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Abstract. This paper considers an approach to perform perturba-
tion analysis of linear quadratic regulator (LQR) control problem
for continuous-time descriptor systems. The investigated control
problem is based on solving LMIs (Linear Matrix Inequalities)
and applying Lyapunov functions. The paper is concerned with
obtaining linear perturbation bounds for the continuous-time LQR
control problem for descriptor systems. The computed perturba-
tion bounds can be used to study the effect of perturbations in
system and controller on feasibility and performance of the con-
sidered control problem. A numerical example is also presented
in the paper.

1. Introduction

Linear matrix inequalities techniques are inspiring a
growing interest in the control community and are emerging
as powerful numerical tools for the analysis and design of
control systems [1,2,3,4,5]. Numerous problems in control
and systems theory can be formulated in terms of linear
matrix inequalities. This fact is hardly surprising, given that
LMIs are direct byproducts of Lyapunov based criteria, and
that Lyapunov techniques play an essential role in the
analysis and control of linear systems [1]. The LQR control
problem for descriptor/singular systems [10] is a good illus-
tration of what was discussed above. Descriptor systems
have been of interest in the literature since they have many
important applications in circuit systems [11], robotics [12]
and etc. Many classical results in the usual state-space
theory as stability, controllability and observability have
been extended to these systems [13,14]. Perturbation analy-
sis of some control problems for singular systems is con-
sidered in [8,9].

The aim of this paper is to propose an approach to
perform linear perturbation analysis of the LMI based LQR
control problem for descriptor systems after introducing a
suitable right hand part in the used matrix inequalities.

Throughout the paper following notation is applied:

Rm×n – the space of real m×n matrices; R n = Rn×1; nI  – the

identity n × n matrix; en– the unit n × 1 vector; MT – the
transpose of M; M ⊥ – the pseudo inverse of M;

)(|||| max2 MM σ=  – the spectral norm of M, where σmax(M)

is the maximum singular value of M; vec (M) ∈ R m n – the

column-wise vector representation of M ∈ R m×n;
∏m,n ∈ R m n×m n – the vec-permutation matrix, such that
vec (MT) = ∏m,n vec (M); M ⊗ P – the Kroneker product of
the matrices M and P. The notation “:=” stands for “equal
by definition”.

The remaining part of the paper is organized as fol-
lows. In Section 2 we propose the problem set up and
objective. In Section 3 we describe the performed linear
perturbation analysis of the LMI-based continuous-time LQR
control problems for singular systems. In Section 4 we
present a numerical example, the obtained results and dis-
cussions. The paper concludes in Section 5 with some final
remarks.

2. Problem Set Up and Objective

Linear continuous-time descriptor systems are gener-
ally described by the following set of differential-algebraic
equations

(1)     

where x(t) ∈ Rn, u(t) ∈ Rm and  x(t0) ∈ Rn are the system
descriptor state, input and initial conditions, and  and
E are constant matrices of compatible size.

Definition 2.1. (System equivalence). Two systems
(E, A, B) and )ˆ,ˆ,ˆ( BAE are said to be (system) equivalent,

denoted by (E, A, B) ≈ )ˆ,ˆ,ˆ( BAE , if there exist nonsingular

transformation matrices nnRRL ×∈, such that the equations
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hold true.
Definition 2.2. (Regularity). The system is regular, if

the polynomial det(sE − A) satisfies det(sE − A) ≠ 0 .
Definition 2.3. (Weierstrass normal form). For any

regular system there exist two non-singular matrices
L, R ∈ R n×n such that by
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nilpotence ν, i.e.  is said to be 
linear descriptor system. Systems with ν ≥ 2 are called

high index DAE (differential algebraic systems) systems.
The descriptor system (1) has a solution for any initial

condition and sufficiently smooth input u. It is possible that

the solution might show impulsive behavior. That is why,
consider the system in Weierstrass normal form under suf-
ficiently smooth input, starting from an initial condition x0.
Then the state evolution can be described according to
[13]:
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Expression (3) for state evolution x2(t) implies that
index one descriptor systems ν = 1 and N = 0 will have no
impulsive solutions. In this case the system (1) is called
impulse free and index one.

Consider the linear continuous-time descriptor system
(1), where there is no direct relation between the input and
the output signal. Throughout the paper we assume the
descriptor system (1) is an index one system.

There exists an equivalent system
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in Weierstrass canonical form where Ar ∈ R r × r is a stable
matrix. The transformed system is given as

(4) )(ˆ)(ˆ)( 111 tuBtxAtx r += .

The transformed system (4) is obtained using the
expression (3b) for state evolution x2(t).

Linear quadratic regulator problem for descriptor sys-
tems [10] means for a given initial state x(0) to find a control

law, which minimizes the cost function .

It should be found a quadratic Lyapunov
function V(x1) = x1

T Prx1, P>0 such that

[ ] .)( 111 xKRKQxxV
dt
d

rp
T

rrp
T +−< To solve the LQR problem

for descriptor systems and to ensure closed-loop stability
and specified performance it is necessary to design a state-
feedback control u=Krx1.

In the paper we apply an LMI approach to solve the
linear quadratic regulator control problem for singular sys-
tems, as stated in [1,10].
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We pre- and post-multiply expression (6) by
diag[Pr

−1, I, I]. Further we will use new variables
Qr = Pr

−1, Qr > 0 and Yr = Kr Pr
−1 to obtain the following

LMI system:
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The main objective of the paper is to conduct a linear
sensitivity analysis of the LMI system (7), needed to solve
the continuous-time linear quadratic regulator control prob-
lem for descriptor systems. Further in the paper we will use
the following notation: Rp

−1 = Rip, Qrp
−1 =  Qirp,

ΔRp
−1 =Δ Rip, ΔQrp

−1 = ΔQirp.
Throughout the text we assume that the matrices

irpipr QRBA ,,ˆ,ˆ
1  are subject to perturbations

irpipr QRBA ΔΔΔΔ ,,ˆ,ˆ
1  and assume that they do not change

the sign of the LMI system (7). The sensitivity analysis of
the continuous-time LMI based linear quadratic regulator
problem for singular systems is aimed at determining per-
turbation bounds of the LMI system (7) as functions of the

perturbations in the data irpipr QRBA ,,ˆ,ˆ
1 .
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3. Linear Perturbation Analysis

In this section perturbation analysis of the LMI (7)

where
TT
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for the continuous-time descriptor index one system (4) is
performed
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It is essential to investigate the effect of the pertur-
bations irpipr QRBA ΔΔΔΔ ,,ˆ,ˆ

1 on the perturbed LMI solu-
tions Qr* + ΔQr and Yr * + ΔYr, where Qr*, Yr*, and ΔQr,
ΔYr , are the nominal solution of the inequality (7) and the

perturbations, respectively. The importance of our approach
is to perform sensitivity analysis of the inequality (7) simi-
larly to a perturbed matrix equation, after introducing a
slightly perturbed suitable right hand part. In this way LMI
(9) is obtained
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The matrix ΔM1 includes information regarding data
and closed-loop performance perturbations, the rounding
errors and the sensitivity of the interior point method that
is used to solve the LMIs. Using the relation (10) the

perturbed equation (9) can be written in the following way

(11) 1M
rr QQ Δ=Ω+Δ ,

where

Due to the fact that we conduct linear perturbation
analysis here the terms of second and higher order will be

eliminated. Afterwards the vectorized form of expression
(11) is expressed below

,
00
000

0ˆˆ

Δ

ΔΔ+Δ
=Δ

r

r
T

rrrr

Q

Q

QAQQA

r

.
00

0
0*ˆ**ˆˆ*ˆ

11

Δ−
Δ−Δ
ΔΔ+Δ+Δ+Δ+Δ+Δ

=Ω

irp

ipr

T
r

TT
r

TT
r

T
rrrrrr

Q

Q
RY
YBYBYAQYBYBQA

r



1 201616 information technologies
and control

(12) ),()()( 1Mvecvecvec
rr QQ Δ=Ω+Δ

where
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The mathematical representations give us the possibility to obtain the relation

(13) )()()()ˆ()()ˆ( 1541321 MvecQvecLRvecLBvecLYvecLAvecLqL irptipttrtrtr Δ=Δ+Δ+Δ+Δ+Δ+Δ .

Finally the relative perturbation bound for the solution Qr * of the LMI (7) is obtained

  (14) Δ+
Δ

+
Δ

+

+Δ+Δ+Δ≤Δ

2

21
1

2

2
5

2

2
4

2

21

21
3

2

2
2

2

2
1

22

2

||)*(||
||)(||

||)(||
||)(||

||)(||
||)(||

||)*(||
1

||)ˆ(||
||)ˆ(||

||)*(||
||)(||

||)ˆ(||
||)ˆ(||

||)*(||
1

||)*(||
||||

Mvec
MvecM

Qvec
Qvec

L
Rvec
Rvec

L
Qvec

Bvec
BvecL

Yvec
YvecL

Avec
AvecL

QvecQvec
q

irp

irp
bya

ip

ip
bya

r

bya
r

r
bya

r

r
bya

rr

r

rrrr

rrrrrr

here



1 2016 17information technologies
and control

2

2252

2

5

2

2242

2

4

2

22

2

1

2

21232

2

3

2

2222

2

2

2

2212

2

1

||*)(||
||)(||||||||||

:
||*)(||

,
||*)(||

||)(||||||||||
:

||*)(||

,
||*)(||

||*)(||||||
:

||*)(||
,

||*)(||
||)ˆ(||||||||||

:
||*)(||

,
||*)(||

||*)(||||||||||
:

||*)(||
,

||*)(||
||)ˆ(||||||||||

:
||*)(||

r

irpt

r

bya

r

ipt

r

bya

rrr

t

r

bya

r

rt

r

bya

r

rt

r

bya

Qvec
QvecLL

Qvec
L

Qvec
RvecLL

Qvec
L

Qvec
MvecL

Qvec
M

Qvec
BvecLL

Qvec
L

Qvec
YvecLL

Qvec
L

Qvec
AvecLL

Qvec
L

rrrr

rr

rrrr

⊥⊥

⊥⊥

⊥⊥

==

==

==

are called the individual relative condition numbers of the
LMI (7) with respect to the perturbations

irpipr QRBA ΔΔΔΔ ,,ˆ,ˆ
1  and rYΔ .

Applying a similar derivation strategy the relative

perturbation bounds for the solution Yr* of the LMI (7) can
be obtained. We use the following expression

(15) 2M
rr YY Δ=Ω+Δ

where

.
Since we perform linear sensitivity analysis here the

terms of second and higher order are neglected. Then the
vectorized form of relation (15) can be obtained
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At the end the relative perturbation bound for the solution *rY  of the LMI (7) is obtained
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are the individual relative condition numbers of the LMI (7)

with respect to the perturbations irpipr QRBA ΔΔΔΔ ,,ˆ,ˆ
1

and rQΔ .

4. Numerical Example [13]

Consider the continuous-time index one descriptor
system (1) given in Weierstrass normal form, i.e.

.
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Due to the fact that we would like to obtain linear
bounds, perturbations in the system matrices are chosen in

order to eliminate second and higher order terms in the
derivation procedure, i.e.



1 2016 19information technologies
and control

.4...7,8for10*,10*

,10*,10*

,10,10
,10ˆˆ,10ˆ

2211

11

=×=Δ×=Δ

×=Δ×=Δ

×=Δ×=Δ

×=Δ×=Δ

−−

−−

−−

−−

iYYQQ
MMMM

QQRR
BBAA

i
rr

i
rr

ii

i
irpirp

i
ipip

ii
rr

The perturbed solutions rr QQ Δ+* and rr YY Δ+*
are computed applying the method presented in [7] and
using the software [4]. Performing the proposed approach
the linear relative perturbation bounds for the solutions

*rQ and *rY  of the LMI system (7) are calculated using
expressions (14) and (18), respectively.

The results obtained for different size of perturba-
tions are presented in the tables.

2
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||*)(||
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Qvec
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Bound(14) 
2

2

||*)(||
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r

r

Yvec
yΔ

Bound(18) 

8 7.2387*10-8 1.1425*10-7 6.4792*10-8 1.0876*10-7

7 7.2387*10-7 1.1425*10-6 6.4792*10-7 1.0876*10-6

6 7.2387*10-6 1.1425*10-5 6.4792*10-6 1.0876*10-5

5 7.2387*10-5 1.1425*10-4 6.4792*10-5 1.0876*10-4

4 7.2387*10-4 1.1425*10-3 6.4792*10-4 1.0876*10-3

Perturbation bounds

Based on the suggested solution method to perform
perturbation analysis the continuous-time LMI based linear
quadratic regulator control problem for descriptor systems
we obtain the perturbation bounds (14) and (18). These
bounds are close to the real relative perturbation

bounds
2

2

||*)(||
||||

r

r

Qvec
qΔ

 and 
2

2

||*)(||
||||

r

r

Yvec
yΔ

, which means

that they are good in sense that they are tight.

5. Conclusion

We proposed an approach to compute the linear per-
turbation bounds of the continuous-time LMI based linear
quadratic regulator control problem for descriptor systems.
We also suggested how to calculate the estimates of the
individual condition numbers for the considered LMIs. Tight
linear perturbation bounds were obtained for the matrix
inequalities determining the problem solution. The com-
puted perturbation bounds can be used to analyze the
feasibility and performance of the considered control prob-
lem in presence of perturbations in the system and the
controller. Having in mind the obtained theoretical results
we have presented a numerical example to vividly express
the applicability and performance of the proposed solution

approach to investigate the sensitivity of the LMI based
linear quadratic regulator control problem for singular sys-
tems.
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