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1. Introduction

In 1994, Matthews [9] introduced the concept of partial metric space as a
part of the study of denotational semantics of dataflow networks and proved
the Banach contraction principle in such spaces.

Many authors studied the fixed points for mappings satisfying some con-
tractive condition in complete partial metric spaces. In 2012, Aydi et al.
[3] introduced the definition of partial Hausdorff metric and also proved the
existence of the Banach contraction principle for multi-valued mappings in
complete partial metric spaces.

Quite recently, in [4] is proved a common fixed point theorem for a pair
of multi-valued mappings satisfying a contractive condition in partial metric
spaces.

Other results for fixed points of multi-valued mappings in complete par-
tial metric spaces are recently obtained in [1], [5], [6], [7], [8], [16] and in
other paper.

A Nadler type theorem for multi-valued mappings in partial metric spaces
is proved in [3]. Quite recently, a new generalized Nadler type theorem in
complete partial metric spaces is proved in [7].
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Several classical fixed point theorems and common fixed point theorems
have been unified considering a general condition by an implicit relation
n [11], [12] and in other papers. Recently, the method is used in the
study of fixed points in metric spaces, symmetric spaces, quasi-metric spaces,
ultra-metric spaces, convex metric spaces, reflexive spaces, compact metric
spaces, paracompact metric spaces, in two or three metric spaces, for single
valued mappings, hybrid pairs of mappings and set-valued mappings. Quite
recently, the method is used in the study of fixed points for mappings satisfy-
ing a contractive/extensive condition of integral type, in fuzzy metric spaces,
probabilistic metric spaces, intuitionistic metric spaces and G-metric spaces.
With this method the proofs of some fixed points theorems are more simple.
Also, the method allows the study of local and global properties of fixed
point structures. The study of fixed points for self mappings in complete
partial metric spaces satisfying an implicit relation is initiated in [17].

The study of coincidence and fixed points for multi-valued mappings in
metric spaces satisfying implicit relations is initiated in [13], [14], [15] and
in other papers.

The purpose of this paper is to prove a general fixed point theorem for
a pair of multi-valued mappings satisfying a new type of implicit relation
in partial metric spaces, which generalizes Theorems 2.2 [4], Theorem 3.1
[3], Theorem 3.2 [7], Corollary 2.3 [4], Theorem 2.8 [16] and obtain other
particular results.

2. Preliminaries

Definition 1 ([9]). Let X be a nonempty set. A functionp : X xX — R4
is said to be a partial metric on X if for any x,y,z € X, the following
conditions hold:

(P1) : p(z,2) = p(y,y) = p(z,y) if and only if x =y,
(P2) : p(x, ) < p(z,y),

(P3) :p(a:,y) = (y,[]?),

(Py) : p(, 2) < p(x,y) +p(y, 2) — p(y,Yy)-

The pair (X,p) is called a partial metric space.

If p(z,y) = 0, then = = y, but the converse does not hold always.

Each partial metric p on X generates a Tp-topology 7, which has as base
the family of open p-balls {By(z,¢) : © € X,e > 0}, where By(z,y) = {y €
X :p(z,y) < p(z,z)+e} forallz € X and € > 0.

A sequence {z,} in a partial metric space (X,p) converges to a point
x € X with respect to 7, if and only if p(z, z) = lim, o p(z, zp).

If p is a partial metric on X, then the function p*(z,y) = 2p(z,y) —
p(z,z) — p(y,y) defines a metric on X.
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Furthermore, a sequence {x,} converges in (X,p°) to a point z € X if
and only if
(1) lim p(xn,zy,) = lim p(z,,z) = p(x, ).
n,Mm—00 n—00

Definition 2 ([9]). Let (X,p) be a partial metric space.

a) A sequence {xy} in X is said to be a Cauchy sequence if lim p(xy, Tm)
7,Mm—00

exists and s finite.
b) (X,p) is said to be complete if every Cauchy sequence in X converges
with respect to T, to a point x € X such that lim p(z,,z) = p(z, ).
n—o0

Lemma 1 ([9]). Let (X,p) be a partial metric space. Then:

a) A sequence in X is a Cauchy sequence in (X,p) if and only if is a
Cauchy sequence in (X, p®);

b) A partial metric space (X,p) is complete if and only if the metric
space (X, p®) is complete.

Let (X, p) be a partial metric space. We denote by C'BP(X) the family of
all nonempty closed and bounded subsets of the partial metric space (X, p),
induced by the partial metric p, where the closedness in take from (X, 7,)
and boundness if given as follows: A is a bounded subset in (X, p) if there
exists zg € X and M > 0 such that for all a € A,, we have a € By(zg, M),
that is p(zg,a) < p(a,a) + M.

For A,B € CBP(X) and = € X, we define

p(z,A) = inf{p(z,a) : a € A},
5P(A7 B) = Sup{p(aa B) fa € A}
and
0p(B, A) = sup{p(b,A) : b € B}.
Then p(z, A) = 0 implies p*(z, A) = 0, where p*(z, A) = inf{p*(z, 4) :
a€ A}

Lemma 2 ([2]). Let (X, p) be a partial metric space and A a nonempty
subset in (X,p). Then x € A if and only if p(a,A) = p(a,a), where A
denotes the closure of A with respect to the partial metric p.

The following properties of §, : CBP(X) x CBP(X) — [0,00) are estab-
lished in [3].

Lemma 3 ([3]). For A,B,C € CBP(X), we have the following:

(i) 0p(A,A) = up{p(a a) :a € A},
(i1) 6p(A, A) < 0p(A, B),
(1ii) 0p(A,B) = zmplzes A C B,

(iv) 6(A,B) < (A, C)+(C,B) —inf{p(c,c): c € C}.
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Let (X, p) be a partial metric space. For A, B € CBP(X) we define [3]

H,(A, B) = max{5,(A, B),5,(B, A)}.

Lemma 4 ([3]). For all A,B,C € CBP(X), we have:
(1) H, ( ,A) < Hp(A, B),
(i) Hyp(A, B) = Hp(B, A),
(131) H, ( ,B) < Hp(A C)+ H(C,B) —inf{p(¢c,c) : c € C}.

Corollary 1 ([3]). Let (X,p) be a partial metric space. For A,B €
CBP(X), Hy(A, B) =0 implies A = B.

Remark 1. The converse of Corollary 1 is not true in general.
The mapping H, is called a partial Hausdorff metric induced by p [3].

Lemma 5 ([3]). Let (X,p) be a partial metric space, A,B € CBP(X)
and k > 1. For any a € A there exists b = b(a) € B such that p(a,b) <
kH(A, B).

Lemma 6 ([16]). Let z,, — x as n tends to infinite in a partial metric
space with p(x,z) = 0. Then lim, o p(n, B) = p(z,B) for any B €
CBP(X).

The following result generalizes Nadler theorem [10] for partial metric
space.

Theorem 1 ([3] Theorem 3.1). Let (X,p) be a complete partial metric
space. If T : (X,p) — CBP(X) is a multi-valued mapping such that for all
x,y € X we have

Hy(Tx,Ty) < hp(z,y),
where h € (0,1), then T has a fixed point.
Quite recently, a generalization of Theorem 1 is obtained.

Theorem 2 ([7] Theorem 3.2). Theorem 2. Let (X,p) be a complete
partial metric space and let T : (X, p) — CBP(X) be a multi-valued mapping
such that for all x,y € X

H(Tz,Ty) < ap(z,y) + Blp(z,Tx) + p(y, Ty)| + v[p(z, Ty) + p(y, Tz)],
where a, 8,7 >0, 0 < a+28+2y<1. ThenT has a fixed point.

In a recent paper [4] the following results are obtained.
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Theorem 3 ([4] Theorem 2.2). Let (X,p) be a complete partial metric
space and T, S : (X,p) — CBP(X) be two multi-valued mappings satisfying,
for all x,y € X, the following condition:

(2) Hp(Tz,Sy) < amax{p(z,y),p(z, Tx),p(y, Sy), p(z, Sy) ‘;‘P(y,Ta:)}’

a €1[0,1). Then, T and S have a common fized point. Moreover, if T or S
s a single valued mapping, then the common fized point is unique.

Corollary 2 ([4] Corollary 2.3). Let (X,p) be a complete partial metric
space and T, S : (X,p) — CBP(X) be two multi-valued mappings satisfying,
for all x,y € X, the following condition:

Hy(Tx,Sy) < aip(x,y) + agp(z, Tx) + azp(y, Sy)
+ aalp(z, Sy) + ply, Tz)],

where a1, a9,a3,a4 > 0 and 0 < a1 +as +ag+2a4 < 1. Then, T and S have
a common fixed point. Moreover, if T or S is a single valued mapping, then
the common fized point is unique.

Theorem 4 ([16] Theorem 2.8). Let (X,p) be a complete partial metric
space and S, T : (X,p) — CBP(X) be mappings satisfying (2). Then T and
S have a common fixed point. Further, if we assume that p(x,y) < p(x, Sx)
or p(z,y) < ply,Tx) for all x,y € X, then T and S have a unique common
fized point.

3. Implicit relations

Definition 3. Let §), be the set of all continuous functions F(ti,...,ts5) :
Ri — R satisfying the following conditions:
(Fy) : F is increasing in variable t; and nonincreasing in variables ts, ty, ts;
(Fy) : There exist h1,hy € (0,1) and k > 1 such that for all u,v > 0,
t >0 and u < kt then:
(Foq) : F(t,v,v,u,u+v) <0 implies u < hyv,
(Fop) : F(t,v,u,v,u+v) <0 implies u < hav.

Example 1. F(t1,...,t5) = t; — amax{ts, ts, t4, %5}, where a € (0,1).

(F1) : Obviously.

(Fp) : Let 1 < k < é be such that if u,v > 0,t > 0 and u < kt,
F(t,v,v,u,u+v) =t —amax{u,v, “—;”} < 0. Then u < ak max{u,v, “'5”}
If u > v, then u(1 — ak) < 0, a contradiction. Hence, u < v, which implies
u < hiv, where 0 < hy = ak < 1.

Similarly, v < kt and F(t,v,u,v,u + v) < 0 implies u < hov.
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Example 2. F(ty,...,t5) = t1 — aty — bty — ctq — dt5, where a,b,c,d > 0
and 0<a+b+c+2d<1.

(F1) : Obviously.

(Fp) : Let 1 < k < mbesuchthatifu,v20,t>0andu§kt,
F(t,v,v,u,u+v) =t—[av+bv+ cu+ d(u+ v)] <0. Then u < kt implies
u < hiv, where 0 < hy = T@;{gigg < 1.

Similarly, v < kt and F(t,v,u,v,u + v) < 0 implies u < hgv, where
0< hy= ’;Sl,j(gjg; <1.

If h = max{hi, ho} and u < kt then u < hv.

Example 3. F(ti,...,t5) =t; — amax {to,t3,t4,t5}, where o € [0, %)

(F1) : Obviously.

(Fy) : Let 1 < k < i be such that if u,v > 0,t > 0 and v < kt,
F(t,v,v,u,u +v) = t — amax{v,u,u + v} < 0. Then u < kt implies
u < ka(u + v), hence u < hv, where 0 < h = 1321@ < 1.

Similarly, v < kt and F(t,v,u,v,u +v) < 0 implies u < hv.

Example 4. F(ty,...,t5) = t; — max{cto, cts, cty,ats}, where 0 < a,
c< i

(F1) : Obviously.

(Fy) : Let 1 < k < W be such that if u,v > 0,t > 0 and u < kt,
F(t,v,v,u,u + v) =t — max{cu, cv,a(u+v)} < 0. Since u < kt, then u <
kmax{a, c}(u + v) which implies u < hv, where 0 < h = % <L
Similarly, v < kt and F(t,v,u,v,u +v) < 0 implies u < hv.

Example 5. F(t1,...,t5) =t — ataty — bt3 — ct?, where a,b,c > 0 and
O<a+b+4de<1.
(F1) : Obviously.

(Fg):Let1<k<mbesuchthatifu,vZO,t>0andu§kt,

F(t,v,v,u,u+v) = t? — av? — bu? — c(u +v)? < 0. If u > v, since u < kv,
then u?[1 — k?(a + b+ 4c)] < 0, a contradiction. Hence u < v which implies
u < hv, where 0 < h = kva+ b+ 4c < 1.

Similarly, v < kt and F(t,v,u,v,u +v) < 0 implies u < hv.

Example 6. F(t1,...,t5) = t1 —ato—bts—cmax {2t4, t5}, where a,b,c >
Qand 0 <a+b+2c< 1.

(F1) : Obviously.

(Fp) : Let 1 < k < m be such that if u,v > 0,¢ > 0 and u < kt,
F(t,v,v,u,u +v) =t —av — bv — cmax{2u,u + v} < 0. Since u < kt, if
u > v, then u[l — k(a + b+ 2¢)] < 0, a contradiction. Hence u < v which
implies u < hv, where 0 < h = k(a + b+ 2¢) < 1.

Similarly, u < kt and F(t,v,u,v,u + v) < 0 implies u < hwv.
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4. Main results

Theorem 5. Let (X,p) be a complete partial metric space and T,S :
(X,p) — CBP(X) be two multi-valued mappings satisfying, for all z,y € X,
the following condition
(3) F(Hp(Tx,Sy),p(x,y),p(m,Tx),

p(y, Sy), p(x, Sy) + p(y, Tz)) <0,

where F' € §p. Then, T and S have a common fized point. Moreover, if T
or S is single-valued, then the common fixzed point is unique.

Proof. Let xp € X be and 1 € Szg. By Lemma 5, there exists xo € Tz
such that
p(xe, x1) < kHp(Tx1, Sxo).

Continuing in this manner, we can construct a sequence {x,} in X such
that

4) Tont1 € Sxo, and  xouq2 € TTopi
(5) p(l’2n+1, x2n) < ka(SQQn, Txanl)y
(6) P(T2n+2, T2n+1) < kHp(Tw2n41, STon).

By (3) we get
F(Hp(Txon—1,5%2m), p(Ton—1,T2n), P(®2n—1, TTon—1),
P(Zon, STan), P(T2n—1, ST2n) + p(T2n, Tx2n—1)) < 0.

By (4) and (F}) we have

F(Hp(Txan—1,S52m), p(x2n—1, Tan), P(T2n—1, T2n),
p(152n, 352n+1)7p(x2n—1’ I2n+1) + p(x2n7 x?n)) <0.

Since by (Py),

P(Ton—1, Tant1) < D(Tan—1, T2n) + P(Ton, Tont1) — P(T2n, Ton),

by (F1) we obtain

(7) F(Hp(TfL?nfl,Sx2n)ap($2nfla$2n)ap(1‘2n7171'211)7
P(T2n, Tant1), P(T2n—1, Ton) + P(T2n, Ton+1)) < 0.
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By (5), (7) and (Fa,) it follows that

P(T2n, Tont1) < hap(Tan—1, T2n).

Similarly, by (3) we have

F(Hp(Tron4+1,5%2n), D(Ton+1, T2n), P(T2n+1, TTont1),
P(on, Sxon), P(T2n+1, STon) + p(x2n, Txont1)) < 0.

By (F1) we get
F(Hp(Txon+1,5%2n), p(T2n+1, T2n), P(T2n+1, T2nt2),
P(Ton, Tont1), P(Tont1, Tant1) + P(T2n, Tany2)) < 0.

Since by (Py),

p(@m 902n+2) < p(ﬂﬁzn, $2n+1) +p($2n+1, 332n+2) - p(332n+1, $2n+1)7

by (F}) we obtain

(8) { F(Hp(Txon+1,5%2n), p(T2n+1, T2n), P(T2n+1, T2nt2),

P(@2n, Ton+1), P(T2n, Tant1) + P(Tant1, Tany2)) < 0.
Then by (6), (8) and (Fy) we have
P(T2n+1, Tan+2) < hop(T2an, T2nt1).
Let h = max{hi, ho}. Then
P(xn, Tpt1) < hp(xp—1,2,) < ... < hPp(xo, x1).

For every k € N we have

p(xna ZEnJrl) + p($n+1, $n+2) + ...+ p($n+k—1, -’En—‘rk)
(hn + hn—H 4o+ hn+k—1)p($0’$1)

B
1—-~h

P(Tn, Tnik) <
<

p(xo, 1) = 0 as n — oo.

By the definition of p* we get
P (T, Tnk) < 2p(xn, Tpik) — 0 as n— oo.

This implies that {z,} is a Cauchy sequence in (X, p®). Since (X,p) is
complete then by Lemma 1 (X, p®) is a complete metric space. Therefore,
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the sequence {x,} converges to some v € X with respect to the metric p®,
that is

lim p®(xy,,v) =0.
n—oo

Moreover, by (2) we have

9) p(v,v) = lim p(x,,v) = lUm p(zp,2m) =0.

n—o0 n,m—00

Also, we get

F(Hp(Txon4+1,5v), p(x2n41,0), p(@2n+1, TT2n+1),
p('l), Sv)7p(x2n+17 SU) + p(?), Tx?n-l—l)) S 0.

By (F1) we get

F(p(xany2, Sv), p(®2n41,v), p(T2n+1, T2ny2),
p(v, Sv), p(x2n41, Sv) + p(v, Zan42)) < 0.

By (9) and Lemma 6 letting n tends to infinity we obtain
F(p(v, Sv),0,0,p(v, Sv), p(v, Sv)) < 0.

Since p(v, Sv) < kp(v, Sv), by (Fa,) we have p(v, Sv) = 0. Since Sv is
closed then v € Sv.

Similarly, by (Fb) we obtain v € T'v.

Now, we show that the common point v is unique if 7" is a single-valued
mappings. Assume that u € X is another common fixed point of 1" and S.

By (3) we have

{ F(Hpy(Tu, Sv),p(u,v),p(u, Tu),
p(v, Sv), p(u, Sv) + p(v,Tu)) < 0.

Since w = {T'u} and v € Sv we have

p(u,v) < Hp(Tu, Sv),
p(U,Sv) = p(v,v),

which implies by (F}) that
F(p(u,v), p(u, ), p(u, u), p(v, ), p(u, v) + p(u,v)) <0.
By p(u,u) < p(u,v), p(v,v) < p(u,v) and by (F1), we obtain

F(p(u,v),p(u,v), p(u,v), p(u,v), p(u, v) + p(u,v)) < 0.
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Since p(u,v) < kp(u,v) if p(u,v) > 0, by (Fy,) or (Fa) we have

p(u,v) < hp(u,v) < p(u,v),

a contradiction. Hence, p(u,v) = 0 which implies v = v and v is the unique
common fixed point of T' and S. If S is single-valued mapping instead T,
the proof is similar. [ |

Corollary 3. Theorem 3.

Proof. The proof it follows by Theorem 5 and Example 1. |

Example 7. Let X = {0,1,2} be endowed with the partial metric
p: X x X — Ry defined by p(0,0) = p(1,1) = 0, p(0,1) = p(1,0) = %,

p(2,2) = 3, p(0,2) = p(2,0) = 2, p(1,2) = p(2,1) = 2.
We define T : X — X and S : X — CBP(X) by

1
Tx:{o, z € {0,1}

1, =2
and
o [0} a2
{0,1}, z=2

as in Example 2.11 [4], and

p(, Sy) +p(y7Trc)}
. .

M (z,y) = max {p(% y),p(z, Tz),p(y, Sy),

Note that Sz is closed and bounded for all x € X under the given partial
metric p.

We distinguish the following cases:

(i) If z € {0,1} then H,({T0},S51) =0 and H,({Tx}, Sy) < aM({Tx},
Sy) for a € [0, 1).

(i1) If = 0 and y = 2, then H,({T0},52) = H,({0},{0,1}) = 1 and

0,52)+p(2,70
0),]7(2752), %}

M(0,2) = max{ (0,2),p

0, T
0,2,%:1

(S]]

= max{

Hence Hp({T0},52) = 1 < aM(0,2) for a € [3,1).
(#4i) Similarly, if x = 2 and y = 0, then H,({1T2},50) = H, ({1} 0) =
<

< aM(2,0) = Ba. Hence, H,({T2},50) = 1 < aM(2,0) = La for
S
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() If = = 2, y = 1, then H,({T2},51) = H,({1},{0}) = i and
M(2,1) = 3. Hence H,({T2},51) = 1 < aM(2,1) = $3a. Hence
Hp({T2},51) = 1 < aM(2,1) = 33 for a € [2,1).

(v) Similarly, if z = 1, y = 2, we have H,({T1},52) = 1 < aM(1,2) =
%a for o € [%, ).

(vi) If = 2, y = 2, similarly we obtain H,({T2},52) = 1 < aM(2,2) =
%a for a € [%, 1).

Hence, Hp({Tz}, Sy) < aM(z,y) for o € [2,1). Thus all the conditions
of Corollary 3 are satisfied and z = 0 is the unique common fixed point.

Corollary 4. Corollary 2.
Proof. The proof it follows by Theorem 5 and Example 2 with as = a3. B
If T'= S, by Theorem 5 we obtain

Theorem 6. (X, p) be a complete partial metric space and T : (X, p) —
CBP(X) be a multi-valued mapping satisfying, for all x,y € X, the following
condition

F(Hy(Tz,Ty), p(,y), p(x, Tx), p(y, Ty), p(z, Ty) + p(y, Tx)) <0,

where F' € §,. Then, T has a fized point. Moreover, if T' is single-valued
mapping, then the common fixed point is unique.

Remark 2. (a) The proof of Theorem 1 it follows by Theorem 6 and
Example 2 with b=c=d = 0.

(b) The proof of Theorem 2 it follows by Theorem 6 and Example 2 with
b=c=p.

Definition 4. A function F(ty,...,t5) : Ri — R satisfies the condition
(F]): F isincreasing in variable t1 and nonincreasing in variables ta, t3,
ty, 5.

Theorem 7. Let (X,p) be a complete partial metric space and T,S :
X — CBP(X) be two multivalued mappings satisfying (2) for all z,y €
X,where F satisfy (F}) and Fy. Then, T and S have a common fized point.
Further if p(x,y) < p(y,Sz) or p(z,y) < p(y,Tx), then T and S have a
unique common fized point in X.

Proof. Asin Theorem 5, T and .S have a common fixed point z. Suppose
that 2’ is another fixed point of 7" and S. By hypothesis

(10) p(z,2") <p(,82) < Hy(Sz,T7)
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Then by (2) we have

F(Hy(Tz,82"),p(<,2),p(z', T2,
p(z,82),p(2,T') +p(¢, S2)) <0.

From (F]) and (10) we obtain:

F(H, (T, Sz),H,(T%',Sz), H(TZ' T,
Hp(Sz,8z), Hy(Sz,T2'") + Hy(',Sz)) <O.

By (F]) and Lemma 4 (i) we obtain

F(Hy(TZ,Sz),H,(T%',Sz), H,(T%, Sz),
H,(TZ',Sz), Hy(T%,Sz)+ Hp(T%',Sz)) <0.

Since H,(T%',Sz) < kHp(T%', Sz) then by (F») we obtain H,(T%',Sz) <
h1Hy(TZ', Sz) which implies H,(T'z,Sz") = 0 and by (10), z = 2’. [ |

Corollary 5. Theorem 4.
Proof. The proof it follows by Theorem 7 and Example 1. |
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