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ABSTRACT. In this article, heat transfer with nonlinear thermal radia-
tion on sinusoidal motion of magnetic solid particles in a dust Jeffrey fluid
has been studied. The effects of Magnetohydrodynamic (MHD) and hall
current are also taken under consideration. The governing equation of
motion and energy equation are modelled with help of Ohms law for fluid
and dust phases. The solutions of the resulting ordinary coupled partial
differential equations are solved analytically. The impact of all the physi-
cal parameters of interest such as Hartmann number, slip parameter, Hall
parameter, radiation parameter, Prandtl number, Eckert number and par-
ticle volume fraction are demonstrated mathematically and graphically.
Trapping mechanism is also discussed in detail by drawing contour lines.
The present analysis affirms many interesting behaviours, which permit
further study on solid particles motion with heat and mass transfer.
KEY wWORDS: Heat transfer, Thermal radiation, magnetic solid particle,
dusty fluid.
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pressure in fixed frame (N/m?)

wave amplitude (m)

Hartman number

Hall parameter

width of the channel (m)

wave velocity (m/s)

Eckert number
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Reynolds number

Time (s)

effective heat capacity (J/K)
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Stress tensor
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current density (A)

Greek symbols

Dimensionless temperature

Wavelength (m)

Viscosity of the fluid (Ns/m?)

Amplitude ratio

Electrical conductivity (S/m)

Stefan-Boltzmann constant

Thermal equilibrium time
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w, | Relaxation time of the particle
B | slip parameter

p | Fluid density (kg/m?)

A1 | Relaxation time

Ao | Retardation time

Shear rate

~
¢ | Stream function

Subscripts

f | Fluid phase
p | Particulate phase

1. Introduction

Heat transfer with thermal radiation is an important topic of research
due to its significant applications in biomedical engineering and different kinds
of medical treatment, such as thermal therapeutic process. Infrared radiation
technique is one of the most useful procedures, that is very much helpful for
making heat treatment in different parts of human body. This type of procedure
is preferable in heat therapy, because with the help of infrared radiation it is
easily attainable to heat the human body on affected parts. Heat therapy is
found to be very helpful and useful in various treatments, such as widespread
chronic pain (or fibromyalgia), permanent shortening of muscle (contracture),
muscle spasms and bursitis (inflammation of a bursa). Several experimental
and theoretical investigations have been carried out by different scientists to
analyse the influence of nonlinear thermal radiation with different fluid models
[1-4]. For instance, Hayat and Qasim [5] investigated the influence of Joule
heating and thermal radiation on MHD flow of non-Newtonian Maxwell fluid
in the presence of thermophoresis. Rashidi et al. [6] studied the heat transfer
with thermal radiation of micropolar fluid through a porous media and found
the solution with the help of differential transform method. Sheikholeslami et
al. [7|] examined the effect of heat transfer and thermal radiation on MHD
nanofluid flow of two phase model. Akbar et al. [8] analysed the radiation
effects on stagnation point flow of MHD nanofluid towards a stretching sheet
under the influence of heat transfer and convective boundary condition. Some
more studies on the said topic can be found from the list of refs. [9-18] and
several therein.
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In a human body, due to symmetrical contraction and expansion of
smooth muscles, produce a series wave like motion known as peristaltic mo-
tion (or sinusoidal motion). This process is found in the oesophagus when a
bolus of food is swallowed, movement of Chyme in small intestine, transport
of cilia, human lymphatic system and movement of sperm etc. Different kinds
of devices that works on the principle of peristaltic phenomena, such as finger
pumps, heart lung machine and roller pumps. At present, this topic has been
investigated by various researchers with different assumptions and fluid models.
Some of the pertinent studies can be found from the refs. [19-21]. Mekheimer
[22| studied the peristaltic motion of couple stress fluids under the influence of
endoscopic effect. Mekheimer and Elmaboud [23] examined the peristaltic flow
with endoscopic effect through a porous medium. Abbas et al. [24] investigated
three dimensional peristaltic motion of non-Newtonian hyperbolic tangent fluid
having flexible walls. Recently, Ellahi et al. [25] studied the peristaltic flow of
couple stress fluid in a non-uniform rectangular duct having compliant walls.

On the other hand, the theoretical and mathematical study of solid
particle motion is very much favourable to understand various kinds of phys-
ical problems, such as movement of solid particles in a liquid, movement of
slurries in nuclear and chemical process, fluidization, powder technology and
lunar ash flows etc. The sedimentation of solid particles in a Newtonian or
non-Newtonian fluid is of great interest, due to its applications in medicine,
oceanography and chemical engineering process. Hung and Brown [26] intro-
duced the solid particle motion in a two dimensional channel with the help of
peristaltic phenomena. Later, Mekheimer et al. [27| described the peristaltic
phenomena of particle-fluid suspension in a two dimensional planar channel.
Mekheimer and Abd Elmaboud [28] described the peristaltic motion of particle
fluid suspension in a uniform and non-uniform annulus. Some more studies on
the said topic can be found from the list of refs. [29-31] and several therein.

The study of electrically conducting fluids in the presence of thermal ra-
diation and magnetic field are found in various applications such as solar power
technology, electric power generation, magneto-plasma dynamics, electric gen-
erators, linear motors and nuclear engineering [32-34|. In various microfluidics
problems, MHD is examined as fluid pump to create a non-pulsating flow and
continuous flow in different geometrical designs. Magnetohydrodynamics is
also very much helpful to control the flow due to the influence of Lorentz force.
Ellahi et al. [35] investigated the effects of Magnetohydrodynamics on peri-
staltic flow of Jeffrey fluid through a porous rectangular duct. Hayat et al.
[36] explored the effects of wall properties and magnetic field on peristaltic
flow of Maxwell fluid with heat and mass transfer. Mekheimer [37] studied the
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influence of magnetic field on peristaltic motion of couple stress fluid in a non-
uniform and uniform channel. Some more studies on Magnetohydrodynamics
can be viewed in the references [38-46|. According to the best of author’s knowl-
edge, no such attempt has been made on heat transfer with nonlinear thermal
radiation on magnetic solid particle motion of dusty fluid under the influence
of Hall Effect.

Motivated from the above analysis, the aim of the present study is
to analyse the heat transfer with nonlinear thermal radiation on sinusoidal
motion of magnetic solid particle in dusty fluid under the influence of Hall. The
governing flow problem is modelled, using long wavelength and zeros Reynolds
number approximation. The solutions of the resulting differential equations
for fluid and dust phases are solved analytically and exact solutions have been
presented for velocity and temperature profiles. The expression for pressure
rise is calculated numerically with the help of computer generated codes.

2. Mathematical formulation

Consider the sinusoidal wave motion of magnetic solid particle in dusty
Jeffrey fluid in a two dimensional planar channel, under the influence of Hall
current. The fluid is electrically conducting by an external magnetic field.
Cartesian coordinate system is chosen in such a way i.e., X-axis is considered
along the wave propagation, while Y-axis is taken normal to it, as shown in
Fig. 1:
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Fig. 1. Geometry of the problem
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The geometry of the wall can be written as:

. ~ 2 -
(1) H(X,D) :d+bsin7”(X—5t).
The magnetic field is considered of the following, form [35]:
(2) B= (07 BO) ’
with the help of Ohm’s Law, we have:

N 1
(3) J=0 |E+VxB-—(JxB)

n
The governing equation of continuity, linear momentum and energy
equations for fluid phase and dust phase, can be written as [27]:
For fluid phase:
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for dust phase:

(8) a[]"p—i_%_ I
0X oY
ou, ou, 510 oP CS -
9 C P LU L4ty —L)|=-—0C0= Ur—U,),
9) pp<8t+p8X+p8Y> ox U<f p>

or, -~ 0T, -~ 01, ppCec
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The mathematical expression for the drag coeflicient and the empirical
relation for the viscosity of the suspension can be described as:

o ~ ~ 4+ 3v/8C —3C? + 3C
§=M5), Ae) =T e
2a (2-3C)
(12)
1107 ,—1.69C
s = 1_”2@, X = 0.07[2490+5pr 7]
The nonlinear radiative heat flux can be written as:
46 oT! 16673 OT
(13) qdr = — 53 ~— = — = —=.
3k oY 3k Y
The stress tensor of Jeffrey fluid, which is defined as:
(14) S = (4 n9).
1+ )\1

Now it is convenient to describe the transformation variable from fixed
frame to wave frame
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Introducing the following non-dimensional quantities:

~_ T ~_ Y - Utp  ~ Yt H b
= — = — = — = — h = — = —
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(16) E & Sa? 16573
Cc= b = b = )
c(Ty —Ty) Dolhs " Bkusc(l —C)
0By p
m = , B=-—.
€n bo

using Egs (15) and (16) in Eq. (4) to Eq. (11), and taking the approximation
of long wavelength and low creeping flow regime. The resulting equations for
fluid phase can be written as:

dp 1 Q*uy  M? NC
U w=Tenaeg et aog e )

2 2 2
(18) i LN, 0 0 _ Ec au]f _ Ec d_p .
Pr 0y? 14+ X\ 0y N(1-0C)\dx

For particulate phase, it can be written as:

dp 1
1 o
(19) A
(20) 0p =0y,

and their corresponding non-dimensional slip boundary conditions, are:

u}:Hf:Oat y =0 and
(21) wr = —1 — B
f 1+ M

u’f, O =1at y=h=1+ ¢sin2nx.
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3. Problem solution
The exact solution of Eq. (17) to Eq. (20) can be written as:

VIF A ((1=¢) N2 + ) cosh [/ T+ A N]
(=14 C) N2 (/1+ ACosh [hy/T+ A N]| + Npsinh [hy/1 4+ A N])
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(22) -
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The volume flow rate is given by:

h h
(25) Q= (1—0)/0 dey—i—C'/O updy.

The pressure gradient dp/dx
is obtained after solving the above Eq. (25), we get:

Z—i =— {(—1 +C)V1+MN3N; (h+ Q) (Mcosh [h 1+ AlN}
+NBsinh [h 1+ AlN} ) }
(26)
x {h/TF AN (<14 C) CN? = M) cosh [h/T+ AN |

+ (N = (14 M) N? (= (=1 + C) CN? + Ny) B) sinh [hy/T+ A N | }_1.

The non-dimensional pressure rise Ap is evaluated numerically with the
help of computer generated codes, by using the following expression:

ldp
2 Ap = —d
(21) v [ fhax

_ M2
where N = el

The expression for dimensionless stream function satisfying equation of
continuity is defined as:

O¢fp Vf _ _a@f,p
p = .

9 T —
( 8) Uf,p ay ) 5 ax

4. Numerical results and discussion

In this section, the behaviour of all the pertinent parameters of interest
are discussed for velocity profile, temperature profile, pressure rise and trapping
phenomena. Velocity profile and temperature profile are sketched for Newto-
nian and non-Newtonian as special case of our study. In order to brought out
the inclusion of different emerging parameters, computational software Mathe-
matica has been used to visualize the behaviour of all the parameters through
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graphs. One can clearly observe, that the magnitude of the velocity profile, tem-
perature profile and pressure rise is smaller, when the fluid is non-Newtonian
(M #0), as compared to Newtonian fluid (A; = 0).

4.1. Velocity profile

Figures 2 and 3 represent the behaviour of velocity profile against Hart-
mann number (M), Hall parameter (m), particle volume fraction (C) and slip
parameter /3. It depicts from Fig. (2a), that when the magnetic field is applied,
then it opposes the flow due to the influence of Lorentz force and hence the
velocity of the fluid diminishes. From Fig. (2b) it can be observed, that when
the hall parameter increases, then magnitude of the velocity profile increases.
It can be notice from Fig. (3a), that when the ratio of particle volume fraction
(C) increases, then it leads to decrease the velocity of the fluid. Figure (3b) is
drawn against various values of slip parameter. It can be seen from this figure,
that velocity of the profile shows opposite behaviour near the walls, while its
behaviour become versatile in the centre of the channel.
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Fig. 2. Velocity profile for various values of M and m when ¢ = 0.7, 8 = 0.1,
C=03,QQ=2,m=05
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Fig. 3. Velocity profile for various values of C' and 8 when ¢ = 0.7, M =1, 8 =0.1,
Q=2 m=05
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Fig. 4. Temperature profile for various values of Pr and N,. when ¢ = 0.7, M =1,
=01,C=03,Q=2m=0.5N.=1,Ec=0.5
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Fig. 5. Temperature profile for various values of M and m when ¢ = 0.7, 8 = 0.1,
C=03,Q=2,m=05N.=1,Ec=0.5,Pr=0.5

4.2. Temperature profile

Figure 4 a shows the impact of Prandtl number on temperature profile.
It can be observed from this figure, that temperature profile enhances due to
the influence of Prandtl number. From Fig. 4 b it can be scrutinized, that the
impact of thermal radiation (C') tends to reduce the temperature profile. It can
be examined from Fig. 5 a, that when the Hartmann number (M) increases,
then the magnitude of the temperature profile increases, while its behaviour
has been observed opposite for Hall parameter, as shown in Fig. 5 b. Figure 6
a is plotted against Eckert number (Ec). From this figure, we can observe, that
when the Eckert number increases, then it tends to increase the temperature
profile. Figure 6 b describes the behaviour of slip effect on temperature profile.
This figure shows that temperature profile behaves as decreasing function, due
to influence of slip effects, whereas the behaviour of temperature profile remains
similar, when the particle volume fraction C increases (see Fig. 7).
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Fig. 6. Temperature profile for various values of Ec and 8 when ¢ = 0.7, M =1,
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Fig. 7. Temperature profile for various values of C' when ¢ = 0.7, M =1, 8 =0.1,
Q=2 m=05 N,=1,Ec=0.5,Pr=0.5

4.3. Pumping characteristics

To discuss the pumping characteristics, Figs 8 and 9 are plotted against
volume flow rate (Q). Peristaltic pumping is very helpful in transporting a vari-
ety of biological fluids in a human body. Various devices have been introduced
in biomedical engineering, that works on the mechanism of peristalsis. It is
observed from Fig. 8 a, that the impact of magnetic field tends to decrease the
pumping rate in co-pumping and free pumping regions, whereas its attitude is
observed opposite in retrograde pumping region. It depicts from Fig. 8 b and
Fig. 9 a, that when the particle volume fraction (C') and Hall parameter (m)
increases, then the pumping rate decreases in retrograde pumping region and
while the pumping rate shows similar behaviour in co-pumping and free pump-
ing regions. It can be examine from Fig. 9 b, that the nature of pumping rate
is versatile in free pumping region, whereas opposite attitude has been noticed
in retrograde pumping and co-pumping regions.
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Fig. 9. Pressure rise vs volume flow rate for various values of m and 8 when ¢ = 0.7,
M=1,8=01,0=03,Q=2

4.4. Trapping mechanism

Another most engrossing part of this section is trapping, which is taken
under consideration by drawing contour lines. Basically, it is the formulation of
internally circulating bolus, enclosed by contour lines. This type of mechanism
is very helpful in variety of blood flow problems. Examples include formation
of thrombus and the movement of food bolus in gastrointestinal tract. It can
be examined from Fig. 10, that when the slip parameter () increases, then the
magnitude of trapped bolus reduces, while the number of bolus also reduces.
It is clear from Fig. 11, that due to the influence of Hall parameter (m), the
number of tapped bolus increases. It reveals from Fig. 12, that when the
particle volume fraction increases, then it does not create any major influence
on trapped bolus. It can be notice from Fig. 13, that when that Hartmann
number (M) increases, then size of trapped bolus decreases very rapidly, while
the bolus also disappears. It is infect due to the Lorentz force that is originated,
when the magnetic field is applied, which tends to oppose the flow and as a
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Fig. 12. Contour lines for various values of C' (a) 0. ( ) 0.15, (¢) 0.2, when ¢ = 0.7
=1,8=01,Q=2m=05

result, the magnitude of trapping bolus reduces and also the number of bolus
decreases.
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Fig. 13. Contour lines for various values of M (a) 1, (b) 2, (c¢) 3.8, when ¢ = 0.7,
=01,C=03,Q=2 m=0.5

5. Conclusion

In this paper, heat transfer with nonlinear thermal radiation on si-
nusoidal motion of magnetic solid particle in dust fluid, under the Hall ef-
fect has been investigated. The governing flow problem is formulated under
the assumption of long wavelength and zero Reynolds number approximation.
The resulting coupled partial differential equations have been solved analyti-
cally and a closed form solution is obtained. The impacts of all the parame-
ters are demonstrated mathematically and graphically for Newtonian and non-
Newtonian fluid. The major outcomes of our present analysis are summarized
below:

e Velocity profile diminishes, due to the influence of magnetic field and par-
ticle volume fraction, while its behaviour is opposite for hall parameter.

e Due to slip effects, velocity profile shows opposite behaviour on the walls.

e Temperature profile increases with the increment in Hartman number and
Prandt]l number, while it decreases due to Hall and radiation effect.

e Pressure rise show similar behaviour for particle volume fraction and slip
parameter, whereas its attitude is reverse for Hartman number.

e The present analysis can also be reduced to Newtonian fluid by taking
A1, as special case of our study.
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