Let f € L' and 8 € (0,1]. If (ans)i_y € MRBVS and

ZZb,«,k cos(%é_l)t <

r=p k=0

(1)

for 0 < u <wv, then

st )| o (o St () )
k=0

for almost all considered x.

Theorem 2. Let f € L' and 8 € (0,1]. If (ank)j_y € MHBVS and
the entries of matriz B satisfy the condition (1) for 0 < u <wv, then

st o (o Bt (5 ).

for almost all considered x.

Theorem 3. Let f € LP (wm)ﬁ with 1 < p < 00, and let w, satisfy

(r—1)/p

= (& ) p/(p—1) .
2 P dt =0 1A, <>>
CRy (tsinﬁé) (n+ e, (2
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and

1/p
o [T (R e =0 (e

with some B > 0. If (amk)zzo € MRBVS and the entries of matriz B
satisfy the condition (1) for 0 < u < v, then

7 nfie ‘_ x(n—l—l Za"’“%(kil))

k=0

(4)

for almost all considered x such that f (z) exists.

Theorem 4. Let f € LP (@1)5, with 1 < p < 0o, and and let w, satisfy
(2) and (3) with some B > 0. If (ank)p_o € MHBVS and the entries of
matriz B satisfy the condition (1) for 0 < pu < v, then

~ 6 n - e
nABf ‘— m<n+1) kzoan,nkw:c <k+1>>’

for almost all considered x such that f(a;) exists.

_ Next, we formulate the results on estimates of L” norm of the deviation
Ty a5() = T 75)-

Theorem 5. Let f € LP with 1 <p < oo. If (ank),_q € MRBVS and
the entries of matriz B satisfy the condition (1) for 0 < u <wv, then

‘f o<n+1 Zankwﬁf<k+l> )

st =7 (5| -

where 0 < § < 1.

Theorem 6. Let f € LP with 1 < p < oo. If (ank),_o € MHBVS and
the entries of matriz B satisfy the condition (1) for 0 < pu < wv, then

Tpanf ()~ f(w - ) =0 ((n+ D"t s (k . 1>L,,>

n—+1 P

where 0 < f < 1.
In case of the deviation Tn,Ava ()= f () let
LP (@) =A{feL?:05f(0) <@ ()},

where W is positive, with @ (0) = 0, and almost nondecreasing continuous
function.
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Theorem 7. Let f € LP (w)z with1 <p <oo and0 < 3 < 1—%, where
W instead of W, satisfy (2) and (3) with some > 0. If (ank)jp_o € MRBV S
and the entries of matrix B satisfy the condition (1) for 0 < pu < v, then

] Lp:o((nﬂ)ﬂgoamkw(kil)).

Theorem 8. Let f € LP (w)z with1 <p <oo and0 < 3 < 1—%, where
W instead of W, satisfy (2) and (3) with some > 0. If (ank),_y € MHBV S
and the entries of matrix B satisfy the condition (1) for 0 < pu < v, then

| =0 (o Sana (1))

k=0
Remark 1. Under the above remarks we can observe that in the special
case § = 0, when our sequences (a,)) are monotonic with respect to k we
also have the corrected form of the result of S. Lal and H. K. Nigam [1].

Toanl ()= ()]

Toanl () =T )

Finally, we give applications of our results as corollary and some remarks
n
Taking an, = pp—r/ Y, pv when r = 0,1,2,...,n and a,, = 0 when

v=0
™ k
((l’jzz)r when £ =0,1,2,...,r and

bp,r = 0 when k& > r with v > 0, Theorem 1 and Theorem 2 imply:
Corollary 1. If f € L' and 0 < 3 < 1, then

r >mn with p, >0, p, <p,41 and by, =

1 - Dr " L ~ U
S - )
ey +7)rk§::0<k>7 )= (0 5)
v=0
n+1)° <~ ~1
> Dy k=0 B
v=0

and
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for almost all considered x, where p, > 0, py, < pyy1 and v > 0. In special
case P, = pp_r = 1 we have estimate

n

Ll S0 ()

s (o) )

:Ox(n—i—lﬂ IZ

Analogical corollary we can derive from Theorem 3 and Theorem 4.

Remark 2. If we take § = 0 in the above considerations then we have
|| ana |7 |1

using the Holder

to estimate the quantities ‘TQ
Lp

inequality analogously as in estimate of ‘INl‘ Thus we obtain in the all
above estimates (n + 1)/? instead of (n+ 1)° .

Remark 3. Analyzing the proofs of Theorem 1 - 4 we can deduce that
taking the assumption (anx);_, € RBVS or (ank),_, € HBV'S instead of
(ank)p—g € MRBVS or (ank);_, € MHBVS | respectively, we obtain the
results from the paper [5].

3. Auxiliary results

We begin this section by some notations following A. Zygmund [11, Sec-
tion 5 of Chapter IIJ.
It is clear that

™

Sef@) = [ F@rnbia,

—Tr

and
~ 1
Tn,A,Bf(x) = f x"i_t Zzanr rka d
T =0 k=0
where i o)
t 2k+1)t
—~ COS 5 — COS
Dy (t) = sinvt = 2 2
k(1) 1/2:20 2sin%
Hence

_ " T 1 7\' n I8
T _ S b D (£) dt
mapl (@) —f <$7n+1> 77/0 Za & Dp (

3
3
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and

NnABf( / 7,[}90 Zzanr rkD d

r=0 k=0

where
cog 2RHDE

k
~ 1 t
D? (t) = = cot = — sinpt = ———2
k() 2 2 IZ_O 2sin%

Now, we formulate some estimates for the conjugate Dirichlet kernels.
Lemma 1 (see [11]). If0 < |t| < 7/2, then

‘DO ‘ —
21t
and for any real t we have

(Dk ‘ kk+&ﬂﬂ mM’Dk ‘<k+L

Lemma 2. Let (b.y),_, be such that the condition (1) holds for 0 < p <
v. If (ank)j_qg € MRBV'S, then

Z Z an,rbr,kb\;?; (t) < TAn,T
r=0 k=0
and if (ank)y_o € MHBVS, then
Z Z an,rbr,kb\;(; (t) < TZ’VL,TL—T
r=0 k=0

with 7 = [w/t] and t € [ T

maﬂ],forn:O,l,Z...

Proof. Let

(2k + 1)t

K, (t):= by i, COS 5

r=0 k=0
The relation (ank);_, € MRBV S implies

s—1
Gn,s — Qnm < |an,m - an,s| < Z |an,k - an,k—o—l‘
k=m
n—1 1 r
< Z|ank Apfot1| € —— Y Z anp (0<r<m<s<n)
k=r k>r/2
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whence

Qn,s < An.m +
T+
k>r/2

and thus, by our assumption

r l

2k + 1)t
S Y bpeos HEDY o
I=7+1 k=0
we obtain
T n r
2+ 1)t
|Kn ()] = |< + Z )an,r br,kcos( 5 )
r=0 r=7+1 k=0
T r
< Qn,r br,k
r=0 k=0
n—1 r l
2k 4+ 1)t
FY s~ anal | 30 Y bpeos I
r=7+1 =741 k=0
n l
2k+ 1)t
+ ann Z Z by i, cos (2)
l=7+1 k=0
1 1
<< An,’r + Z an,k + - an,n T
T+l k>71/2 T k>7/2
IR 1< 1 <
A - -
< n,TJF T+1Zan,k+7+1z n,k+k+1zan,l
i k>7/2 k>7/2 I>k/2
[ 1 T T 1 T
< A, R
- " ! T+1 k’>z7'/2 e ! 1 k’>ZT/2 " ' T/Q +1 l;él o
[ 1 T T T i
SAn,T+ 1 Zan,k_‘_ﬁ Zan,k+ﬁzan,l T
L k>7/2 k>1/2 = ]
i 1 T T 1 T i
SAH,T+ 1 Zan,k_‘_? Zan,k_‘_mzan,l T
k>7/2 k>71/2 1=0

-
< An,T +3 Z Qpl = 4An,77
=0

1 '
] Z anr (0<r<m<s<n)
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but the relation (an),_, € MHBV S implies

s—1
anvm - a’nys S |an,m - an,s‘ S Z |an7k — an7k+1‘
k=m
r—1 1 n
< Zmn,k —ap k1| < mZan,k 0<m<s<r<n)
k=0 k=r
whence
1 n
anm K an,s+m2an,k (0§m<s STSn)

k=r

and thus, by our assumption

r l
Z Zblv’f Cos W <

=0 k=0

T,

we obtain

|Kn (t)] = ‘( Z +Z> anrzb J; COS ~————— 2k+1)
ZZblkCOS 2k+1)

n—71—1

= nn r+ Z |anr_anr+1’

=0 k=0
n—1 1
2k+1
+annr1 | Db u;cosi)
=0 k=0
<4 +- ! Z +
n.n—T1 T+1 nk Tann—7—1| T
k=n—T1
i 1 n n— T/2
L App—r+ 1 Z nkz“‘i ZannTl T
L k=n—r1 k n—r
L i 1 n 1 n—7/2 1 n
<L App—r + 1 Z k"‘? Z k+? Z Qn,v
L k=n—1 k=n—1 v=n—1/2
1
<Ann r+2 Z ank+ Z 1 Z anu<<AnnT
k=n—r1 kn‘rT V=n—T

Now, our proof is complete. |
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4. Proofs of the results
4.1. Proof of Theorem 1
We start with the obvious relations
fn,A,Bf (z) — f

<n+1)=—/ 023

r=0 k=0
Z Qn,r Tk:D ( )
71+1 r=0 k=0
= L +1;
and

~ ~ 7'(' ~
Toaf (x) = f <x -y 1)‘ < (11) +
By Lemma 1, we have

‘11’ < n+1)/ t|¢$(t)\dt§(n+1)2/n+ t |t ()] sin® = sin™? ~dt
0

™

2 2
FT 1-8

1) [ |wx<t>|sinﬁ§dt(n+1) <<<n+1>%;f(n”1)ﬁ

= (n+1)" @ ( )

Zank< n+1) Zankw f( )
s k+1
for g €0, 1].

Using Lemma 2 we obtain

P / v 0] 5

|y (
S Z/ v )

I3

.
Zan,kdt
m—+1 k=0
n m+1
< Zan,k/ Wmt( Lay
m=1 k=0 W

m+1
n

=Y Y s /m rth(wldH S (0 + dnmsr) /m 2 ()]
m=1k=1 m+l m=1

dt
n t

ankz—l-anoz Zanm+1)/ [ (1)
1

SII

dt
t
1
| e ()] sin 3
< n,k Z +anp Z + Z an,m+1) {/ _ [xt1+52 dt
=1 m=k m=1 m=1 mil
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(. sinﬁé
< (ZankZ“—anOZ) {/ [’ (t3|+ﬂ ] dt}
+ Z Anm+1 (M + 1)/3 {mﬂ_—i—l/7r {%( )| sin® ;} dt}

m=1 m—+1

<<Zank{/ft_lﬁd[/ [ (u smﬁ du]d}

+ (n+1) Zaanw f(m+1>

+

<<Za”’f{[t1+6/ [t (u smﬂ du} =

n+1

= 1
+ (1+5) /7r [W/o 1) ()| sin® gdu] dt}

n+1

n
— ™
+ (n + 1)B Z an,m-i—lwalnf <m T 1)6
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Since %ﬁ f(9) 5 is nondecreasing majorant of wh f (9) 5 we have with 3 >0

n+1 1

- ~1 ™
+ <n+1)5 Zan,mﬂwxf( )
m+1 3

m=1
(n+1) Zankwxf <k—|—1>
Collecting these estimates we obtain the desired result. |

4.2. Proof of Theorem 2

Let as usual

~ ~ 7'r ~ ~
T - = S

n,A,Bf (x) f <IL’, n+ 1) Il + [2
and

Toasd @)= F (o7 )| <[B]+

The term ﬁ;] we can estimate by the same way as in the proof of Theorem 1.
Therefore

‘h‘ < (n+1)7w f< +1>B:(n+1)5 <
< ) S i ()
kzzo F k+1),

Analogously to the above, by Lemma 2

P

B k=0

| < /Tr W" Z ap pdt = Z/ W’C |Z T
nt1 k=n—r m+1
m g ()]
A p— dt

~1 s
+ 17 ann k0,
(n >kzoa, kwf<k+1)ﬁ

Collecting these estimates we obtain the desired result. |
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4.3. Proof of Theorem 3

We start with the obvious relations

~ ~ 1 (g no —
Toaf @)= F@) = ¢ [T 00303 ansbes 1) d

0 r=0 k=0

1 T n T /_\6

+ — Ve (t) an,rbr,ka (t) dt
T =0 k=0
— R+
and
Tl (@)~ T @) < |B| + ||,

By the Holder inequality (% + % = 1) , Lemma 1, (3) and (2), for 5 < 1 —%

< /"“ [Ya (0]
0

IO
! t
1 q 1
_m_ P P nL ~ q
s [hg ®) . t] S A
0 wy (t) 2 0 tsinf L
n
~ T . T
< (n+ 1)’811)35 <n+1> = (n—|— 1)/8u)x <n+ 1) kz_oan’k
- m
<+ anit, <k+ 1) .
k=0
The term IE we can estimate by the same way like in the proof of Theo-
rem 1.
So

I3

n
. T
k=0
Collecting these estimates we obtain the desired result.

4.4. Proof of Theorem 4

Let as usual
Toaf () = f(z) =17 + I3

and
D+ 113 .

T, af (@) = F ()] <
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For the first term, by the proof of Theorem 3, we have

CEn - 2N o [ —~
< (n+1) @, <n+1) <(n+1)%Y " an ks <k+1>,

k=0

Iy

where 8 < 1 — %, and for the second one, by the proof of Theorem 2, we can

write
I3 < (n+ 1)6 Zan,n—kwx (k—l—l) .
k=0
Collecting these estimates we obtain the desired result. |

4.5. Proofs of Theorems 5-8

The proofs are similar to these above and follows from the evident in-
equality

|@s @), < @5 O

immediately. ]

4.6. Proof of corollary

We have to verify the assumptions of Lemma 2 only.

For the first one we note that any non decreasing sequence belongs to
the class M RBV S and any non increasing sequence belongs to the class
MHBYVS. The second one follows from the following calculations

Z (1+~)" Z <;> 7k cos @rk+1)t ; D

T=H k=0

r

Rez (14+~)" Z (;) ~F exp W
r=p

k=0

- _r it [T )
= ReZ(l +7) exp§Z (k>’ykexpzkt
r=p k=0

it
2

it o~ (14 yexpit)’
eXp2Z( 147 )

r=u

12
- Rez (14+~)"exp— (1 +vyexp it)r|
r=p

= |Re
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L\ V—p+1
pl— (1+'yexpzt)

_ |Re esz’j <1 —l—’yexpit) R
- _ l4yexpit
2 1+7v 1 =R
1 _ (ltyexpit voptl
- 14y
— 1— 1+~vexpit
14+~
2 B 2(1+7)
= ’1_1+Le_);pit - |14+~ —1—yexpit|
o 2(1+y) 2(1+7)
V[~ expit] 'y\/(l — cost)? +sin’t
214y 2(1+9) 14y 1+7E<<T
YV2 —2cost V2 251n2% 'y‘sin%‘ -yt
Thus proof is complete. |
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